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of Radiant Tubular H 


= 

The advantages of applying direct radiant heat to both 
sides of heating coils in tubular furnaces, as compared to 
the more customary direct application of radiant heat from 
one side only, is discussed. The operation, construction, 
and application of a novel radiant-type burner is described 
which embodies many desirable features. Use of the 
burner in tubular heaters is discussed and operating data 


are presented. 
INTRODUCTION 


ONSIDERABLE progress has been made in the past 10 
ears in development of an improved design for high- 
temperature process heaters in which a vapor, liquid, or 
mixtures thereof are raised to operating temperatures during flow 
through tubes. Application of the improved design to thermal- 
cracking and high-temperature catalytic reforming in the petro- 
leum-processing field, for example, has met the requirements of 
severe operating conditions with improved results. The de- 
velopment has been directed along the lines of perfecting the burn- 
ers and, also, of changing relative positions of tubes and burners 
from those normally encountered in conventional heaters. 
Because previous operation of burners has been compara- 
tively poor, heater design for the past 20 years has been based on 
firing a heater from the center of the floor or from a single row of 
burners on one or more of the walls. If fired from the floor, the 
tubes usually were placed on opposite walls of the heater struc- 
ture and, if the structure permitted, tubes also were placed along 
If fired from a side wall or from the end, tubes usually 
In some 


the roof. 
were placed above the fire on the wall and along the roof. 
cases, floor tubes were used with side-wall firing. The general 
characteristic of these heaters was that the fire was placed near 
the center of the heater with the tubes on at least two sides of the 
heat source. Asa result, the major portion of heat transferred to 
the process fluid was through the tubes on the side facing the fire, 
with only a relatively small amount entering the side of the tubes 
away from the fire and facing the refractories. 


THEORY 


It has been shown? that with a single row of tubes spaced on 
tube centers equal to twice the tube diameters and heated from 
one side by direct radiant heat and from the other side by reradia- 
tion from the refractory wall, the total direct-radiant-heat ab- 
sorption from the products of combustion by the tubes is 65.8 
per cent of the total radiant heat released, and the absorption by 
reradiation from the hot refractories amounts to 22.5 per cent of 
the total radiant heat released. This relationship is based on the 
assumption that all of the radiant heat which falls on a furnace 
refractory is reradiated to the tubes, whereas a small amount is 
lost by conduction through the refractory wall. The flux distri- 
bution, such as that shown in Fig. 1, will occur, with the rate on the 


! Selas Corporation of America. 

2“Evaluation of Radiant Heat Absorption Rates in Tubular 
Heaters,’ by L. A. Mekler and R. 8S. Fairell, Petroleum Refiner, vol. 
31, part 1, June, 1952, pp. 101-107; part 2, November, 1952, pp. 128 
132; part 3, December, 1952, pp. 151-155. 

Contributed by the Process Industries Division and presented at 
the Semi-Annual Meeting, Los Angeles, Calif., June 28-July 2, 1953, 
of THe American Society or Mecnanicat ENGINgERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, March 
4, 1953. Paper No. 53-—-SA-40 


side and the average rate will be 56.2 per cent of the maximum 
rate. Thus, far greater amounts of heat will be transferred 
through one side of the furnace tubes, with a much smaller amount 
of heat moving through the furnace-wall side. 

Now consider some of the factors involved in any furnace de-— 
sign: 


1 For a fixed-flow rate, tube size will be selected to obtain a 5 


reasonable fluid velocity and pressure drop. 

2 Based on properties of the material flowing and the mass 
velocity, a fluid-film coefficient will be caleuated. 

3 Allowable flux densities will be calculated based on the 
fluid-film coefficient, which will result in a safe operating fluid- 
film temperature; i.e., a temperature above which excessive re- 
action or decomposition will occur. 

4 For the allowable absorption rate from the foregoing, the 
temperature at the outside face of the tube may be calculated. 
This temperature and operating pressure are taken into account 
in the selection of tube materials for the heating coil. 


From the foregoing, it is apparent that design of a heater em- 
ploying wall tubes must be based on conditions that exist on the 
fire side where most severe conditions prevail. If, for example, 
a maximum rate of 15,000 Btu/hr/sq ft is determined to be al- 
lowable, this rate must be set up on the fire side, while only about 
5000 Btu /hr/sq ft will be developed on the refractory side. The 
resulting average will be about 8430 Btu /hr/sq ft 

When the furnace structure is rearranged so that heat can be 
applied to the tubes from both sides directly, it has been shown? 
that the heat distribution is developed according to the pattern in 
Fig. 2, and the average will be 87 per cent of the maximum rate, 
If, as in the previous hypothetical case, the maximum allowable 
rate is 15,000 Btu/hr/sq ft from maximum film-temperature con- 
siderations, the over-all average will be increased effectively to 
13,050 Btu/hr/sq ft without exceeding specified limitations, 
Thus, the duty has been increased almost 55 per cent per sq ft of 
exposed radiant surface. Moreover, the large differences in the 
tube-wall temperature that exist, with unequal application of 
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heat, have been eliminated, thereby minimizing the extent to 
which uneven stresses are set up on the two halves of the tube. 

The principle of heating from both sides, though accepted pre- 
viously, could not be used to advantage because of prohibitive 
flame length, which resulted in relatively large furnace chambers. 
There now has been a development of burners with flames so 
short that they have been referred to as “‘flameless’’ burners, and 
this has led to a design where the principle of adding heat evenly 
to both sides can be used in a reasonably sized heater structure. 

New process developments have the general tendency toward 
increased temperatures and/or pressures, which often require 
better material of construction for the process equipment. 
The superior materials which have been developed for tubular- 
heater service permit higher operating temperatures and higher 
operating pressures with more safety than enjoyed previously. 
These superior materials also allow the design engineer to use, 
within accepted safety standards, higher heating rates than pre- 
viously were allowed. 

In order for burner development to keep pace with the strides 
made in metallurgy, besides providing a burner with no protrud- 
ing flame so that advantage of the improved tube arrangement 
could be realized, it also was desirable to incorporate as many 
other advantageous features as possible to provide optimum 
utilization of radiant heat. 

One variable which has a pronounced effect on radiant-heat- 
transfer rates is the source temperature and is the factor 7'z in the 
Stefan-Boltzmann equation 


radiant heat absorbed, Btu/br 
Stefan-Boltzmann constant at 
temperature of radiating surface, deg R on 
temperature of heat-absorbing surface, deg R 
relative emissivity of actual absorbing surface 
absorbing-surface area 


where 


As cun be seen by analysis of the equation, any increase in 7 
will increase heat transferred as the difference of the fourth power 
of the absolute temperature of the source and the absorbing su 
face. An increase of 10 per cent or 300 deg F at 3000 F in 7 
will increase Qz or the total radiant heat transferred to an a 
sorbing surface at 950 F by approximately 40 per cent, and ani 
crease of 10 per cent or 150 deg F at 1500 F in 7’, will increa 
Qr by approximately 56 per cent when transferring heat to ana 
sorbing surface at 950 F. 

The most practical approach to increasing the radiating ter 
perature is that of perfecting the burner operation to a point at 
whieh complete combustion is effected with a minimum of exce 
air, since air dilution decreases theoretical flame temperature mo 
than any other single factor. For example, observations of may 
mum flame temperature when burning a gas of 1110 Btu/cu 
gross heating value (containing 85.48 per cent methane, 13.85 p 
cent ethane, and 0.67 per cent inerts) with various amounts | 
excess air, were reported’ as follows: 

Observed temperature with no excess air = 3470 I 
Observed temperature with 10 per cent excess air = 3380 | 
Observed temperature with 30 per cent excess air = 3024 F 


This is oceasioned by the fact that only the heteropolar gase 
CO, H,O, and SO,, which are the products of complete combu 
tion, emit and absorb radiation while the symmetrical gases, O 


*“Flame Temperatures and Vertical Gradients in Natural G: 
Flames,’ by H. H. Kaveler and Bernard Lewis, Chemical Review 
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N2, and CO are nonradiant, and thus any excess air causes dilu- 
tion of combustion products and decreases their heat-radiating 
capacity. The effect of 100 per cent excess air on radiant-heat 
transfer, as is sometimes experienced with common burners, is 
apparent. 


Nove Rapiant BuRNERS 


The new-type radiant burner, which has been developed suc- 
cessfully, deals with the problem of maintaining minimum excess 
air so that maximum radiant-heat transfer can be utilized. It 
also produces a very short flame with complete combustion. 
In the new-type burner, all of the air required for combustion is 
inspirated by an orifice in the gas supply feeding through a 
venturi throat to the burner tip as shown in Fig. 3. Additional 


vol, 21, 1937, pp. 421-429. Fie. 4 Raptant Burner Operation 
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KREIPE—A NEW TYPE OF RADIANT TUBULAR HEATER 


mixing of the gas and air takes place in the burner ports and on 
the ceramic burner cup. There are no moving parts in the burner 
and the flame is confined within the burner cup. Proper sizing 
of the gas orifice insures that maximum excess air does not exceed 
10 per cent and is usually between 0 and 5 per cent. No second- 
ary air is required. The burner in operation is shown in Fig. 4. 

These developments have allowed a change in basic design of 
furnaces, whereby the heating coil is placed in the center of the 
structure, using horizontal tubes either as a single row or in a zig- 
zag pattern with double rows of tubes. The burners are placed 
in the opposing side walls for the full height and length of the 
radiant section. In a heater of this type with an average tem- 
perature of 1750 F and with the tubes at 1200 F wall tempera- 
ture, they receive 84 per cent of their heat from wall radiation 
and 7 per cent from gas radiation, according to research data as 
yet unpublished. Thus a high percentage of the heat released 
within the furnace is utilized immediately, resulting in more ef- 
ficient transfer of heat. When refractories of low specific heat 


Pia. 7) Inrernac View or Hearen Wirn Raviant 


are used in this type heater, 
rapid. 

Since combustion is complete in a short distance, the burners — 
may be placed near the heat- 
absorbing surface without dan-— 
ger of flames touching the — 
tubes. Heat is applied from — 
burners on each side of each — 
tube for the entire length of — 
the furnace, Furthermore, the 
narrow construction requires 


Fie. Typicat Cross Section or Furnace 
taprant BURNERS 


less ground area than similar- 
duty heaters of conventional _ 
design, 

A typical cross-sectional view 
is shown in Fig. 5. An operat- 
ing unit is shown in Fig. 6, and 
an interior view of the radiant 
section before installing the 
tubes is shown in Fig. 7. 


Since excess air is not re- 
juired for assurance of com-— 
lete combustion, the operation 
f these heaters at high-heat- 
iput rates does not result in 
the metal temperature is ex- 
ceedingly high, because oxygen 
is absent and the atmosphere in 
the firebox is neutral. 


Some types of process heat- 
ing will require that the heating 
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the temperature profile and much slower toward the end of 
the heating period, Other processes, particularly those involving 
a catalytic reaction after heating, require that the latter part of 
the heating be done as rapidly as possible to avoid product 
degradation before the catalytic reaction. That is, after a pre- 
determined temperature is reached, the time to reach final tem- 
perature must be kept to a minimum to suppress undesirable 
reactions. In conventional-t ype heaters, it is necessary to change 
heater structure or relative tube positions to effect a major change 
in the shape of the heating curve, because the heat-source area is 
small compared to the total surface which receives heat. In this 
newly developed heater, heat-input rates may be changed in the 
various zones by the operator as required by the process without 
affecting the other zones. Separate heating coils may be placed 
in each heating zone, with independent control for each zone, 
because the heat-source area is spread over the entire area of the 
two walis of the heater opposing the tubes. 

Since higher average heat-input rates can be tolerated when 
firing from both sides, the total heat transferred per foot of tube 
will be increased without exceeding a predetermined outside 
metal-wall temperature or a prescribed inside film temperature. 
This results in requiring less tube surface for a particular heater 
service and may be translated into shorter-length heating coils 
or smaller tubes. [ither of these factors, the shorter-length coil 
or the smaller tubes, will result in savings of capital investment 
for tubes. The shorter-length coil also will result in less pressure 
drop in the coil, which is measurable as an operating saving, and 
will result in less residence time within the coil, which is advan- 
tageous in all high-temperature process heating. a 


APPLICATION OF RADIANT BURNERS 


Burners which embody this radical departure from accepted 
methods of high heat release and resultant high percentage of 
radiant heat have had wide acceptance in the ferrous and non- 
ferrous-metal forming and heat-treating industries, the glass 
forming, annealing, and tempering fields, and in textile and 
paper processing industries. Although the 
burners for the refining and chemical industries has been some- 
what slower than for those industries cited, at the present time 
this principle is used in approximately 110 refineries, laboratories, 
and chemical plants by about 15 different independent com- 
panies and governmental agencies, 

A major petroleum refiner‘ has reported data comparing oper- 
ating results from a heater with high radiant-heat inputs to re- 
sults from a conventional heater, both charging the same material, 
a catalytic-recyele oil as shown in Table 1 

The explanation for the lower coil-outlet temperature on the 
box-type furnace was that 920 F was the maximum temperature 
which could be reached without excessive coil-coking. 

This same refiner® also describes a mild cracking or visbreaking 
operation on a crude vacuum-tower bottom product which repre- 
sented 13.3 per cent liquid volume of the crude. This stock had 
an API gravity of 20.3, a 500 SSF viscosity at 122 F, and a Rams- 
bottom carbon residue of 10.5 per cent. The material had an ex- 
tremely high boiling range. Only 20 per cent’ boiled below 1100 F. 
It was so unstable that it was not considered possible to proc- 
ess it without excessive coking, yet it was handled in a high- 
radiant-heat furnace with calculated rates as high as 30,000 to 
10,000 Btu/hr/sq ft of tube surface on the last tube, and with 
an average rate of 17,000 Btu/hr/sq ft in the entire radiant 
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‘High Destruction Thermal Cracking of Catalytic Cycle Oil,” 
by D. M. Little and G. E. Merryfield, Oil and Gas Journal, vol. 48 
March 29, 1951, pp. 242, 246, 247, 249. 

§“Visbreaking High Vacuum Residua,"”’ by J. ¢ 
Little, and P. M. Waddill, Petroleum Processing, vol. 6, 
pp. 612-615 
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COMPARISON OF RE SULTS IN THERMAL-CRAC 


CYCLE OIL IN A KADIANT-TYPE AND A BOX FURNAC 


Radiant 

furnace Box furnace 
Coil outlet, deg F. 1025 920 
Pressure, psig. . 
Charge rate, bbl/hr 
Aniline-point reduction, deg I 
Yields, LV per cent of charge: 

Gasoline. . 


Gas oil. . 
Fuel oil 


Conversion of gas oil to other products, 
liquid vol per cent of charge: 


28 6 
53.4 
18.0 
100.0 


Cas 
Gasoline. . 
Fuel oil... 
‘ 100 0 
Gasoline octane number: 
F-1 clea P 73 66 
+3 ce TEL® /gal 86 80 


Tetraethyl lead. 


TABLE 2) THERMAL-EFFICIENCY TEST DATA FOR A RADIANT 
FURNACE 


Top Bottom 
Firebox temperatures, deg F: 
Maximum § 1580 
Minimum 1373 
Average. 1580 


deg I 


Stack temperature, 
Coil temperatures: 
Inlet 
Outlet 
Fuel gas-fired. 


Heat balance: 
Heat released by flame ...32.6 & 10° Btu /hr 
Heat pickup by oil in furnace 29 5 x 10° Btu/hr 
-Over-all efficiency (net he rating value) 81.5 per cent 
Heat pickup by oil in radiant section. 22.2 * 106 Btu/br 
Average radiant-heat-transfer rate 17, 000 Btu /hr/sq ft 
Per cent useful heat .75.3 
Heat pickup by oil in convection bank . 7.28 & 10° Btu ‘br 
Average convection-heat-transfer rate 4920 Btu ‘hr /sq ft 
Per cent useful heat. 24.7 


117 F at 790 psig 
1020 F at 500 psig 
39,400 efh 


section. This was made possible by designing the furnace for 
low residence time and obtaining the desired cracking by increas- 
ing the outlet temperature, thus obtaining better operation by 
increased temperature and decreased residence time. 

On a thermal-efficiency test, the operating conditions were 
noted by a major refiner® as shown in Table 2. It will be noted 
that an over-all thermal efficiency of 81.5 per cent was realized 
and that 75.3 per cent of the total heat transferred occurred in 
the radiant section. 


CONCLUSION 


The development of gas burners which will produce a high- 
temperature radiant source with negligible excess air and with 
relatively short flames has made possible a radical change in 
tubular-furnace construction which economically and safely 
utilizes high radiant-heat-transfer rates. The application to 
tubular heaters is not limited by any known charge-stock 
acteristic and presents many operating advantages paramount 
among which are (a) lower pressure drop, (6) neutral furnace at- 
mosphere, (c) independent control of various heating zones, and 
(d) complete combustion at the burner with minimum flame 
lengthh 

Discussion 


L. A. Mekuer.’? The author has interpreted erroneously two 
important items in the article, ‘Evaluation of Radiant Heat 
Absorption Rates in Tubular Heaters,’’* which he uses as a refer- 


char- 


*C.C. Tate, address to Western Petroleum Refiners Association, 
April, 1951. 
7 Consulting Engineer, New York, N. Y. 


§ Footnote reference 2 of the paper 
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ence to explain the superiority of the heater as covered by the 
text and illustrations of his paper. 

The first error is in using Fig. 2 of his paper, which is Fig. 5B of 
the reference article,* to show the flux distribution around the 
tubes of the heater described. As stated in the caption of Fig. 5 
of the reference article, this flux distribution applies to tubes in 
“single-row tube banks” irradiated from both While 
there are some heaters with single-row tube banks irradiated from 
both sides, the heater covered by the text and illustrations of the 
present paper and as supplied by the author’s company to date 
to the industry, has ‘“‘double-row’’ banks irradiated from both 
sides. Therefore the flux-distribution diagram which would 
apply to the heater covered by the paper is that shown in Fig. 
7B of the reference article,* if the tubes were on a spacing of 2.63 
times the diameter, and is identical with Fig. 5A of the reference 
article, or Fig. 1 of the present paper, if the tubes are on a spac- 
ing of two diameters. 


sides, 


Similarly, in the heater as described in the article,* the average 
heat-input rates, with a maximum rate of 15,000 Btu/hr at point 
No. 1, would be identical with those of a single-row tube bank 
irradiated from one side, that is, 8430 Btu instead of the 13,050 
Btu given in the paper, or exactly the same as for tubes in a single 
row irradiated on one side. 

The second error is in the interpretation of the symbols in the 
Stefan-Boltzmann equation and numerical examples given in 
the paper which show possible 40 and 56 per cent increases in 
heat-transfer rates with decreases of excess air. The 7’, of the 
equation is not the flame-burst temperature, but the theoretical 
equilibrium temperature of the radiating surface. While the 
flame-burst temperature may be increased as much as 500 deg F 
by reducing the excess air from 50 per cent (the maximum used 
in commercial tubular heaters) to 10 per cent, the maximum 
variation in the equilibrium temperature in any given heater with 
any given load would be not more than 45 deg F. 

For example, using Fig. 3 of the reference article’ with 17,000 
Btu/hr/sq ft of circumferential surface, which with a two-to-one 
spacing, is equivalent to 29,000 Btu/hr/sq ft of effective area, 
the required liberation is approximately 50,000 Btu. With this 
liberation the equilibrium temperatures will be 1725 F or 2185 R 
with 10 per cent excess air, 1700 F or 2160 R for 30 per cent ex- 
cess air, and 1680 F or 2140 R with 50 per cent excess air. Sub- 
stituting these values and the value of 1410 R for the metal 
temperature in the equation, the terms in the large bracket be- 
come, respectively, 188,600, 178,200, and 170,900, which gives a 
total difference of approximately 11 per cent between the 10 and 
the 50 per cent excess air and approximately 5.5 per cent between 
the two extremes and 30 per cent air, which is most commonly 
used in the better-operated tubular heaters. While these figures 
are significant they certainly are far removed from the 40 per 
cent and the 56 per cent mentioned in the paper. 

A serious misstatement of fact occurs early in the paper. 
There are many heaters with double-row tube banks irradiated 
from both sides in successful operation where this principle of 
heating is used to advantage. Over 2,000,000 bbl of charge per 
day are processed through UOP’s Equiflux heaters. Some of the 
heaters are over 20 years old ard have been operating with 
average rates of 17,000 to 20,000 Btu/hr/sq ft of circumferential 
surface, processing “‘black”’ oils down to (—) 2° API cracked 
residues, and distiliates up to light naphtha. Per unit through- 
put, the UOP heaters are not appreciably larger than the heater 
covered by the author, and the UOP heaters are being fired with 
either oil or gas or both. 

The thermal-efficiency data showing 81.5 per cent over-all 
efficiency based on the net value of the fuel, while quite high, is 
not particularly impressive. With an inlet-oil temperature of 
only 170 F and a stack temperature of 712 F, this gives an 


approach of 595 F between the inlet oil and the stack temperature, 
A great number of tubular heaters in operation have a much 
lower approach, 

The heater described by the author represents a contribution 
to the art, particularly by the introduction of zonal firing, so 
that the rates of heat input to the various sections of the radiant 
tubes can be varied to obtain the desired heating curve without 
structural changes to the heater. This is particularly valuable in 
new processes where the optimum heating curve is not known 
definitely, and where the ability to change this curve would im- 
prove the operating results of the unit 
where the desired heating curve and the time-temperature rela- 
tionships are known, this characteristic of the heater is not so 


In established processes 


important because several other types of heaters with tubes 
irradiated from one or both sides of the banks ean be used to 
obtain the desired heating curve with enough flexibility for 
normal variations in charging stocks and 
ments, 


processing 


require- 


CLOSURE 
An, 

Mr. Mekler is mistaken in asserting that the heaters as supplied 
by the author’s company to the industry to date have only 
double-row banks of tubes irradiated from both sides. In those 
applications where uniformity of heat distribution is essential, this 
type heater has also been supplied with single rows of tubes. 
The radiant heat flux distribution on these tubes will be accord 
ing to Fig. 2 of my paper as stated therein, with an average of 
13,050 Btu/hr/sq ft while maintaining a maximum of 15,000 
Btu/hr/sq ft on point No. 1, Fig. 5, described in the reference? 

We have found in commercial applications that the actual total 
heat transferred to a double-row bank of tubes including con- 
vection heat, when spaced on two diameters and irradiated from 
both sides by the new type burners, is sufficiently uniform to dis- 
courage the use of single rows of tubes and the attendant larger 
settings required except for very special heating applications, 

The findings to date on these commercial units indicate that on 
double rows irradiated from two sides, an average input rate of 
12,750 Btu/hr/sq ft is normally realized without exceeding 15,000 
Btu/hr/sq ft on point No. 1. Expressed another way, this 
means that the average circumferential rate is approximately 85 
per cent of the maximum rate at point No. 1. 

The author is indebted to Mr. Mekler for his correction to the 
interpretation of the symbols in the Stefan-Boltzmann equation, 
however, his statement that 50 per cent excess air is the maximum 
used in commercial tubular heaters and that 30 per cent ix more 
commonly used in the better-operated tubular heaters is open to 
question. It is not uncommon to find heaters operating with 
excess air up to 100 per cent and in some cases even with 150 per 
cent excess air. Furthermore, with a given heat load and heat- 
input rate, the refractory equilibrium temperature is independent 
of a given amount of excess air; therefore, the statement that the 
maximum variation in equilibrium temperatures in any given 
heater with any given load would not exceed 45 F bears no sig- 
nificance since the equilibrium temperature must remain constant 
and actually the liberated heat must be increased sufficiently to 
maintain equilibrium temperature after heat losses to the excess 
air. 

The discusser’s example using Fig. 3 of the reference article* 
with 17,000 Btu/hr/sq ft of circumferential surface which is 
equivalent to 29,000 Btu/hr/sq ft of effective area assumes a 
constant required heat liberation of approximately 50,000 Btu lir. 
The discusser’s reference Fig. 1 and Fig. 3 show that with an 
effective rate of 29,000 and no excess air in a gaseous fuel, the 
resulting equilibrium temperature will be 1710 F for an absorbing 
surface at 950 F and that the required liberation will be 45,000 
Btu/hr instead of 50,000 Btu/hr. Admitting 10 per cent excess 
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air at the same equilibrium temperature and effective rate will 
require a liberation of 47,000 Btu/hr while 30 per cent excess air 
will require a liberation of 51,000 Btu/hr and 50 per cent excess air 
will require a liberation of 56,000 Btu/hr. This indicates that 
the actual increases in fuel consumption are 4.45 per cent for 10 
per cent excess air, 13.3 per cent for 30 per cent excess air and 
24.4 per cent for 50 per cent excess air. Thus, the increase in fuel 
requirements for changing the excess air from 10 per cent to 50 
per cent becomes 8.85 per cent instead of 5.5 per cent as stated by 
the discusser and becomes approximately 20 per cent increase for 
changing the excess air from LO per cent to 50 per cent. For 100 
per cent excess air, the heat liberation requirement is increased 
121 per cent over that required for 10 per cent excess air. 

The significant feature is that all of the increased heat which 
must be liberated is absorbed by the excess air and must be re- 
absorbed by additional convection surface to equal the efficiency 
of those heaters which utilize lower excess air, 
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Mr. Mekler’s example which shows that 17,000 Btu/hr/sq ft of 
circumferential area will require a heat liberation of approxi- 
mately 50,000 Btu/hr/sq ft indicates a thermal efficiency of 34 
percent. The author’s reference Table 2 shows that on an actual 
operating heater 22.2 * 10° Btu/hr were absorbed in the radiant 
section which required only 32.5 X 10* Btu/hr of total heat libera- 
tion or an actual thermal efficiency of 67 per cent with the same 
average rate of 17,000 Btu/hr/sq ft as used by Mr. Mekler in his 
example. While it is recognized that some convection heat will 
be transferred to the heating coil by the products of combustion, 
our experimental data does not indicate that more than about 
10 per cent of the total heat will be transferred by this method 
Therefore, it must be concluded that the Selas Heater will per- 
form with a higher thermal efficiency in the radiant section than 
Mr. Mekler’s Furthermore, these 
heaters operate satisfactorily on very low excess air which has 
been shown to have a pronounced effect on thermal efficiency. 
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considerations indicate. 
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by Root-Locus Method 


By YAOHAN CHU! V. C. M. YEH? 


It is shown in this paper that all possible roots of a cubic 
characteristic equation lie on a portion of a hyperbola and 
This hyperbola may be sketched readily from 
Hence 


of its axis. 
the values of the coefficients of the cubic equation. 
the change of the roots of the cubic equation due to any 
change in its coefficients may be visualized. The discus- 
sion of the transient response in relation to possible root 
configurations is included. A root-locus chart is provided 
for Results from an analog computer 
are shown to be agreeable with those in this paper. 


universal’’ use. 


INTRODUCTION 


Hilo behavior of a linear system, whether it be a feedback 
T control system (1),? a lumped-parameter network, the dy- 
namics of an aireraft (linearized), or the like, may be de- 
scribed by a linear ordinary differential equation with constant 
The complementary solution of this differential 
If Laplace 


transformation is employed, this equation becomes a complex 


coefficients. 
equation gives the transient response of the system. 
algebraic one. Its transient response is determined by the roots 
of this complex algebraic equation, which often is called the 
characteristic equation of the system. 
For the cases of first and second-order equations, their results 
are well known and serve as the fundamentals for those who 
For the case of third-order equations, 
methods (3, 4) for extracting roots are available, and charts (5) for 


(2 
are working in this field. 


choosing the values of constant coefficients for certain desirable 
roots also are available. However, the existing technique does 
not provide a clear picture about the influence of each constant 
coefficient of the cubic equation upon its roots, as one would 
have for the cases of first and second-order equations. 

This paper attempts to demonstrate that all the three kinds of 
information are obtainable by means of the root-locus method, 
thus providing a better approach for synthesis of third-order sys- 
-mphasis will be laid on the third one, which is the in- 
Once the 
values of these constant coefficients are related to the parameters 


tems. 
fluence of each constant coefficient upon the roots. 


of the system, one will be able to visualize the nature of response 
and to know which coefficients of the cubic characteristic equa- 
tion should be modified in order to achieve a desired response. It 
is hoped that this paper will present to the reader a view such as 
one would obtain by merely examining the values of the constant 
coefficients of the first and second-order equations 
Tyres or Responses 

\ cubic characteristic equation has three roots. It may be (a) 

' Scientific Laboratory, Ford Motor Company, Dearborn, Mich 

? Lecturer, The College of the City of New York, New York, N. Y. 
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8 
bia, 2 (right) Types A, B, 
anp Responses 


Fig. 1 Roor Conriaura- 
TIONS oF Turee Types or Re- 
SPONSES ON COMPLEX &-PLANE 


three simple roots, or (b) one simple root and a pair of complex 
These are shown on the complex s-plane as in Fig. 1 (s 
It is noted there that two possible 


roots. 
being the complex variable). 
root configurations exist for the case (b), depending on whether 
the time constant of the real root (i.e., the reciprocal of the real 
root) is larger or smaller than that of the complex root (i.e., the 
reciprocal of the real part of the complex roots). Their corre 
sponding transient responses to a step input with zero initial con- 
ditions are shown in Fig. 2. For convenience, systems which 
possess root configuration and have an associated transient re- 
sponse of Fig. 2(a) are called type A, Fig. 2(b) type B, and Fig 
2(c) type C 
for servomechanisms and other dynamic systems. 


Type A is widely accepted as the desired response 
Type B is 
Type C is generally 
The patterns 
of these root configurations and their corresponding shapes of re 


sometimes desired for certain applications 

regarded as undesirable, owing to its slow response 

sponses will serve as a basis for later discussions, 
Srupy BY Roor-Locus Mrrnop 


A cubic characteristic equation which is stable by Routh’s 
criterion may be written as an equation of the form 


+ 2cw,s? + +k = 


| 
| 
Jw 
| 
| 
. 
i 
— 


TRANSACTIONS OF THE ASME 


where s( = » + jw) is the complex variable. This equation is a 
complex algebraic one, which may be written as 


k 
+ 2cw,8 + 


(2) 


By equating the phase angle and magnitude on each side of this 
equation, respectively, one obtains the phase-angle equation 


Ang s + Ang (8? 4+ 2ew,s + w,?) +180° + 2n(180°). [3] 
where n = 0, 1, 2, 


and the magnitude equation 


+ 2cw,s + w,? [4] 
The plot of the phase-angle Equation [3] on the complex s-plane 
is known as the root locus (6, 7), and the value of k on each point 
of the locus is determined by the magnitude Equation [4]. Every 
point on the locus is a possible root of Equation [1], as it fulfills 
both Equations [3] and [4]. 

The cubie characteristic equation has three parameters: w,, 
c, and k as shown in Equation [1]. The associated root locus is 
completely determined by the first two parameters (w, and c), 
whereas the parameter k determines a set of three specific roots 
on the locus. There are five possible shapes of the root locus for 
the cubic equation which are shown in Fig. 3 (circles, squares, and 
triangles indicate the location of the corresponding set of three 
roots for the three types of responses). “These five possible shapes 
are classified according to the values of cin Table 1. The shapes 


TABLE | ROOT-LOCUS SHAPES 
Types of response* 
A,C 
A, B, ¢ 
B 
7 


To be discussed later 

6 Only at one specific point on this shape of locus, 
of the root locus for these five cases are all portions of a hyperbola 
or its degenerated form in addition to a certain portion of the real 
axis, The analytic derivation of the equation of root-locus is 
shown in the Appendix. 

The value of & corresponding to the points where root locus 
crosses the imaginary axis (points D and D’ in Fig. 3) is called 
“stability limit,”’ as ‘unending oscillation will not oceur for any 
value of & smaller than this limit. 
of stability limit for the cubic equation is equal to 2ew,* which, of 


It can be shown that the value 


course, agrees with the result from Routh’s criterion. 

The shapes of the locus are gradually changing from Fig. 3(a 
to e) from one type of hyperbola to the other as ¢ is being in- 
creased, Since the hyperbola can be drawn accurately, the roots 
can be determined accurately for any given value of k. Further- 
more, these locus shapes show how the three coefficients will 
effect. all possible solutions of the cubic characteristic equation 


Case (a): ¢ 


There are only 
Thus there 


Fig 3(a) shows the locus shape of case (a). 
two possible types of response, type A and type C, 
is always a pair of complex roots, and the system possesses in- 
herent oscillation regardless of the value of k&. The value of un- 
damped natural frequeney of the chosen complex roots will be in 
the order of magnitude of the given w, and will not be affected 
greatly by various values! of k. When & is large [: > : 


27 


* Por discussion hereafter, the values of & are all smaller than the 
stability limit. 
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A C< 
2 


©) case C 


hic. 3 toot Locus ror Cusic CHAaRac- 


Aut Are Hypersoias 


Five Possip_e SHAPES OF 
TERISTIC EQuATION 


(9 stew," the response is of type A. When & is small 


9 
[ < — (9 — 8c? | the response is of type C. Since type C 


is regarded as undesirable, small & is to be avoided, — It is obvious 
that the damping ratio of the chosen complex roots will always be 
Consequently, the change of value of & 
A sufficient 


smaller than the given c. 
renders little help in the stabilization of the system. 
value of ¢ is necessury before the selection of ae 
V3 


Fig. 3(b) shows the locus shape of case (b). — This is the case of 
demarcation for the cases (a) and (c); note that three roots for /: 
equal to zero lie on the apex of an equilateral triangle. When k is 
large, the roots configuration shows a response of type A. When 
k is decreasing to the value at point A, the three roots are equal. 
The multiple roots usually give a longer response time, because, 
as the present case of a triple root, the transient solution will in- 
volve such an expression as 
+ Ct + Col?) 
where C’s are constants. When & is further decreased, the root 
configuration shows that the system has a type C 
Thus there is always a pair of complex roots except at the point 
A. The value k at point A can be shown as [2cu,,/3]*. It is de- 
sirable to have & larger than this value so that type A response pre- 
— 


The response is of 


response 


vails. 
/ 
V3 
Case (ce): 1 
Fig. 3(c) shows the locus shape for case (c). 
type A for the large values of & and of type B when & is becoming 


smaller and of type C for small values of k&. For k at point 
B the chosen roots are a simple and a double root. Therefore 


fi 
\ 
\ / \ 
/ 
/ 
\ 
‘A /\8 
Br! 2 Jw/ ce 
/ 
< 
a. 
: F 


too small a value of & is to be avoided, as otherwise type C 


response occurs, 
Case (d): c= 1 


Fig. 3(d) shows the locus shape of case (d). This is the case of 
demareation for cases (¢) and (e). The response is of type A for 
large k and becomes of type B when k is becoming smaller. No 
type C response will occur. If k is the value corresponding to 
point B, the chosen roots will be a simple and a double root. 

Case (e): ¢ > 1 

Fig. 3(e) shows the locus shape of case (e). The behavior is 
similar to that of case (d). 

SKETCHING THE Root Locus 

The roots of the cubic characteristic equation are related to 
its constant coefficients by means of the root locus, which is a 
When this hyperbola is sketched, their relation is 
If the cubie Equation [1] is rewritten as 


hyperbola. 
clearly shown. 


s* + as? + bs +k = (5) 


the root locus may be sketched (from the results shown in the 
Appendix) according to the following procedure: 

Step (a) Test Equation [5] by Routh’s criterion, stable if k < ab. 

Step (b) Find c by the relation ¢ = a (2V/b). This determines 
the locus shape as shown in Fig. 3. 

Step (c) Find the location of the point of intersection of the 
asymptotes, which lies on the negative real axis and is at a dis- 
tance (called as vo) a/3 from the origin, Fig. 4. This asymptote 
always makes an angle +60 deg with the negative real avis 
Draw the asymptotes. 

Step (d) Find the location of the vertex of the hyperbola. — It 
may be determined by (see Appendix) = 


Yo = V 3b — V3 for case (a) 
a? — 3b/3 for eases (b), (d), (e) 


y= 


where yo and 2» are the distances as shown in Fig. 4 Note that 
the hyperbola degenerates into the asymptotes for case (c). 
Step (e)® The locus may now be readily sketched as shown in 
Fig. 4. 
The reader is reminded that k is not involved in the sketching of 
In actual application, the values of a and 6 may not 
Nevertheless, the previous four quantities 


the locus. 
be known vet. 


c a/(2V b) a/3 
/ / / (6) 
Va’ 36/3 3b 3 


determines the shape and the location of the locus in the s-plane, 
and thus show its relation with the coefficients a and b. 


Tue Root-Locus Cuarr 
The cubie characteristic Equation [1] has three parameters; 
however, only the parameters ¢ and w, actually determine the 


exact shape of the root locus. If the following is defined 


k’ = ‘w,,* | 
= 8/w, 
and these are substituted into Equation [2], Equation [2! be- 
comes 


+ + 1) 


5 Another point of the locus can be easily determined. This is the 
point D or D’ in Fig. 3 at which gain limit lies. Its location is r = 0 


andw = +Vb. 


The exact shape of the root locus (the hyperbola) is then deter- 
mined by the value of c alone. By using the analytical expression 
for the root locus as shown in the Appendix, a family of root loci 
This 
family of root loci as shown in Fig. 5 is called the “root-locus 
chart.”’ All possible roots of a cubic characteristic equation can 
be extracted from this chart. It is noted there that vy (= v9/w,) 
is chosen as the center, The actual location of the imaginary axis 
jw’ (=jw/w,) must be determined relative to this center for a 


is plotted on the complex s’-plane for various values of c. 


PLANE 


| 


(a) For c 
2 


Yor 


(b) for c 
é 


Locus ror 


= 


4 SKETCHING a Cupic CHARACTERISTIC 


CHU, YEH—STUDY OF CUBIC CHARACTERISTIC EQUATION BY ROOT-LOCUS METHOD — «B45 | 
| 
= 
= ¢ 
\ 
Vi=% 
\ 
4 
A 
«608 \\ 2 
= 


hic. 5) Roor-Locus 


given problem. Once a cubic characteristic equation has been 
normalized in the form of Equation [8], the use of the root-locus 
chart is evident. 

Referring to Equation [1] and the root-locus chart, the follow- 
ing properties may be observed 


(a) Change in the seale of root locus corresponds to a change in 
the value of w,,. 


Resronses From Anatog Computer 8 
CorRESsPOND TO Case or Fic. 3(a), Nor 
Too Vatue or ¢ or Equation [1] 


(Compare with Fig. 10. Value of & increases in 
order from a to ¢.) 


Responses From AnaLoG Computer Fre. 9 
CORRESPOND TO Case oF Fig. 
(Value of & increases in order from a to c.) 


APRIL, 1954 


(6) Roots moving along one locus correspond to changes in the 
value of k. 

(c) Roots moving from one locus to another on the root-locus 
chart correspond to changes in the values of c. 


Resutts From AnaLoG Computer 


The transient response of a cubie characteristic equation to a 
The re- 
Figs. 6 to 10 are pre- 
Fig. 6 shows the three types of re- 
Figs. 7, 8, and 9 show the responses for the cases (a), (c), 
and (e), respectively, with various values of k of Equation {5}. 
It agrees with the known result that the speed of response can, 
in general, be improved by increasing the value of k (without ex- 
ceeding the stability limit). 


step input is studied on an electronic analog computer. 
sults agree with the previous discussion. 
sented as demonstrations. 
sponse 


However, as previously stated for 


7 4 


Turee Tyres or Resronses AN 
(Compare with Fig. 2. a, 


COMPUTER 
Type A response; 6, type B response; c, type C 
response.) 


Responses From ANALOG ComMPUTER 
CORRESPOND TO Case OF 
(Value of & increases in order from ¢ to a’. 
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the case (a), the response becomes undesirable if the value of a of 
Equation [5] is too small. This is demonstrated in the responses 


10 Responses From ANALOG COMPUTER CORRESPOND TO 
Case or Fie. 3(a) With SMALL VALUE or or Equation [! | 
(Compare with Fig. 7. Value of & increases in order from a to « 
of Fig. 10 in which all responses are of type C. This cannot be 
improved by changing the value of k alone. 


CONCLUSION 


The complexity of the possible roots of the cubic equation is 
nothing more than the relations involved for a hyperbola. The 
coefficients a and b of the cubic characteristic Equation [5] de- 
termine one of five possible shapes, and their exact location may 
be sketched by figuring out the quantities of Equations [6]. 
k is to be selected according to the desired type of response 

Type A response is possible in all the five cases. Type B re- 
sponse occurs in cases (c), (d), and (e), in addition to one specific 
point in case (6). Type C response is possible only in cases (a), (b), 
and (c). Thus the often desired type A response may be ob- 
tained in any stable third-order system by merely adjusting & to a 
proper value. 

Type A response will be too oscillatory, if the value of ¢ of 
Equation [1] is too small, and the change of k gives no help. Its 
response becomes faster, if the undamped natural frequency of 
the chosen complex roots is made larger. This in turn requires to 
a great extent a larger value of a (or vg) and depends to a small ex- 
tent on the value for the vertex distances 2 and yo. No type A 
response Will occur in any of the five cases if k is too small. 
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A ppendix 


ANALYTICAL EXPRESSION OF Suave or Roor Locus ror Cusie 


EQUATION 
If the Relation [2] is rewritten as 
k 
s(s + 8)(8 + 82) 


then the root locus (or phase-angle equation) is 


Ang (1/s) + Ang [1/(s + + Ang [I/(s + 
= + 180deg_ [10] 


Letting s = v + jw, 3 = + jw), and = vy + and sub- 
stituting them into Equation [10], one obtains by trigonometric 


relations 


w w wiw + w,)(w + w 


v(v + v;)(v + vs) 


+ Wy 
+ 


+ wi 
vty v 
For cases (a), (b), and (ec) in Fig. 3. then 


and vy = 


By combining Equations [11] and [12], one obtains by simplifica- 
tion 


w= 


where ve = 20,/3 and zo = w,?/3 
Case (a). If w?/3 > 07/9. Equations [13] become 


[13b) 


t%)? = Zo? 
v,7/9. 


w= 


(w/yo)? [(v + vo) = 
where 


V32, 


w= w.V1 and = cw, 


w, and ¢ are from Equation [1] 


4c? /3 


-quation [14a] shows the real 
By testing on the real axis, only negative 
real axis fulfills Equation [10]. This is due to the fact that tan 
0° = tan + 180° = 0 and that this is introduced in Equation 
{11}. Equation [14b] shows the locus is a hyperbola; onty that 
portion which fulfills Equation [10] is the locus. The locus is 
shown as Fig. 3(a). 
Case (b). If w,?/3 = 07/9, Equations [13] become 


axis is the locus 


w=Q0., 


(wi/V 3)? — 


These are the two asymptotes and are shown as Fig. 3(b). 
Case (c). If (w, /V3)? < »,?/9, we have from Equations [13] 


{17a} 


+ = 0. {166} 


w= 


. 
~ 
ok 


TRANSACTIONS 


{(v + 09) /xol? xo]? = 


W,, V 


{17b} 


where x) = w,?/3 = [18] 


the locus is shown as Fig. 4(c) 
For cases (d) and (e) of Fig. 3, then 
w, = =0 
By combining Equations [11] and [19], one obtains after sim- 


plification 


w=) {20a} 


[(v + — [w/V = 


[20b] 


where 
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Zo = (1/3) + 02)? — Bois = (0,/3)V 4c? — 3. . [21] 


as + = 2ew, and = w,,?. 

Case (d). Uo = v2, Equations [20a, b} is the locus and is shown 
as Fig. 3(d). 

Case (e). Equation [20] is the locus and is shown in Fig. 3(e). 
It can be shown that in the Relation [21], (v; + v2)? is always 
greater than 3n,»; therefore there exists no other shapes of the 
Equations [145], [166], [176], and [206] show that the 
two asymptotes make an angle +60 deg with the negative real 
The coefficients of Equations [1], [5], and [9] are related as 


follows 
a = 2cw, = 


+ 
b= w,? = We 


from which Relation [6] is obtained. 


root locus. 


AXIS, 


. [22] 
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study of Trans isients 
em by Conformal Mapping 


Root-Locus Method’ 


By VICTOR C. M. YEH,? 


The correlation between frequency and transient 
analysis of linear feedback systems, either degenerative or 
regenerative, through conformal mapping is pointed out. 
The root locus is a special case of the conformal mapping 
obtained by transforming the real axis of the inverse }'(s)- 
plane onto the s-plane. A method for deriving the equa- 
tions of root loci is presented, and the basic shapes of root 
lociare shown. The shifting and reshaping of root locus by 


means of controller adjustments are discussed. 


INTRODUCTION 


rT SHE technique of conformal mapping has provided a power- 
this is especially true in the 
It will be 
methods 


ful tool in modern engineering; 
analysis and synthesis of linear feedback 
shown that the frequency 
based on two conformal transformations 


systems. 
and transient-response are 
a direct and a reverse 
hand, and the 
root locus on the other, are the most useful items of information 
The informa- 
tion vielded from one transformation tends to complement that of 
the other. 
one obtain complete information regarding the dynamic behavior 
of a linear feedback system. 

Since Nyquist’s paper (1)* the frequency-response method and 
its relevant transfer locus have received great attention. Draper 
and Bentley (2), have systematically intro- 
duce | the fundamentals in the transient-response method. How- 


transformation. The transfer locus on the one 
obtainable through the two-way transformation. 


Only by performing the two-way tranformation may 


on the other hand, 


ever, the subsequent difficulty in extracting roots from a higher- 
order characteristic equation makes the method inadequate for 
This difficulty was overcome partially when Evans 
introduced the root-locus method. 


synthesis 
(3) 
The 
analysis and synthesis of linear contro] systems has been fully 
demonstrated by Evans (3) and Bollay (4). In this paper, an 
analytic method for the determination of the root locus is pre- 
thus eliminating trial-and-error constructions. 
toot-locus equations offer the possibility of systematic syn- 
thesis of control systems. 
observe movements of the roots of a characteristic equation along 
the 
shifting and reshaping of the entire root locus when one of the 
open-loop roots (poles and /or zeros) is altered. 


value of this method as a new approach to the transient 


sented, 
By means of these equations one may 


a locus when the system gain is varied; one may also notice 
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and 
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in Linear 
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Tue CHaracreristic EQuation 


Consider the basie feedback system shown in Fig. 1 where 
respectively, the dynamic representations of 


the controller and the plant to be controlled. Combining the 


and q(s) are, 


at 
Feedback path 


r, reference input 

controlled variable 

e, actuating signal 
e’ c error (degenerative feedback) 
e” =r + csum (regene rative feedbac k) 

m, manipulated variable 

u, disturbance 

nm, net plant input 

i(8), control element 

g2(s), plant (controlled system) 


Biock DiaGraM or Bastc CLosen-Loop System 
controller and the plant dynamics, one obtains the open-loop 
transfer function AY(s) 


KY(s) = c/e = [1] 


where A, the gain or sensitivity, is a positive real constant. The 
closed-loop transfer function is defined as the ratio of the con 


trolled variable ¢ to the reference input r; and it is given by 


KY(s) 
KZ(s) = c/r = — 
1+ (#) 
The choice of plus or minus sign in the denominator of Equation 
[2] depends on whether the feedback is negative (degenerative ) 
or positive (regenerative). 


For linear systems the open-loop transfer function may be— 


written as 


K Il (s +4 


i=l 


II (s + Pr) 


t=1 


where 2, and p, are, respectively, zeros and poles of the open-loop 
transfer function; their total ish = m + n of which there are 
m zeros and n poles. A transfer function having n poles and m 
zeros shall be referred to as 7'(n, m); for example, a “three pole- 
is designated by 7(3, 1). It should 
be noted that all systems having multiple loops can be reduced to 
the basic block diagram shown in Fig. 1; 
mentioned will be applicable to multiple-loop systems, 


one zero-transfer function” 


thus what has been — 


Phe 
Sy 
| 
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The characteristic equation of the feedback system may be 
obtained by setting the denominator of Equation [2] equal to 


i 
K¥(s) = 0. 
This equation determines both the absolute and the relative 
stability of a control system as well as its transient response; it is 
independent of external disturbances. For physically realizable 
systems, n 2 m; substituting Equation [3] into Equation [4] 
yields 


Il(s +p) K I(s +2) =0 
i=l i=l 


n 
Il(s = 0 
i=l 
where q, are the roots of the characteristic equation, or the 
closed-loop poles. ‘The locus of q, in the s-plane is known as the 
root locus, 

For comparison, both the open-loop and the closed-loop trans- 
fer functions are as follows: 


Open-loop transfer function Closed-loop transfer function 
m 

K If (6 + 2) 
KZ(s) = 


II (s + pi) 
tel 


m 
K II (s 
=1 


Il (s + qi) 


Ps 
It is seen that the zeros do not move upon the closure of the 
feedback loop; and p, and g; have one-to-one correspondence in 
that g, generates the root locus which starts from p,; when the 
loop is open (K = 0). Transplanting poles from p, to g consti- 
tutes the most important function of a feedback loop. 

Complete determination of the closed-loop poles can be made 
only after the gain is specified. For a given configuration of 
the open-loop roots in the s-plane, however, all possible locations 
of the closed-loop poles regardless of gain value are confined to the 
root locus, It is this striking feature that provides a technique for 
extracting roots (both real and complex) from an algebraic equa- 
tion with varying coefficients. As a result, the analysis and 
synthesis of higher-order linear feedback systems by the transient- 
response method is simplified, 

Once the roots of the characteristic equation are found, the 
transient response to a known disturbance can be determined, If 
the reference input ris subjected to a step function and if there 
are no repeated roots, then 


120 


where R, is the residue of the closed-loop poles and go = 0 is 
the excitation-pole at the origin. Oscillation will occur if the 
characteristic equation possesses a pair of conjugate complex 
roots, For systems with load disturbances or having ele- 
ments (other than unity) in the feedback path, the 
method may be used to obtain the transient response provided 
that the transfer function is properly modified. For systems 


having multiple loops a successive application of the method for 


same 


each loop is necessary, 


CoNPORMAL Mappina 


response methods are related through a direet and a reverse con- 


‘ 
= 
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formal transformation. The relevant complex planes to be used 
in the mapping are the s-plane, Y-plane, and the inverse 
Y-plane. 

The direct mapping of co-ordinates of s-plane into the Y-plane 
with respect to a given Y(s) has provided the basis for the de- 
velopment of the frequency-response method. The Nyquist dia- 
gram is a special case of such a mapping by transforming the 
imaginary axis alone. The curve in the Y-plane so obtained is 
known as the transfer locus. Indeed, this is the only curve needed 
for steady-state analysis. The stability of a system depends on 
whether or not its transfer locus encircles the critical points, 
(+1/K + 30), as the case may be. This transformation, s > Y, 
is single-valued for most commonly employed transfer functions 
in linear feedback systems. That is to say, for each point in the 
s-plane there corresponds one and only one point in the Y-plane. 

The reverse mapping of co-ordinates of the inverse Y-plane 
onto the s-plane, on the other hand, provides the foundations 
for the transient analysis and synthesis. The mapping of the 
real axis of the inverse Y-plane is identified as the root locus of 
the system. The reverse transformation, however, is, in general, 
multiple-valued. The multiplicity is the same as the order of 
the transfer function, that is, of the order of the relevant differen- 
tial equation governing the dynamic behavior of the system. 

Before carrying out any mapping, the following system of co- 


ordinates is defined 


i 


8s =—o + jw [7u} 


1 
Y(s) 


= Ke? [7b] 
where @ is a positive quantity in the left-half s-plane, K and @ are 
the magnitude and phase angle of 1/¥Y(s). The time constant r 
associated with a real root or a pair of complex roots in the s-plane 
is the reciprocal of a. 

For first and second-order systems, the Y~(K, @) — s trans- 
formation may be performed by simply substituting a given value 
of gain K or phase angle ¢ into Y(s) and solvingfors. The plots of 
gain and angle loci may be obtained; these form two families 
of mutually orthogonal trajectories. As will be seen, the root 
locus (both for degenerative and regenerative feedback) is a 
special angle locus whose phase angle @ is an integral multiple o! 
T. 

Conformal mappings are shown in Fig. 2: 
ping and (6) a direct mapping with respect to 7'(1, 1) which is 


(a) a reverse map- 


given by 


KY(s) = K(s — 1)/(s + 1) 


The original planes are not shown, 


It is recognized that a pole of ¥(s) is analogous to a line source 
of ideal fluid of unit strength, whereas a zero of Y(s) resembles a 
line sink of ideal fluid of unit strength. There then follows that 
the gain and angle loci correspond, respectively, to streamlines 
and equipotentials. Hence the existing knowledge in the study 
of potential fields will be applicable here. 

Fig. 3(a) shows the mapping of the inverse Y-plane onto the 
s-plane with respect to a 7(2, 0) transfer function. For this 
system the gain loci form a family of Cassinian ovals. There is a 
specific value of gain corresponding to the critically damped con- 
dition, for whieh ease the gain locus becomes a lemniscate. 
Moreover, the double point of the lemniscate is also a saddle 
point; so that at this point the rate of change of gain along the 
direction joining the two poles is a maximum and that along its 
perpendicular direction is a minimum. The root locus of this 
system consists of the real axis and the perpendicular bisector of 


the segment between the two open-loop poles. 
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(a) (b) 


hic. 3) Type T(2, 0) System 


4, Angle loci and gain loci in s-plane. 6, Three-dimension potential surface erected op #-plane.) 


+ 
\ / hia. ConrormaL Mapping of 
i 
“ 


Fig. 3(b) represents a three-dimensional model of the same 
7'(2, 0) erected on the s-plane, the third co-ordinate being the 
The open-loop poles represent the point 
This is analogous to potential-field 


reciprocal of the gain. 
at infinity in Fig. 3(b). 
theory where the point at infinity is taken as zero gain. 
ing in height from these points means increasing gain; thus 


Vb = —K. 


Decreas- 


Tue ANGLE AND MAGNITUDE CRITERIA 


In order to determine the root locus the characteristic equation 


is rewritten in the form 


= Kel!" = K 
Y(s) 

where lis an integer. Odd values of | correspond to degenerative 
feedback whereas even values correspond to regenerative feed- 
back. Equation [8] states that the magnitude of the Y~'(s) is K_ 
and its phase angle @ is an integral multiple of w. In order to free 
the gain as a varying parameter in the characteristic equation — 
only the angle criterion of Equation [8] need be satisfied on a root 


locus. 


0 -- open-loop rero 


X -- open-loop pole 


hic. 4 Puase AnGLe or A CoMPLEXOR IN &-PLANE 
In Fig. 4, (0;)p and (0,), are the respective phase angles of a 
complexor formed from a pole or a zero of Y(s) to an exploratory 
point in the s-plane. The open-loop poles are p, a, + ja, 
whereas the open-loop zeros are z, = a, + j8,; where a,, a, 
- and 8, are real constants. The tangent of these angles may be ex- 


pressed as 


tan (0,), = and 19} 
o 


tan (0,;), = = 
a 


“or convenie 


ce, define 
h 
= 
r=] 
wherer = 1,2,3,....h 
Since hh = m +n, 8, is either a particular (0;)p or the negative 


of a particular (4,),. Noting that the angle criterion of Equation 
requires that 


h 


n 


tel 


= lx 


TRANSACTIONS OF THE ASME aes 


APRIL, 1954 


the tangent of both sides of the foregoing equation gives 
h 
tan ( 
! 


When the tangent is expanded analytical expressions of the root 
locus may be obtained. 
metric relation 


Repeatedly making use of the trigono- 


tan r + tan y 
tan + y) = 
1 — tan z tan y 


~ 


and setting the numerator of the expanded form of the left-hand 
side of Equation [12] equal to zero, one arrives at the following 
general expression : 


h ber ACh 
> (sin =) >. (II, tan 6,) = 0 


b=1 
6 = odd 


where h is defined as 
h =h,whenhisodd | 
=h 


and ,C, = h!/b!(h — b)!, is the number of combinations of kh 
things taken b at a time; , 2, 3,... ,C, is an individual 
combination. The symbolism 


1, when A is even 
= 


ACh 


(Il, tan 


A= 1 


is defined as the sum of each combination product. This general- 
ized form is valid for nth-order roots provided they are counted as 
n simple roots. The following set of equations for different values 
of h are obtained when substituting in Equation [13] 


h = 1, tan 6, = 0 
h = 2, tan 0, + tan 6, = 0. 


h = 3, tan 6, + tan & + tan 0; — tan 6, tan @, tan 6, = 0 


[14e] 


Substituting Equation [9] into [13] the root-locus equations 
may be obtained for systems of various orders, Table 1. 

Once the root locus of a feedback system is obtained, the specific 
roots corresponding to a given value of gain may be determined 
from the magnitude condition. Substituting Equation [3] into 
[8] gives the magnitude condition 


where s may now be considered as a variable point restricted on 
the root locus. Equation [15], therefore, suggests the following 
graphical method for locating specific roots: (a) Select a point on 
the root locus and measure the distance from this point to all 
(b) Obtain the product of all distances from this 
point to open-loop poles, and do the same for zeros. Dividing 
the former by the latter we obtain the gain associated with the 


open-loop roots. 


point in question by virtue of Equation [15]. If there is no zero 
in the transfer function, the denominator of Equation [15] is 
unity. Alternatively, the analytic expression of the magnitude 


condition may be substituted into the root-locus equation yielding 


pte 
| 
= 
it ... {13] 
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(ea) n=l 


je 


hia. 6 


a pair of parametric equations having gain as a parameter. 
The separation of the angle criterion from the magnitude 
criterion is the key to the solution of higher-degree algebraic 


equations, 
Roor Locus or Tyrer 7(N,0) 


The type 7(N,O) transfer function is defined as a special case 
of T(n,O), where all n open-loop poles are concentrated at a 
single point- an nth-order pole 

Fig. 5 shows root loci for positive and negative feedback for n 
having values of 1 through 4. The locus corresponding to de- 
generative feedback is shown by heavy solid lines whereas heavy 
dash lines represent the regenerative-feedback locus; constant- 
gain lines are shown as concentric circles. The direction of in- 
creasing gain along the degenerative-feedback locus is indicated 
by an arrow; for regenerative feedback it is in the opposite direc- 
tion; closed-loop roots q, corresponding to gain A are marked 
It is seen that the root locus is composed of dif- 
There are n 


on the locus 
ferent branches of a multiple-valued function. 
branches for the degenerative-feedback locus and n complemen- 
tary branches for the regenerative-feedback locus 

It should be noted that if the multiple-order pole is located at 


n=2 


Root Loct or Generatizep O) 8-PLANE 


the origin the method reduces to DeMoivre's theorem for extract- 
ing the n roots of the gain A. Note, however, that the root locus 
is independent of A; whereas the closed-loop poles are definite'y 
determined by 

More generally, if the open-loop poles form an n-sided equi- 
lateral polygon which is symmetrical with respect to the real 
axis, the root locus is again composed of straight lines, Two 
such cases are shown in Fig. 6 for a third-order and a fourth-order 
system. In such cases it may be stated that the n roots of K 
are taken with respect to the datum circle C— a circle passing 
where o* is 
It is 


through the open-loop poles having its center at —-o*, 
the centroid of the polygon and of the open-loop poles 
found to be 


It can be shown that for n-— m 2 2, the centroid is an in- 
variant of the svstem regardless of whether or not the feedback 
loop is closed; thus 

n n 


p> q for n- 


m22 


35300 
‘1e@.5 Root Loci or Type T(N, O) in s-PLANE 
16} 


NSACTIONS 
4 


This is a useful property of the root locus; forifn-—m 2 2 the 
movements of q; with a varying gain are not only restricted along 
root locus but also limited in such a manner that the centroid re- 
mains unchanged 

Similarly, it also can be shown that if n —m = 1, the closed- 
loop end the open-loop centroids are related with the gain as 
follows 


for n m2i {18} 


where o,* is the closed-loop centroid. 


A closely related property of the root locus is the “asymptotic 
center” o,~ the point where all linear asymptotes intersect on 


the real axis. It can be shown that 


n m 


iel t=1 


(n m) {19} 
if m’="n, o» is undefined. Note that forn — m 2 2, the closed- 
loop asymptotic center coincides with that of open-loop by virtue 
of Equations [16] and [19]. Moreover, if the transfer function 
has no zero in the finite s plane, then the expression of asymp- 
totic center reduced to that of the centroid. 

€ Along « root locus, for large gain values, all phase angles ap- 
proach the asymptotic angle which is given by 


ln 


Rah m)| {20] 


* m 


‘Thus all linear asymptotes intersect at —o,, having a slope of 


tan 


Root-locus equations 


Type (not including real axis) 


ed 
T(, 0) 
Ta, 1) 2 None 
T(2, 0) 2 Line 


Cirele 


(a — + wt = 


a = a = (a1 — a) (oe: 
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Basic SHAPES OF Root Locus 


The root-locus equations for systems having up to four open- 
loop roots with all possible combinations of poles and zeros are 
tabulated in Table 1 (n For these simple systems the 
root loci consist of straight lines, circles, hyperbolas, and various 
third-degree algebraic curves, such as the conchoid of Nicomedes 
the cissoid, the strophoid, and more generally, the semiparabolic 


> m). 


curves, and so on, or combinations thereof. 

A thorough familiarity with the basic shapes of root loci are 
valuable in the design of control systems, The following examples 
are chosen to show not only how the roots may vary along a locus 
when gain is changed but also how the entire root locus is re- 
shaped when one of the controller time constants is being ad- 
justed, Such systematic studies of the movements of roots with 
a varying gain in the s-plane enable the designer to achieve a de- 
sired end result. 

7(1,0) and 701, 1) Types. Root loci of first-order systems are 
shown in Fig. 7. They consist of the entire real axis. The 
7'(1, 0) locus is divided into two parts at the open-loop pole. That 
part to the left of the open-loop pole is for degenerative feedback, 
whereas the part to the right is for regenerative feedback. De- 
generative feedback reduces the characteristic time, thus speeding 
up the dynamic response; the system always remains stable re- 
gardless of gain value. Regenerative feedback, on the other hand, 
gives slower dynamic response, and the system becomes unstable 
when K > o,. For T(1, 1) there are two possibilities as seen in 
Fig. 7 (bandc). The degenerative-root locus is restricted between 
the open-loop pole and zero thus limiting the characteristic time 
between (1/o,) and (1/a) 
tem is conditionally stable. 


For regenerative feedback the syvs- 


7 
TABLE 1 ROOT-LOCUS EQUATIONS FORA = m+ns4 


Constants in root-locus equations 


None 


Perpendicular bisector or segment between 


open-loop poles 


a) + wis? 
Bis? 
(a, + a)’ 
(a1 + o:) Biz? — (ay + cx) 
+ o2) — (ai + a2) 


(ao, + a2) 


R? = 


ao? + 


a= (ar + + 03)? — + 203 + + 
3 


b= V3 


Third-degree curves 
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Open-loop roots Natural frequency 
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Type 7(2,0). The root locus of a common second-order system 
is shown in Fig. 8. In addition to the real axis, the locus consists 
of the perpendicular bisector of the segment between the open- 
loop poles or consists of a line containing them. The two possible 
configurations depending on whether the open-loop roots are 
over or under-damped are shown in Figs. 8(a and b). For de- 
generative feedback, Fig. 8(a), increasing the gain causes the 
roots to come closer to each other until at critical damping the 
roots are equal; further increase in gain caused the roots to 
separate and an increasing natural frequency and lowering damp- 
ing ratio are evident. Thus a faster response is usually associated 
with a larger overshoot. 

Types 7(2, 1) and 7(2, 2). Six possible configurations of root 
locus for a type T(2, 1) transfer function are shown in Fig. 9. Note 
that if the open-loop poles and zeros are alternated along the real 
axis as in Fig. 9(b), the circular part of the locus is suppressed and 
Of course, if the zero coincides with 
a pole, the system degenerates to a first-order system. Systems 
having regenerative feedback are conditionally stable. Root lovi 
for type 72, 2) transfer functions are similar to those of type 
7(2, 1); the root-locus equation is given in Table 1. 

Fig. 10(a) shows a family of root loci of a transfer function 
having a pair of complex open-loop poles (-—a, + jw). Originally, 
the locus consists of a vertical line and the real axis. When a 
finite zero is introduced along the negative real axis, the locus 


the system will not oscillate. 


= 


x 


Fic. 8 Roor Loct ror Type 7(2, 0) 


bends toward the left and forms a circle having the zero as its 
center. The introduction of a finite zero may be accomplished by 
employing a proportional-plus-derivative controller, for example. 
As the derivative time constant is increased, i.e., the zero is being 
moved toward the origin, the circle becomes smaller and smaller. 
When the zero is in line with the open-loop complex poles the 
circle minimum radius of q@,. Further increase in 
the derivative time constant will again increase the radius of the 
circle. Similarly, Fig. 10(b) shows root loci for an initially over- 
damped system of type 7'(2, 1). 

Type 7(3,0). For a third-order system the root locus consists 
of a hyperbola (or its degenerated forms) and the real axis as 


shown in Fig. 11. 


has its 


From Table 1 the root-locus equation is 


ao*)? — w? = a? 

For a pair of complex open-loop poles (—o, + jw) and third pole 
0; lying within the limits 

that is, a < 0, the root locus is a hyperbola having foci in the com- 
plex plane. If the Condition [21] is not met, the hyperbola will 
have their foci on the real axis; if; = 0, + /3w,(a = 0), the 
root locus degenerates into three straight lines (including the real 
axis) passing through a common point and equally spaced 120 
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12) Root Loct ror Type 7(3, 1) 8-PLANE 


Fic. 11) Root-Locus Cuart ror Type 7(3, 0) 


deg apart Fig. 11 is a composite root-locus chart for type 
7(3, 0). Note that the centroid o* is taken as the center; the 
jw-axis may be located relative to the centroid. By calculating a 
for a given transfer function, the root locus of the system may be 
obtained immediately from Fig. 11. It is seen that the loci for 
a = kanda = jk, where k is a real constant, form conjugate hy- 
perbolas. 

Type 7'(3, 1). Fig. 12 shows how the 7'(3, 0) locus of Fig. 11 is 
modified by placing a zero on the negative real axis and translat- 
ing it toward the origin; this is similar to increasing the time 
constant of a proportional-plus-derivative controller. All three 
poles meet at a common point for a particular gain; tangents to 
the curves at this point form 60-deg angles with the real axis. 
Notice that the asymptotic angles are +90 deg, and that the root 
locus is shifted away from the origin as the zero is translated 
toward the origin. 

Type 7(3, 2). In addition to the real axis the roct loci consist 
of closed curves only, Fig. 13. Depending on the configuration of 


the open-loop roots the locus may be a two-loop or one-loop 

curve. If the open-loop poles and zeros are alternated along the 

real axis, the root locus consists only of the real axis, and the sys- bie. 13) Roor Loct ror Tyee T(3, 2) in &-PLaNe 

tem is incapable of oscillation; in all cases the real axis serves as 

the only asymptote. mw for regenerative feedback. In Fig. 14(d) it is seen that with 
Type 7(4, 0). Four out of eight possible configurations of regenerative feedback the system will be stable for all values 

7(4, 0) locus are shown in Fig. 14. The asymptotic angles are of gain 

In Figs. 7 through 14 all open-loop roots are shown in the left- 


1 3 
+ wand + for degenerative feedback, and 0, + — and 
4 4 2 half s-plane. It is clearly possible, however, that open-loop roots 


‘Stability eriterion 


Gain at “aperiodic” limit 
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Fic. 14. Root Loci ror Type 7(4, 0) in 
may lie in the right-half s-plane; in such cases degenerative-feed- 
back systems are conditionally stable whereas regenerative- 
feedback systems always unstable. Although regenera- 
tive feedback is seldom used in the major loop of a control 
system (it is encountered in minor loops) it is mentioned here 
because of its usefulness in feedback amplifiers and in oseil- 


are 


lators, 
For fifth and sixth-order systems the root-locus equations are 


0 

where fo(a) and fi(o) are, respectively, a second and fourth- 


degree polynomial in o. Similarly, for seventh and eighth- 
the root-locus equations are cubic equations 


quadratic equations of w? of the form 


+ filajw* + filo) = 


order systems 
in w? 


SUMMARY 


rhe correlation between frequency and transient response of a 
linear feedback system through conformal mapping is summarized 
n Table 2 


PABLE 2) CORRELATION 3 TWEEN FREQU ENCY AND TRAN 
sil 


RESPONS 

Direction of transforma 
mation 

Information 

Analytical nature 


Important locus in origi 
nal plane 


¥ 
Transient-response 
Multiple-valued 


8 
brequency-response 
Single-valued 


linaginary axis Real axis 
= 0) (@ = Iw) 
Important locus in trans 
formed plane. ; Root locus 


Routh-Hurwitz 


Transfer locus 
Nyquist 
Frequency or gain at sta- 


bility limit Root locus crosses jw- 


axis 
root locus 
axis 


Transfer locus crosses 
real axis 

Transfer locus crosses 
imaginary axis 


crosses 
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The properties of root locus are sum: rized as follows: 


1 The entire real axis is a part of the locus; the root locus is 
always symmetrical about the real axis. 

2 The system will become unstable when the root locus enters 
the right-half s-plane (Routh-Hurwitz criterion) 

3 A branch (or its complement) always starts from an open- 
loop pole where K = 0 and terminates at a zero where K = =. 

4 There are as many branches (or complementary branches) 
as the number of energy storages; that is, the number of branches 
equals the order of the system. 

5 There are (n — m) branches (or complements) which ter- 
minate at the (n — m) zeros located at infinity. 

6 A branch and its complement form alternate segments 
along the real axis; the segments are degenerative-feedback loci 
if they have an odd number of open-loop roots to their right; the 
remaining segments are regenerative-feedback loci 

7 The shape of root locus depends only on the relative 
the absolute location of these 
the shape is entirely in- 


separation of the open-loop roots; 
roots determines the transient response; 
dependent of the forcing function. 
8 Thecentroid o* is an invariant of the systemifn —m = 2; 
it will shift by an amount equal to +K/nifn — m 


n n 


1=1 


The asymptotic center is the intersection of linear asymp- 


totes. This occurs on the rea) axis and is given by ns 


m 


The asymptotic angle 6. has 2(n — m) distinct 0, 
(n m) values equally spaced over 2m radians. 
both a and @. are undefined. 

10 At a junction point the tangents to the locus are equally 
spaced over 27 radians. 

11 Along the locus, the phase 
moving to the left increases by 7 when passing through an open- 
loop pole and decreases by w when pussing through a zero. 


= + 
If n = m, 


angle of an exploratory point 


CONCLUSION 


The frequency and transient-response of linear feedback sys- 
tems are formally correlated through the two-way conformal 
transformation. Either the transfer locus in the Y-plane or the 
root locus in the s-plane may be used for synthesis of contro) 
systems; the two methods complement each other. The energy 
storages in a linear system may be treated as a number of idea! 
thus potential field analogy 


sources and sinks in the s-plane: 
may be used as a basis for further development. 
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STUDY 


Discussion 


A. Nomovo.* Importance of this study seems to consist in corre- 
luting the root locus to the conformal mapping, which enables to 
give methodical procedure to scrutinize analytical properties of 
the loop transfer function. It should be added that root locus 
can be geometrically understood as a steepest descent line of the 
gain surface. The author's Equations (7a) and [7b] are rewritten 


+ Jp = 


which expresses that log A + j@ is a rational function of —o 4 
jw. In the direction of the root locus on which dod ds = 0, pre- 
ceding rational relation leads to that | d log K/ds | has maximum 


log K log ¥(—o@ + jw) 


value due to the Cauchy-Riemann relations. 

In studying the transient response, not only poles (—gq,;) of 
closed-loop transfer function but magnitude of each response 
term (2,) is required. The writer found that root-locus method 
can be advantageously utilized to calculate PR, in virtue of its 
mapping relation. Considering the unity feedback system with- 
out any repeated poles, 2, of the author’s Equation [6| or residue 


i—> — — 


sats = 


KY(s) 


lim 
AK Y(s) 


~a + 


Diferentiating the numerator and the denominator with respect 
to sand puttings = —4q, 

R ¥(s) 
s dYV(s)/ds 


If the direction of the differentiation is chosen along root locus, 
}(s) takes always real values +(1/A), so that 
d Zs 
log K 


d log & d log | s | 
R; = 


log K dlog K 
When the gain is measured in db along a root locus, terms of R, 
ean be calculated as ratios of differences, 204 log,!s| and 0.15164 
Zs (deg), to that of loop gain AK (db), 


This paper discloses an important advance 
The 


author is to be congratulated for the contribution he has made. 


Creacer.$ 
in the tools available for the study of closed-loop systems 


Other studies of the correlation between frequency and transient 
response have been made.* 7 § 


4 Assistant Professor, Central University, Tokyo, Japan. 

§ Associate Professor of Electrical Engineering, Rutgers Univer- 
sity, New Brunswick, N. J. 

Graphical Determination of Transfer Function Loci,”” by EF. C, 
easton and C, H. Thomas, Trans. ATEE, vol. 68, 1949, p. 307. 

’** Transient Performance From Decibel-Log Frequency Plots,” 
by H,. Harris, Jr., M. J. Kirby, and E. F. Von Arx, Trans. AIFE, 
vol. 70, 1951, p. 1452 

‘Approximating Transient Response: Chapt. 2-—-Principles 
of Servomechanism,” by G. 8. Brown and D. P. Campbell, John Wiley 


& Sons, Inc., New York, N. Y., 1948 


OF TRANSIENTS IN LINEAR FEEDBACK SYSTEM 


The 


scheme disclosed in this paper seems to be capable of much greater — 


Generally, these involve considerable approximation 


accuracy 

The paper appears to divide naturally into two parts: (a) 
A general basic exposition of the method, and (6) application to a 
number of specific-type systems. This discussion will be confined 
to part (a) and reflects some experiences of the writer in teaching | 
automatic control 

Fig. 1 and Equation [2] of the paper both indicate that the 
feedback signal may subtract or may add to the input signal 
It may be worth-while to emphasize this. 
use the subtractive connection but some internal loops are addi- 
tive. 

The systematic representation of transfer-function type by 
T(n, m) symbol is especially worthy of note. This should be 
very helpful when it is realized that n and m are, respectively 


In general, controls 


the number of poles and zeros in the transfer function or alter- 
nately the same as the order of the algebraic expression in the de- 
nominator and numerator. 

In the second paragraph below equations [7a] and [7b], the 
paper states that poles and zeros of ¥(s) are analogous, respec- 
The writer requests that the 
author expand this point, as he suspects that many readers will 
have difficulty with the concepts involved 


tively, to line sources and sinks. 


C,H. Dawson.’ The author is to be congratulated for having 
extended our understanding of the relations between transient 
and frequency FeSPOnse | specifically, by giving the root loci 
in analytical form and by including the loci for the regenerative 
cause, 
Possibly because of the long time interval between submission 
and presentation of this paper, much of the material has now 
Representative is a paper by Yaohan 
Chu!'® which brings out the hydraulic analogy and presents 
graphical approach to root loci which leads to much faster though 
possibly slightly less accurate results than the author’s equations 
while keeping the effect of parameter changes more clearly in 


been published elsewhere. 


view. 

In the discussion of the direct mapping onto the Y-plane, the 
author also might have mentioned the curvilinear square method 
presented by Russell and Weaver."! 

The author states in discussing the 7'(.N, O) system that “the 
closed-loop roots are branch points which are determined for a 
given value of gain.’ Consider such a system having an Nth- 
order pole at s = 8; 


KY(s) = K/(s 123] 


a, )% 


(24) 


The branch point, as usually defined, is the origin in the Y ~'(s)- 


plane and is independent of the gain. However the N-branches 
of the root locus in the s-plane do meet at s = 8, 

The treatment of the case where the poles form an equilateral 
polygon symmetrical with respect to the real axis seems of little 
practical interest since such a pole arrangement in a physical 
system is highly unlikely 

The fact that an alternate arrangement of poles and zeros 
along the real axis leads to a nonoscillatory system is especially 


interesting. Possibly this phenomenon is related to the condi 


* University of Rochester, Rochester, N.Y. 

“Synthesis of Feedback Control System by Phase-Angle Loci,” 
by Yaohan Chu, Trans. ATER, vol. 71, part 2, 1952, pp. 330-339 

1 “Synthesis of Closed Loop Systems Using Curvilinear Squares 
to Predict Root Loeation,”” by D. W. Russell and C. H. Weaver 
Trans. AIEF, vol. 71, part 2, 1952, pp. 95-104, 
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tion of alternate poles and zeros along the imaginary axis which 
is necessary for physical realizability of passive reactive net- 
works 


H. I. Tarpiey.'? The author is to be congratulated on his 
concise and well-prepared paper on a very difficult subject to 
“sell” to practical-system designers. His reference to the vast 
amount of attention devoted to the frequency-response transfer- 
locus method is certainly not exaggerated. That so much study 
would be concentrated on the db-log frequency method of system 
was quite natural, when one considers the ease of com- 
Designers biased in favor 


synthesis 
putation that this method affords. 
of the frequency-response method have found certain difficulties 
in the control of transient response, but experience soon taught 
them how to avoid undesirable transients to a somewhat satis- 
factory extent. The obvious great advantage of the db-log fre- 
quency or frequency-response synthesis approach is that the 
higher order systems may be handled with great ease. 

The author in studying analytical methods for the determi- 
nation of root loci for feedback systems has made a noteworthy 
contribution to the transient method of analysis and synthesis 
demonstrated by Evans and Bollay. The increasing use of ana- 
log computers in the past few years has made extensive calcu- 
lations economically possible. It is quite possible that analyti- 
cal expressions for root loci may lead to improved computer 
methods for linear-system synthesis by the elimination of much 


of the “hunt” and “peck’’ computer methods that exist today. 


AvuTHor’s CLOSURE 


The author wishes to thank all discussers sincerely for their 
constructive contributions. He also wishes to point out that 
Professor Nomoto has written a paper! on the same topic at 
about the same time when the present paper was written (fall, 
1951). 

The method for evaluating residues 2, suggested by Professor 
Nomoto is welcome, His method, however, requires the deter- 
mination of several values of gain The 
following is a simpler graphical method for evaluating these resi- 
Rewrite Mquation [22] in a more explicit form 


along a root-locus. 


dues, 


m 
A oll (2, 4) 
r=l 


R, = 


n 

II (¢,— @) 
qi) 
where A, and @, are, the absolute value and phase 
angle of the residue R,. 


With a given set of closed-loop roots and excitation-poles A, 


respectively, 


and @, may be obtained as follows: 


1, To obtain A,: Measure the distance from gq, to all other 
closed-loop roots as well as excitation-poles. Obtain the produet 
of distances from q, to all poles (excluding the g, in question), and 
do the same for the zeros. Divide the former by the latter vielding 
the ratio A,/K, 

2. To obtain ¢, 
plexors drawn from every excitation-pole 
root (excluding the q,; in question) to q,. 
angles yielding @,, calling the angles from poles positive and those 


First measure the phase angle of all com- 
and every closed-loop 


Then sum up these 


It is noted that this graphical method for determining residue is 
the inverse of the procedure for finding the closed-loop roots with 


'? Pennsylvania State College, State College, Pa. 
"Contribution to the Root-Locus Analysis of the Feedback 
Control System,"’ by Akira Nomoto, Proceedings of the Second Japan 
National Congress for Applied Mechanics, 1952, pp. 359-62. 
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a given value of A (Cf. the paragraph below Equation [15}). 


The following useful properties should be observed: 


(a) The residue of a pole located on the real axisis R,; =(—1)*K, 
where b is the total number of closed-loop roots (both poles and 
zeros) to the right of the pole under consideration. 

(6) Forcommon control systems (n > m), the following rela- 
tion holds 


n 


R = 0 


1=0 


In reply to Professor Creager’s request, it may be clarified that 
the analogy between pole-zero of Y(s) and the line source-sink 
of ideal fluid (or point source-sink in two-dimension flow) is due to 
the existence of the orthogonal conditions between angle and 
gain loci, on the one hand, and streamlines and equipotentials, 
on the other hand. 

Professor Dawson is right in pointing out that the branch point, 
as usually defined, is the origin in the Y~!(s)-plane and is inde- 
pendent of gain. The cases where the poles form an equilateral 
polygon symmetrical with respect to the real axis serve as de- 
markations among distinct types of transient response, For ex- 
ample, for a third-order system, Fig. 6(a), if the real open-loop 
pole is inside the equilateral triangle, the system is always oscilla- 
tory regardless of gain value, whereas if it is outside, the system 
may be so adjusted that it will not oscillate.'* 

Professor Tarpley’s comment is fully appreciated. 
nection, as well as in answering Professor Dawson’s remark, the 
author wishes to bring out the following point. The value of the 


In this con- 


Characteristic Equation by Root-Locus 


M“Study of Cubic 
C. M. Yeh, published in this issue, 


Method,”’ by Yaohan Chu and V. 
pp. 343-348. 
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present analytical approach will again be brought into light when 
one considers the problem in which a time constant (i.e. an open- 
loop pole or zero) is being varied. In Fig. 15 a root-locus of 
Type 7(3, 1) transfer function is shown (heavy lines); it is a 
When 


the location of the zero is being varied along the real axis, such as 


third-degree algebraic curve in addition to the real axis. 


by adjusting the derivative time constant, a family of gain-con- 
tours are generated along each of which the closed-loop gain of 
the svstem is a constant. It can be shown analytically the gain- 
contours of 7(3, 1) are parabolas; and the location of the zero (@) 


STUDY OF TRANSIENTS IN LINEAR FEEDBACK SYSTEM 


is a varying parameter along the parabola, The equations of 
gain-contour, however, can only be obtained through the use of 
the root-locus equations, The determination of these gain-con- 
tours, on the other hand, by trial-and-error method or graphical 
construction would be extremely laborious much more difficult 
This example illustrates the 
For further 
discussions the readers are referred to a paper entitled, “Synthesis 


than the construction of root-loci 
comparative advantages of the analytic approach. 


of Feedback Systems by Gain Contours,” to be published shortly 
by the author. 
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r istics of Sin 


By A. S. IBERALL,’ WASHINGTON, D.C 


A theoretical investigation of greater completeness than 
is usually presented has been made of gas pressure regula- 
Emphasis has been placed on the application to their 
design. The analysis is summarized in graphical form in 
which the characteristics of the regulator may be obtained 
Brief attention is 


tors. 


by ruler and compass constructions. 
given to the errors inherent in the simplifications made in 
the analysis. 


NOMENCLATURE 


TH following nomenclature is used in this paper; in addition, 


symbols also are defined the first time they are used: 


= area 

= control surface area 

= metering orifice area (valve seat area) 
effective metering orifice area, valve displaced distance 
X 

valve stem diameter 

control surface diameter 

metering orifice diameter 

elastic modulus | 

spring force 

parameter 

spring rate 

mass flow 

gas pressure 

pressure drop across orific 

volumetric flow 

linkage ratio 

limiting flow for metering orifice 

absolute temperature 

velocity of metering orifice jet 

work 

valve displacement from closed position 

valve displacement when minimum annulus area equals 
metering orifice area 

valve displacement 
trol spring 

control surface displacement 

metering orifice area per unit control surface area 


rat uncompressed position of con- 


constant 
depth of surface irregularities of valve and seat 
f = spring force per unit control surface area 


Mechanical Instruments Section, National Bureau of 
Standards Since March 1, 1953, Research Director, The Aro 
Equipment Corporation.) Mem. ASME 

Contributed by the Instruments and Regulators Division Design 
Committee and presented at the Fall Meeting, Rochester, N. Y., 
October 5-7, 1953, of Tue American Society or MECHANICAL FNGI- 
NEERS 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 17, 
1953. Paper No. 53—F-5. 


! Physicist, 


= 


spring rate per unit control surface area 

ixial length of softer material in valve or seat 

coefficient of a Bernoulli suetion 

spring foree per unit control surface area per atmos- 
phere 

unit ntp volume flow 

regulated gage pressure per atmosphere 

supply gage pressure pel atmosphere 

width of annular contact aren of seat 

unit valve displacement 

ratio of specific heats 

a displacement ratio (Xo 

semiangle ofa conical valve 

parameter 

gus viscosity 

gus density 


The following subseripts ure used: 


gauge pressure 
quantities measured at regulated pressure Tr 


quantities measured at supply pressure 


0 (for fluid parameters) signifies quantities measured at normal 


temperature and pressure, 
INTRODUCTION 


Although the gas pressure regulator is a widely used instru 
ment, its theoretical exposition has received incomplete attention 
It is the purpose of this paper to provide a somewhat more com- 
plete elucidation of the characteristics of the spring-loaded gas 
pressure regulator, 


Tukory or a SINGLE-Srace Pressure Reauiarorn 


Derivation of Relations. The description of a pressure-regulat- 
ing stage 
reference to Fig. 1. 


may be followed by 
A supply 
(the added sub 
seript g will be utilized when- 


pressure P, 


ever gage pressure is intended ) 
is applied to an entrance port 
Distinction must 


of the stage. 
be made between two possible 
elementary regulators; i.e., in 
one, the supply pressure acte 
to open the metering valve, 
while in the other, the supply 
pressure acts to close the valve. 
The supply pressure acts on a 


constant area A,,, equal to the 


metering orifice (valve seat) in 
applying a force on the meter- 


PRESSURE ACTS TO CLOSE STAGE = ing valve. The metering valve, 
Evementary Sincie- “epieted for generality as a 


Srace Reoutator 


Fic. 1 
cone of semiangle @, is coupled 


Two-Stage Sprinll 
Pressure Regulators | 
k = 
6 
A 
A 
A 
| 
An A, 
P, 
PRESSURE ACTS TO OPEN STAGE 


364 
to a pressure-respohsive surface of effective control area A, 
For generality, the valve stem may be considered as coupled to 
the control surface by a linkage. For simplicity, the linkage will 
be taken as 4 linear lever with ratio 2 of control-surface displace- 
ment to valve displacement. The spring force of the pressure-re- 
sponsive surface (depicted as a bellows) may be augmented either 
by a fixed or adjustable spring. The composite spring force of the 
system in the linkage direetly coupled to the control surface at 
As the 
valve opens, the spring force changes by an amount A), where Y 


the point at which the valve is closed is denoted by F 


is the displacement of the control surface from its position when 
the valve is closed, and A, the spring rate. 
is thus also measured in the displacement of the same linkage as is 
the force F. The displacement of the metering valve 1s measured 
from its closed position will be taken as XY, sothat Y = RX. The 
other side of the pressure-responsive surface will be considered as 


The displacement Y 


open to atmospheric pressure Po, 

The action of the stage is as follows: The spring force holds the 
metering valve open when no supply pressure exists at the regula- 
tor inlet 
off, the pressure in the regulator chamber acts on the control area 


As pressure is applied, with the regulator outlet closed 


1, gradually to close the valve against the spring force so that a 
regulated outlet pressure 7, is obtained in the regulator chamber. 
As varying flows or supply pressures are demanded from or 
supplied to the regulator, there are small changes in the regulated 
pressure which spoil its ideal regulation. This may be under- 
stood by writing the static force equation for the system 
Equating the forees acting on the valve stem, when in equi- 
librium, there results for a “pressure acts to open”’ type regulator 


+ RAP, + RF = A,P, + RAP, + R°KX.. 


and for a pressure acts to close type regulator 
+ + = RF + RAP, + 
‘These may be rearranged to 


P= 


for the two cases, where the upper sign refers to the pressure acts 


A, + A,,/R 


to open type. 
The area A, + A,, 
trol area, may be utilized to define three specific parameters: f, 


R, which may be regarded as the net con- 


the spring force per unit control area; a, the effective unbalanced 
metering area per unit control area; and k, the effective spring 


rate per unit control area, The regulation equation thus becomes 


=f + aP,, — kX... 


This equation may then be interpreted as follows: The spring 
force per unit control area supplies a balance to determine the 
regulated pressure. The unbalanced metering area per unit con- 
trol area left open to the supply pressure raises or lowers the 
“supply- 


regulated pressure. This may be referred to as the 


pressure effeet.’’ The spring rate per unit control area reduces 
the net spring force as the metering valve balances at a more 
open position to admit more flow. This results in a drop of the 
regulated pressure with flow and may be referred to as the ‘‘regu- 
lating characteristic,” 

Much invention has gone into balanced-valve arrangements to 
eliminate the supply pressure effect. In this paper, however, this 
term will not be neglected but will be carried along to give the 
designer or user an idea of its effect in simple regulator design and 
to indicate where recourse must be had to balanced-valve arrange- 
A similar situation exists with respect to the regulating 
This term also will be carried along 


ments 
characteristic 
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For completeness, brief attention will be given to one more term 
to account for a device which the designer may sometimes add 
with considerable design simplicity in an attempt to improve the 
flow-regulating characteristic. Without the addition of moving 
elements, it is possible to obtain a Bernoulli suction from the 
metering orifice jet which will act on the control surface and give 
rise to a term which partially compensates for the drop in regulat- 
ing pressure arising from the spring rate. The order of magni- 
tude of this term is given by p,V ,?/2, where p, is the gas density at 
the regulating pressure, and V, is the velocity of the jet at the 
vena contracta of some entrainment section at which the absolute 
pressure of the jet is exposed to the control area. Thus the term 
can be written as (Q,/A,;)*p,/2, where Q, is the volume flow at 
regulating pressure density and A, is some effective area of the 
jet. The meaning of the area A, and the precise value of the co- 
efficient of the term is left vague because, in general, it is sensitive 
to the particular arrangement and means of producing the jet. 
As a rough measure, the area A, will be interpreted as the meter- 
ing orifice area 
added. 


A,,, and an experimental coefficient n will be 
The more complete regulating equation becomes 


+ - 
9 


where n is of the order of unity and may vary somewhat with flow. 
A second advantage of carrying this term along is that its form 
(although the sign is negative) is representative of minor pressure 
losses that may be encountered in specifie regulator design. The 
net value of n is thus further reduced by these minor losses 

The problem may be completed by relating the metering valve 
displacement to flow. 
utilized: The discharge of an orifice for both suberitical and 


The following approximate treatment is 


critical flow may be approximated closely by what may be re- 
ferred to as the mean density approximation, namely 


V=06A 2pAP.. 


. [6] 


= mass flow through orifice 
= orifice area 
orifice discharge coefficient (for nonstandard thin-plate 
orifice shapes, this quantity may be somewhat larger) 
pressure drop across orifice 
mean arithmetic density of gas upstream and down- 
stream under equal enthalpy ideal gas assumption 
that temperatures downstream and upstream are the 


same 


The density may be expressed as 


where 


P= 
T= 


mean arithmetic pressure 
absolute upstream gas temperature 


0 subscripts refer to normal or ambient temperature and pres- 


sure conditions 
The flow for ntp conditions thus becémes 


0.6 { \ P 


Qo = 
Pop. 


where 


volumetric flow at ntp conditions 
upstream and downstream pressures, respectively 


‘ | | 
| 
| 
| 
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| 
hy | 
4 
¢ 
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x 
| 
| 
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. 
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Assuming that the regulator is used at normal temperature (or 
that the normal flow is measured at 7’ = 7) conditions), the flow 
equation becomes 

O.6A 


V Popo 


As the valve opens, it will be assumed that the flow restricting 
orifice is the minimum annulus between the valve and valve seat 
and becomes constant at valve displacement at which the annu- 
lar area is equal to the valve seat area, This is known to be both 
a theoretical and an experimental approximation, but it is not a 
bad one. The actual magnitude of the error resulting from this 
assumption will be discussed further on. 

The area of the minimum annulus is given by 7D),,X sin 6 
( — Pe sin 28), where 1), is the diameter of the valve seat. 


The limiting displacement of the valve Xo (when the area of the 
annular and metering orifice are equal) is given by D,, (1 


V1 —— cos sin 26. 


becomes 
0.67D,,X sin 1 - sin 20 


Pops 


The flow equation of the annulus thus 


= VP2— P,?.. [10] 


and its fixed restriction flow (equivalent to the valve wide open) 
becomes 


1 V Popo 

The effect of the cone semiangle 6 is to cause some extra droop 
in the flow characteristic which, in general, may be neglected in all 
except needlelike control valves. This, and other minor non- 
linear sources of droop which exist, will be neglected, 

The approximate area of the minimum annulus for relatively 
blunt valves may then be taken as wD,,X sin 6, the approximate 
limiting displacement VY, may be taken as D,,/4 sin @, and the 
approximate flow equation becomes 

0.67D,,X sin , 
Q = V P2—P, {12] 
P ipo 


while the fixed-restriction flow (equivalent to valve wide open) 


is given by Equation [11]. 


The regulating Equation thus becomes 


k V Popo Qo 


>, =ftaP 


n pile? Po 


2 A,? P, 


{13] 


where the ideal-gas law was used to eliminate Q, and p,. 

This result will be taken as expressing the regulating equation 
for an elementary ideal regulating stage. It is somewhat in error 
near the point at which the valve ceases to regulate. It is also 
somewhat in error in assuming that limiting flow accurately fol- 
lows the law that the flow is proportional P,?— P,?. final 
source of error in this description, which makes itself evident in 
actual regulators, is the creep of regulated pressure at or near zero 
flow. This often seriously limits the application of simple regula- 
tors to dead-end service. It arises from the imperfect seal made 
by the valve at the point at which the valve is nominally closed 
and from the change in flow regime to laminar flow for very 


small openings. This will be discussed later on. 


Graphical Solution. The regulating and flow equations may be 
transformed into dimensionless form by the following definitions 
and substitutions: Let 


X = fk (if the composite spring of the system is not re- 
strained, XY would be that valve displacement corre- 
sponding to the amount which the “free’’ spring 

length is compressed ) 

(the limiting volumetric flow at atmos- 
pherie pressure that would be obtained if full vacuum 
were applied to the metering orifice with the upstream 
pressure at atmospheric pressure) 

= Pi + Po 

P_/P; 


O.18 ng? 


peq 


Vii +8)? (I ’ 


The flow equation becomes 


r=ptas 


gq=zvVvi(l +s)? —(1 [Us] 


Whenever x exceeds unity physically, the value unity is to be 
used in Equation [15]. 

This pair of equations may be displayed graphically so as to 
present a complete family of regulation characteristics. In the 
construction of the graph, each regulation curve will, in general, be 
a plot of the regulated pressure r against the flow q for a selected 
constant value of the supply pressure s, 

The construction will be given in detail for a “pressure acts to 
open”’ regulator. 

First neglecting the Bernoulli term, the fundamental equations 
become 


pey 


+ 


Vil 
{15} 


The graphical construction of the constant-supply pressure 
curves and boundaries of regimes of regulation may be followed by 
reference to Fig. 2. Let the point of view taken be that of the de- 
signer of a regulator 

A grid is chosen, Fig. 2(a), in which r is taken as the ordinate 
and q as the abscissa. The unit interval for r is chosen small 
enough so that the approximate value of the desired regulated 
pressure p falls well upon the grid. Ther = 
cluded on the grid as a reference (this pressure corresponds to the 
The unit q interval is chosen to have 


| ordinate is in- 


absolute zero of pressure ). 
the same value as the unit rinterval, 

The Salient Points 
pressure ordinate p, Fig. 2(b), at q = 0, the designer may choose 
As the graphical eon- 
truction is developed, the significance and interpretation of these 


In the vicinity of the desired regulated 
three arbitrary or salient points, Fig. 2(¢). 


In increasing value, these points 


€)/(1 a); p/ 


three points will become clear. 
are labeled, respectively, p(1 6) a; pl 
(1 — a). 

The No-Regulation Boundary. 
supply pressures, the flow demand is increased, a flow is reached 


If for given arbitrarily chosen 


= 


STATIC-FLOW CHARACTERISTICS OF GAS PRESSURE REGULATORS 
The regulating equation beco — 
| 
|| 
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Fig, ConsTrucTion oF 


(Pressure acts to open stage.) 


at which z becomes unity. While physically the valve may open 
wider, the flow equation remains 


q= +r)? 
as 


The regulating equation becomes 
r= pl €) + as 


If the supply pressure s is eliminated between these two equa- 
tions the curve results, which is the boundary between the upper 
region in which the valve is still regulating and the lower region 
in which it isnot. This will be referred to as the “no-regulation 
boundary.”’ Its equation is 


r=a + (1 +r)? + pil €) a 


Atq = 0,r = e)/(1 a), the middle salient point. 


At large g, the equation becomes 
r= pl €) a + aq 

This line, which is asymptotic to the true curve, may be easily 
constructed, Atq = 0,r = p(l--€)—a, the lower salient point. 
Atq = 1+ p(l—e)/(l--a),r = p(1—e)/(1—-a). These two 
points on the asymptotic line may be constructed and the asymp- 
totic line may then be drawn, as shown in Fig. 2(d). 

If now flows gq on the true no-regulation boundary, and flows 
ga on the asymptotic no-regulation boundary, are related for an 
identical value of r 


a +r) 


r-——pl—e)+a= [19] 


pil 


the result holds that 
™ V ae + (1 +r)2... 


The construction of the true curve is shown for a typical point 
in Fig. 2(e) (in which a hyperbolic construction is used) and for 
the complete curve in Fig. 2(f). 

The Circles of No Regulation. For points below the no-regula- 
tion boundary where no regulation occurs, the valve acts as a 
fixed-area restriction so that the flow equation is given by 

q= +5)? +r) 17] 

For arbitrary supply pressure s, this is a family of cireles which 
intersect the r = —-laxisatq = 1 +s. A typical circle is shown 
in Fig. 2(f). 

The Salient Circles. If with no flow through the valve, the 
supply pressure is increased above the regulated pressure, the 
valve (at first. wide open) gradually closes until a supply pressure 
is reached at which 2 = | (the valve has closed to a degree where 
it is just on the point of no regulation). The supply pressure at 
which this occurs determines « circle of no regulation which is 
tangent to the no-regulation boundary. It is shown in Fig, 2(g) 
and it will be referred to as the “last circle of no regulation.”’ 

Its equation is given by 


a 


If the supply pressure at no flow is increased further, then the 
valve closes further. Finally a supply pressure is reached at 
which the valve just seals (2 = 0). This is the last point at which 
the supply pressure and regulated outlet pressure are still equal at 
no flow. This point is given by 


23) 


the third salient point. The circle of no regulation corresponding 
to this supply pressure is given by 


(1 +r)? (24| 
It is shown in Fig. 2(A4) and it will be referred to ag the “first circle 
with complete regulation at no flow.” 

As the supply pressure is 
a) at no flow, the valve gradually closes 


First Curve of Complete Requlation 
increased tos = p/(1 
and finally closes completely. As flow is increased, the valve is 
regulating, and the portion of the regulating curve above the no- 
regulation boundary is not a circle, 

Its equation is given by 

p peq 


Atq =0,r = p/(I a), so that this curve intersects its circle 
of no regulation at q = 0 as well as at the no-regulation boundary. 

Intermediate points for this curve may be constructed by com- 
parison with its cirele. Let q, stand for values of flow on the circle 
and q, stand for values of flow on the curve, at some identical value 
ofr. Then 


4 
[21] 
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[24] 


[26] 
4e 

This construction may be made simply if the length pe is known. 
It is easy to show that the difference in the r-ordinate between the 
intersection of the circle with the r-axis, and with the no-regula- 
tion boundary, is pe. A geometrical construction for a selected 
value of r using Equation [26] then will determine the re- 
The construction of a typical point on the 

curve is shown in Fig. 2(7). 
This complete curve (including its no-regulation circle below 
the no-regulation boundary) will be referred to as the “first curve 


quired value of qe. 


of complete regulation.” 

The salient curves and circles for a regulator are shown in Fig. 
2(j) 

Remaining Regulating Curves. Inside or below the last circle of 
no regulation, the regulator characteristics are represented by 
concentric ares of circles. 

The curves for constant s between the last circle of no regula- 
tion and the first curve of complete regulation are designated 
curves of incomplete or no-flow regulation. They are so named be- 
cause at zero flow the valve has not yet closed; however, regula- 
tion commences as soon as there is a finite flow and of course 
ceases as the regulation curve crosses the no-regulation boundary. 
Below the no-regulation boundary these curves are ares of circles. 
Above the boundary the remainder of the curve may be con- 
structed as follows: The equation of the curve is 

peq 


V (1 +s)?—(1 +r 


Aty = 0,r = s (at this supply pressure the valve is still open), 
so that this point is the intersection of its nonregulating circular 
0 axis. 

The remainder of the curve can be constructed from the relation 


are extended to the q = 


q p + as- 


[27 | 
/(1 + 8)? — (1 +r)? pe 


if the length p + asisknown, It ean be shown that the difference 
in the r-ordinate on the curve between its intersection with the no- 
regulation cirele and with the no-regulation boundary is p + as 

pe. Adding the value of pe, which was obtained previously, 
thus gives the desired value. The construction of a typical point 
of a typical curve is shown in Fig. 2(k), using the relationships 
given in Equation [27]. 

The complete regulation curves lie above the first curve of 
complete regulation. They consist of two parts: (a) of circular 
ares of no regulation below the no-regulation boundary, and (b) 
Atq =0 
in this region, the valve is closed so that the intercept ris p + as 
The difference in ordinate of the desired curve at q = O and at the 
intersection of the no-boundary curve is pe. The construction of a 
typical point on a typical complete regulation curve is also shown 
in Fig. 2(k). 

4 family of complete characteristics is shown in Fig. 2(/). 

Limiting Flow. 1t is of use to have a plot of the limiting flow, 


of curves defined by Equation [16] above the boundary. 


that is, the flow obtained when there is no flow restriction at the 
regulator outlet. The relation between flow 
and pressure drop becomes 


In this case r = 0. 


q= V(1 +8)? I [28 | 


The asymptotic line (at high supply pressures) is given by 


q=l1+s. [29] 


This is shown in Fig. 2(0) against a background of circles of no 
regulation, 
and the intercepts of the circles is also shown for a typical point 

The Bernoulli Term, An approximate construction can now be 
added for the Bernoulli term 


The geometric relationship between the true curve 


The fundamental equations are 
ng? 


Vil 


q=zViil +s) (1 


f= p + as 
+ rj? 


+ r)? 


All curves that were circles of no regulation remain so. The no- 


regulation boundary is modified to 


0.18 ng? 


= 4 


pol {30 
The no-regulation boundary is higher than before by a term 
The 


circles of no regulation are thus extended a bit, and the main effect 


which increases approximately quadratically with flow. 


of the Bernoulli term is in the regulating region away from q = 0 
The construction of a typical point of the regulating character 
istic of a regulator with a Bernoulli term is shown in Fig. 2(m 
It is based on correcting the characteristic of a regulator without 
a Bernoulli term. If the value of r is taken as ro for a regulator 
without a Bernoulli term for a given supply pressure s, then the 
regulating equation for a regulator with a Bernoulli term at the 
same supply pressure may be written approximately as 
O.18 ng? 
pe Vil + 8)? — (1 +r)? 


p + as + 


In this expression, the only approximation lies in using 
(1 + ro) instead of g?/(1 + r). The initial steps to reduce the 
foregoing expression to graphical form follow: 
Determine q?/(1 


First choose a flow 
q on some ro characteristic + ro) [=u in Fig 
2(m)| by « proportional triangle construction as shown in Fig. 2(m) 
Lay off an angle equal to are tan 0.18. The quantity 0.18 ng? 

(1 + ro) [= vin Fig. 2(m)] may then be constructed. To secure a 
first approximation of r corresponding to the selected q requires 
that the regulating curves for ry previously obtained be available. 
Add 0.18 ngq?/(1_ + ro) to ro at the same flow. This represents the 
first estimate of r [marked r, in Fig. 2(m)|. A proportional triangle 
construction is then used to secure a closer approximation to the 
Extend the r; ordinate to intersect the nonregulating 
(14r,)?] 
de- 


value of r. 

circle [which determines an abscissa equal to (148)? 
Drop a perpendicular from this point to the 
termined by the intersection of the nonregulating cirele and the 


ordinate 
no-regulation boundary. Connecting this intersection with the 
point on the ry-characteristic at which q = 9 thus locates a point 
on the abscissa g, marked by z in Pig. 2(m) 

Note in Fig. 2(m) that the ordinate length of the large triangle 
equals pe, its abscissa, or base length, is Va teh —(1 +7), 
and that the base of a smaller similar triangle terminating at z is 
q, from which the numerator of the first term of Equation [31] is 
determinable by proportion as the ordinate distance from the 
point of the m-characteristic at which q = O(r = p + as) to the 
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r=? [25] \ 
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Comparison leads to the result that 
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From the relationship p + as + 0.18 nqg?/(1 + ro) — re 
=p +as , it follows that rz = r, + 0.18 ng?/(1 + ro). There- 
fore a new point [r, in Fig. 2(m)}, a closer approximation to r, is 
obtained by laying off 0.18 nqg?/(1 + ro) above point z. 

The procedure is repeated until the estimated r obtained con- 
verges to the estimate from the step before. A further refinement 
which is generally not worth the added effort, is to use the new 
value of rin constructing q?/(1 + r) and following the method of 
successive approximations through again. <A typical family of 
curves with a Bernoulli term is shown in Fig. 2(n). 

Pressure Acts to Close Regulator. The characteristics of a pres- 
sure acts to close regulator may be similarly constructed. The 


point z. 


basie equations are 


peq 0.18 nq? 


r=p + 
a/(1 +e)? — (1 + ry 


+s)? (1 +r)? 


The corresponding constructions are shown in Fig. 3. 


CHARACTERISTICS OF SINGLE-STAGE 
REGULATOR rst; 
(Pressure acts to close stage.) 


errors IN THrory OF SINGLE-STAGE REGULATOR 


CONSTRUCTION OF 


List of Errors. The previous theory represents the ‘real’ char- 
acteristics of regulators in the sense that measured characteristics 
nominally will superimpose on the theoretically derived charac- 
From the point of view of the designer this may often 


at least in most cases, would represent the first 


teristics, 
be adequate and, 
step in real regulator design, since the general nature of the regu- 
lating characteristics is shown. However, for a precise descrip- 
tion many detailed errors will be found. In this section it is pro- 
posed to discuss briefly some alternative analytic representations 
It is not suggested that these alterna- 
Their value is to indicate to the 


that correct these errors, 
tives will work for all cases, 
designer at least some order of magnitude of the deviations that 
might be expected from the elementary theory. 


As was discussed previously, the errors in the analytic repre- 
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sentation of the performance of the single-stage regulator arise 
from five major sources, as follows: 


The assumed mean density flow law. 
The flow resistance of the metering valve. 
The assumed supply pressure effect. 
Minor pressure drops. 
Flow regulation at low flows. 
mean density flow law is an 
an orifice particularly with 
A closer approximation can be 


P,/P, 


Mean Density Flow Law. The 
through 
negligible velocity of approach. 


approximation for flow 


shown to be given by 


0.6A 
P Po 7 3 l 
. [82] 
instead of Equation 
At normal temperature, the flow equation becomes 


A , 2 1 
+ s)?—(1 +1)? 


+8) 


[33] 


is the ratio of the effective area of the valve, when 
opened to a displacement X, to the area of the metering orifice. 
This relationship may be used to replace Equation [15]. This re- 
sult differs from Equation [15] by a factor that ranges from 1 to 
0.943 as (1 + r)/(1 + 8) ranges from 1 to 0. 

For an ideal nozzle metering restriction, the adiabatic flow law 
is applicable, which for small velocity of approach becomes 


Q A 27 @) Y 


where ¥ is the ratio of specific heats. 
The limiting flow S at P; = Po is 


( 2 y¥+1 
; =i 
V Pp. VW \y 4 


so that the flow equation becomes 


where Ay /A,, 


= 


Equation [36] applies for (1 + r)/(1 
For values of 
>), Equation [36] 
ig substituted for 


instead of Equation [15]. 
+ s) lying between 1 and [2/(y + 
(1+ r/(l s) less than [2/(1 + 
applies where the constant [2/(y + | 
(1 +r)/(1 +38). While thisis a possible metering relation, it is 
not believed that many nozzlelike metering valves have ever 
been built for regulators. 

Flow Resistance of Metering Valve. As a 
validity of the minimum annulus flow restriction assumption, 
some crude experiments were performed using thin and thick- 
plate orifices, closed by small (i.e., same diameter as the orifice ) 
and large-diameter flat plates, and a 45-deg semiangle cone. For 
a thin orifice with flow in either direction with flat plate valves, 
the flow-displacement curve was about 30 per cent lower at X = 
D,,/4 than the minimum annulus result with an error falling off 


rough test of the 
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rapidly for smaller or larger displacement. The same result held 
for the cone, when assessed by the first order D,,/4 sin 6 approxi- 
mation. Using the more exact approximation, the error was re- 
duced to about 20 per cent. The same results held for the thick- 
plate metering orifice with flow in the valve-to-orifice direction. 
For a thick-plate metering orifice with flow in the orifice-to-valve 
direction, greater flow than the approximation obtained. As the 
displacements were increased from closed to open, the flow error 
increased from about 10 per cent high at one half of the D,,/4 sin 
# point to about 20 per cent high at the D,,/4 sin @ point, dropping 
off rapidly for larger displacements, 

The maximum deviation in the flow-displacement law from the 
minimum annulus approximation and, in particular, from the first- 
order approximation, thus occurs near the fixed-restriction point, 
and, independent of valve configuration, does not exceed +30 per 
cent. This results only in a percentage error in the droop of the 
flow-regulating characteristic occurring near the end of regula- 
tion. 
point, the minimum annulus approximation is a good first-order 
approximation. More exact design must take into account the 
precise valve-orifice configuration which affects both the form of 
the flow-displacement variation as well as the discharge coefficient. 


Since there are other possible sources of error near this 


However, in lieu of more exact theoretical or experimental re- 
sults, the following models represent some measure of the ex- 
pected deviation from the minimum annulus approximation: 

For thin plate orifices with flow in either direction, and with 
thick plate orifices with flow in the valve-to-orifice direction 
(pressure acts to close valves), the valve restriction acts as if the 
minimum annulus was in series with a fixed restriction equal to 
the metering orifice. 


This can be represented by 


Vil + 


A,,\?2 


where Ay is to be taken as the minimum annulus area. 


Substituting in the exact minimum annulus area leads to the 
A zr cos 4 


+ 
or the spring rate term takes on the value 


result 


2 


cos 


Here z varies from 0 to infinity. 

For flattish valves, the approximation holds that 
kX 
Po 
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(1 + r)? 


[ t 
+ —¢ 


The first-order terms of these expressions are constructable 
into graphs and represent possible modification in the form of the 
regulating curves. 


q cos 6 
+s)? (1 


For thick plate valves in the opposite flow direction, it is dif- 
ficult to obtain a simple analytic representation, 

Supply Pressure Effect. There also exists an error with respect 
to the supply pressure effect. It was assumed as an approxima- 
tion that the supply pressure acted on a projected area of the 
A better approximation is 
that it acts on a circular area whose equivalent diameter is 
DAA X sin 20/2D,,) 


Minor Pressure Drops. 


valve equal to the metering orifice. 


Minor pressure drops make themselves 
evident at two major points; (a) the drop in supply pressure to the 
inlet of the valve, and (4) the drop in the outlet port of the valve. 
If the characteristics are considered from pressure taps at the 
valve inlet and in the regulating chamber they may be neglected 
in describing the regulator characteristics and separately super- 
imposed. 

Flow Regulation at Low Flows. At small openings (leakage 
openings) the valve becomes essentially a laminar flow element. 
Its resistance may be estimated by the laminar flow resistance of 


parallel plates. This is given by 


where 
AP = pressure drop across valve 
Mo gus viscosity at upstream temperature 
Q = volumetric flow at mean pressure and upstream tem- 
perature 
w = width of annular contact ares 


AP 


» = diameter of metering valve 
d = effective separation of valve and seat at displacement at 


which it is nominally closed 


For valves and seats that are not warped with respect to each 
other, d may be assumed to be of the order of magnitude of the 
composite mean surface irregularities of both valve and seat, 

For designs which involve a definite contact area, w is of the 
For so-called line-contact de- 

It is at least of the order of 


order of magnitude of the width. 
signs, w is not quite as meaningful. 
magnitude of d. 

The foregoing equation may be transformed into 


iy p, 


: (1 (1 


+ r)?] [44] 
noting that Q = Q)1%/P. 

This represents the order of magnitude of the maximum leakage 
flow that might be obtained from an imperfectly sealing seat, 

The added pressure above that at which the valve should seal 
may be estimated by equating the work done in elastically de- 
forming the surface irregularities to the work done by the added 
pressure on the control aren, 

The maximum possible amount of elastic work W is given by 


where 
depth of softer material (of either valve or seat ) 
elastic modulus of softer material 
width of sealed annular contact area 


| 
Vil 
AX | q Cos 
while the flow equation becomes 
4 q= 140 
\ cos 0) 4 
2 
(1 + 8s)? —(1 +r)? | 
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The work done by the gas pressure W (with a one-to-one multi- 
plication ) is given by 


where 


AP, = extra regulating pressure required to seal, neglecting 
slight variation in spring force, and A, is control- 


surface area 


Hquating these and transforming, the result is obtained that 


where Ar = 
except for numerical coefficients, these two results give the 


extra regulating pressure required to seal the valve. 


order of magnitude of the leakage region, which may be imagined 
asa triangular area superimposed on the regulating characteristic 
whose height (at no flow) is given by Equation [47], and whose 
base measured along the regulating characteristic is given by 
equation [44] 


Tueory or A Two-Srack Pressure REGULATOR 


Construction of Performance Curves. In the two-stage regulator 


the regulated pressure of the first stage becomes the supply pres- 
sure of the second stage. The equations thus become: 
For first stage 


+ 


ry = pr + as 


Vil 
Vu + s)?—(1 +7;)?.... [49] 


For second stage 


0.18 reqs? 


= py 


1+ 


+ r,)? (1 + re), 


= . [02 

The subscripts | and 2 denote first and second-stage quanti- 
ties, respectively. The value of a in this context may be either 
positive or negative, 

The primary result of adding a second stage is to reduce the 
supply pressure effect, and the secondary result is to modify the 
form of the limiting flow. 

In what follows only two aspects of the two-stage regulator will 


be discussed the geometric construction of the regulator charae- 


teristics and the limiting flow characteristic. 


The construction is illustrated in Fig. 4. Construet the charac- 
the regulator, Fig. 4(a). Replot the 
characteristics by reducing the flow variable q, to the value q = 
mS,/So, Fig. 4(b). On the same grid construct the limiting flow 


teristics of first-stage 
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equation for the second stage (equation [51] with. = 1, and rz = 
0). The intersection of this line with the regulating curves of the 
modified first-stage-regulator characteristics, Fig. 4(b), determines 
the limiting flow for each of the supply pressures that it has 
intersected, 

If now the second-stage characteristics are constructed with the 
same flow axis, then the composite characteristics of the two- 
stage regulator can be constructed, Fig. 4(c). Choose a given 
supply pressure characteristic of the first stage. Transfer the 
flow intersection with the second-stage limiting flow equation to 
second-stage graph at r, = 0. This determines the limiting flow 
for the regulator at that supply pressure. 
higher point on the same first-stage supply-pressure characteristic. 
Transfer the flow to the second-stage graph to that regulating 
characteristic whose supply pressure has the same value as the 
first-stage outlet pressure r;. This characteristic may be deter- 
mined from the fact that at r. = 
1 +r, Fig. 4(c). This determines a second point on the regulat- 
ing characteristic of the two-stage regulator. 
points the complete regulating characteristic for that supply 
pressure can be constructed. 
Fig. 4(c) for a typical point. 


Now choose some 


1 the intercept has the value 
By choosing other 


The construction is illustrated in 
The complete characteristics can 
then be similarly constructed. A typical family is shown in Fig. 
4(c). The limiting-flow curve for the two-stage regulator is 
shown in Fig. 4(d). 

Limiting Flow. A geometric study of the limiting-flow charac- 
teristics shows that it falls into two regions. 
sures when limiting flow obtains for the two-stage regulator, the 
In the first 
region of low supply pressures, the first stage also acts as a fixed 
At higher supply pressures the first stage may still 
be regulating [typically greater than (q2);!, Fig. 4(b). Rarely, at 
still higher pressures, the first stage may again become a fixed 
restriction. The condition for the existence of the transitions is 
whether the limiting flow equation for the second stage 


For all supply pres- 
second-stage regulator acts as a fixed restriction. 


restriction. 


q2 (1 +7)? [53] 
intersects the no-regulation boundary of the first stage de ined by 


+ ays + 


r, = 


(55) 
which when the supply pressure s is eliminated becomes 


O18 
n= a + aV gq? + [56] 


By eliminating the first-stage outlet pressure r; the possible in- 
tersections are given by the roots of the equation 


(s) 
O.18m 


If the following substitutions are made 


z= V1 + 
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aH osm (*) 
s 


H? 


1+ pl 


[58] 


The question of interest is the existence of roots for z in the 


range greater than or equal to 1. 


The right-hand side of Equation [58] is a function of z/c, that 


varies from at = 1 to —-eye;?/2 at 2 
z/c; > 2, the function is very close to —-ey,?/2. 


equation may be put in the convenient form 


Therefore the 


+ (ey + = 0 [59] 


avy 


,Amay be expanded to 


It ean be shown that there may exist 0, 1, or 2 roots for z 2 1 
depending on the relative values of ¢, ¢2, and A 

These roots may be determined by a method of successive 
approximations by determining the effect of various values of 
from '/, to | in changing the condition for existence of roots 
For ¢; less than '/,, the assumption of A = '/. may be made, and 
Equation [62] solved to find out whether roots for z 2 1 exist 
For cs greater than '/., A may be assumed to be '/, or 1, Equation 
[62] solved to find out whether there are roots for z, and then A 
may be re-estimated by Equation [61] successively until conver- 
gence is obtained. 

Consider, in general, the situation where two roots exist, in in- 
creasing order (qo), Below (qo), both stages act as fixed 
restrictions whose equations are given by 


+ r,)? 
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For large values of 2/c; 
H 
H ; (>) wy 
then 


| 


yr: 


q? = [1 +s}? 


up to the first root (qo). 

The form of the low supply pressure limiting-flow curve is thus 
identical with that for the single stage, Equation [28]. 

Above the second root (qo, the same result holds, 

For the region between the two roots, the limiting flow equa- 
tion is given by 


ays 


my = 


The limiting flow equation is thus 


Pr€iqe 


V1 + = 1 


+ pr + ays 


{64 | 


Analytieally, the form of this equation is quite complicated, Its 
general characteristics are that qo is a slowly varying function of s 
which ultimately would vary linearly with s with a slope ap- 
proaching O.18 

Thus, while the limiting flow for a single-stage regulator tends to 


Qe - cfm on 


20 
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climb linearly with supply pressure, the limiting flow for a two- 
stage regulator tends to be more constant. 
DesiGNn ILLUSTRATION 

There are so many design problems that can be taken as illus- 
tration that it is considered more desirable toleave these todetailed 
study for a particular application. Instead, as a very simple 
illustration, the characteristics will be deseribed of a number of 
commercially available high-pressure-cylinder pressure regulators 
that are used for welding purposes. Characteristic among this 
group are single-stage pressure acts to close, no Bernoulli term, 
adjustable regulators which reduce cylinder pressures in’ the 
range 50 to 2000 psi to an outlet pressure in the range 50 to 1000 
psi. 

Some characteristic dimensions on these regulators are as 
follows: 
0.05 in. 
0.03 in. (valve stem rides through seat and reduces 
D, is stem diameter ) 


D, = 
effective metering restriction, 
6 = 45 deg 
0.7 in. (a slack diaphragm is used as control area, 
effective diameter of which D, is taken as 0.9 of 
actual diameter ) 
2400 Ib/in. 
range of adjustable control spring = 0 — ? 
14.7 psi 
0.0012 gram/cem? (normal temperature and pressure air) 


16 in. 


From these quantities the dimensionless parameters may be 
computed to be 
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A, 
4 


tg 6am 


« & 


= 


“\deol” chor acterstics 


q 


Fic. 5 


60 


90 


THEORETICAL CHARACTERISTICS OF COMMON COMMERCIAL SINGLE-STAGE AbJUSTABLE-PRessuURE ReGuLATOR SHown av Two 


Se7Trines OF Pressure 


379 SACTIC 
VOL + 8) (1 + 
S, 
Ye 
Syd The limiting flow equation is thus 
S; 
a 
= + [4 
a/(1 + 9)? (1 + + 7; 
2 
(s:\ 2 
‘ 
f 
8 10 15 = 25 30 38 40 i 
100 
00 
Yar! 
| 
% >: 
4 
200 
° 


| po Qo(cfm) These are plotted in Fig. 5 for two adjustments, p = 74.8 and 
Py - 0.30 os p = 14.8, values corresponding to the usual range of use. The 
) | : physical values also are indicated, These are computed from 


= 14.7 psi 
= 14.7 8, psi 
= 0.30 q, efm 
» \2 The effect of utilizing the probably more exact metering re- 
o 1 = 0.11 in. sistance relationship of Equations [41] and [42] whieh leads to 
; iSq 
In these computations the elementary theory was corrected to r =p 0.0058 ; 
take into account the fact that the valve stem emerges through Wis af — 
is also shown in Fig. 5 as the “real characteristic.’ 


The regulator equations are thus 
An experiment performed on a regulator of this kind and tested 
> as 4.89 at the supply pressures and settings shown in Fig, 5 resulted in 


ss figure to within the experimental errors, except in the low flow- 
F 
q=rV(l +s)? —(1 +r) leakage region, 


Vil s)? (1 +r) data which agreed with the “real” characteristics shown in the 
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By W. SACKS,' MONTREAL, QUEBEC, CANADA 


Although fuels derived from petroleum process residues 
have been used extensively for many years, considerable 
confusion still exists as to their characteristics. As essen- 
tially cheap by-product fuels, they have not received a 
great deal of attention in the past. In recent years their 
use in gas turbines and diesel engines has emphasized the 
need for a better understanding of their properties and 
behavior in combustion chambers. It is the aim of the 
present paper to bring together the published information 
on the nature of residual petroleum fuels, widely scattered 
in petroleum and engineering journals. It will be seen 
that these fuels generally exhibit a more complex behavior 
in comparison with heavy-distillate fuels. 


SouRcES OF RestpuaL FUELS 

ry 
residual petroleum fuels are the crude-oil distillation towers 
erating at atmospheric or reduced pressure, and the frac- 
Catalytic 
processes yield considerably smaller amounts of residual fuel than 


principal sources of residua that form the basis of 


tionating towers after thermal or catalytic cracking. 


do thermal processes, and coking operations may be used to bring 
about a further reduction of yield (1).? Frequently the residua 
in a given fuel are obtained from more than one crude oil and 
straight-run or cracked heavy distillates may be added to reduce 
their Viscosity. 

Three types of residual fuel may be distinguished as follows: 


1 Fuels containing only straight-run residua. 
2) Fuels containing only cracked residua. 
3 Fuels containing both straight-run and cracked residua. 


Type 1 is probably least common, but it may be noted that the 
amount of cracked residuum from catalytic fractionating towers 
is small so that fuels from this process may be considered as 
approximating the straight-run type. 


Narure or Restipuan FUELS 


The properties of residual fuels probably can be best inter- 
preted if these fuels are regarded as colloidal dispersions of high- 
The high-molecu- 
lar-weight constituents are brown-black to black solids at room 
temperature and are found in other organic substances which 
comprise the asphaltic bitumen colloids (34). 

These dispersed solids can be separated from the oils by the 
The major portion, insoluble in light 
paraffins such as pentane, form the ‘‘asphaltene’’ group. The 
asphaltenes can be dissolved by aromatic solvents and by carbon 
tetrachloride. The remaining portion of these solids can be 
grouped into two classes, the “carbenes,”’ 


molecular-weight substances in an oil medium. 


use of common solvents. 


soluble in benzene but 


‘ 


insoluble in carbon tetrachloride, and the “carboids,’’ which 


are insoluble in both benzene and carbon tetrachloride (35). 


' Pulp and Paper Institute, MeGill University, formerly with 
fuels and Lubricants Laboratory, National Research Council, Ottawa. 

2 Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Fuels Division and presented at the Fall 
Meeting, Rochester, N. Y,, October 5-7, 1953, of Tue American 
Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
June 27, 1952. Paper No. 53-—F-1. 


These solids probably represent thermal decomposition inter- 
mediates between aromatic hydrocarbons and coke (39) 


aromatics — asphaltenes —> carbenes —> carboids — coke 


The molecular size probably increases in this order and accounts 
for the differing behavior toward solvents. 

Straight-run residua do not contain any appreciable amounts 
(21) but may 
amounts of asphaltenes. Cracked residua are distinguished by 
their content of carbenes and carboids and this property may 
Thus Batchelder and Well 
man (5) have proposed the use of the cyclohexane insolubles less 


of carbenes or carboids contain considerable 


be used in the analysis of residua. 


the benzene insolubles (a measure of the carboid content) for the 
estimation of the cracked-residuum content of fuels, 

Chemically, the asphaltenes (12), and very likely the carbenes 
and carboids as well, are polyeyelic in structure and are stabilized 
in the oil medium by structurally similar lower-molecular-weight 
compounds of the medium. 
highest peptizing power, naphthenic hydrocarbons somewhat less, 
while paraffin hydrocarbons have little ability in this respect (36). 
Since the stabilizing or peptizing action of the medium is an equilib- 
rium process, changes in both the nature and quantity of me- 
dium present may alter the amount of solids which are dispersed 


Aromatic hydrocarbons have the 


by it. 

In blending residual fuels it is important to prevent the pre 
cipitation of the solids. Generally, both straight-run and cracked 
residua contain considerable amounts of peptizing hydrocarbons 
and the solids are readily dispersed. When distillate fractions 
are added to the residua, a portion of these solids may precipitate 
If only dispersed asphaltenes are present (straight-run residua ) 
the precipitating ability of a petroleum fraction can be related 
to the surface tension (33, 37) and, in general, only those fractions 
with a surface tension below about 24 dynes/em (25 C) will pre 
There is an approximate relationship 
hetween the surface tension and the viscosity of petroleum 


cipitate asphaltenes 
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It will be seen that kerosenes and 
straight-run 


fractions as shown in Fig. 1, 
higher-viscosity fractions can be 
residua without asphaltene precipitation. 

With cracked residua the carbenes and carboids are more 
difficult to peptize and blending distillates should contain a high 
proportion of aromatic hydrocarbons; i.e., only cracked distil- 
lates should be used. As blending aids, the ‘xylene equivalent” 
(8, 10), or the cyclohexane insolubles less benzene insolubles, 
may be used to characterize a given residuum, and the aniline 


blended with 


point to characterize the distillate (4). 
LABORATORY EVALUATION OF STABILITY AND COMPATIBILITY 


After blending, the fuel may be tested for stability in storage 
and in preheaters and for compatibility with similar fuels, The 
substances in the fuel that may yield deposits or ‘“‘sludge’’ are 
the unpeptized organic solids and inorganic compounds such as 
silica and salts suspended in the fuel. Deposits of this type have 
dry-sludge”’ as distinguished from sludges 


been designated as 
that are water-emulsions (50), 

The content of suspended solids in the fuel may be evaluated 
Hot filtration of the fuel through 
Broom 


by a number of methods. 
asbestos filters (8, 23) or filter paper (50) may be used. 
(8) found some correlation between his filtration test and sedi- 
mentation during storage while van Kerkvoort and Nieustad (50) 
report good correlation between their method and the amount of 
water-free sludge obtained in large-scale hot-centrifuging. 

There is some objection to hot filtration since the filter may ab- 
sorb constituents of the oil medium, An alternative method (51) 
uses a dilution curve for the fuel (the amount of precipitate ob- 
tained with varying amounts of a gasoline fraction) extrapolated 

However, this method is difficult to apply to 
Good correlation with sedimentation in storage 
has been reported with a “supercentrifuge”’ test (19). 

The more common “water and sediment’? (ASTM D96-50T ) 
and “sediment by extraction” (ASTM 1473-48) tests employ 
benzene which may alter the amount of undispersed solids origi- 
nally present in the fuel and give only a rough indication of 
deposition during storage. 

Heat and oxidation may increase the amount of undispersed 
solids yielding heater Several thermal-stability tests 
have been devised which simulate preheating practice. 
Batchelder (4) determined the amount of benzene insoluble de- 
posit on a heater tube as a measure of the thermal stability of the 
fuel. Inthe Naval Boiler and Turbine Laboratory Test (NBTL) 
(44) deposits on a heater tube are evaluated visually and the fuel 
is rated as ‘stable,’ “borderline,”’ or The equip- 
ment for these heater tests is not readily available. Good repro- 
ducibility has been reported for the NBTL method (8) 

The hot filtration test (filter paper), before and after the fuel 
is heated, has been used to determine the thermal behavior of 
residual fuels. Good agreement with the NBTL test has been 
reported although the results of a limited number of tests are 


to zero dilution. 
routine work, 


deposits. 


“unstable.” 


given (50), 

Compatibility of blending components or of different fuels may 
be evaluated by the filtration tests or by the heater tests just 
described. Martin (31) has reviewed the problem of stability 
and compatibility recently thermally un- 
stable fuels are rare at present and that incompatibility is steadily 
being overcome by modern refinery processes (catalytic cracking). 


He considers that 


Resipuan Fuet-Warer EMuLsions 


Stable emulsions are produced frequently when residual fuels 


are agitated with water. Emulsion formation may be particu- 
larly troublesome on ships because of sea-water contamination 
of the fuel. These emulsions have been shown to be of the water- 


in-oil type (43). A number of methods of breaking them have 
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been investigated and some success has been achieved using 
surface-active agents (43, 28). 

Little is known about the fuel characteristics which govern 
the stability of these emulsions but there is some evidence that 
the nitrogen content of the fuel may be important in this respect 


(6). 
FLow Properties or Resipuat 


The dependence of viscosity on the volume concentration of 
the dispersed phase is characteristic of colloidal solutions. If a 
series of fuels are treated with a paraffin solvent such as n-pentane 
using a fixed ratio of solvent to fuel, the precipitation obtained 
(asphaltenes, carbenes, carboids, as well as suspended solids) 
can be taken as a measure of the dispersed-solid content of the 
fuels. In Fig. 2 the “n-pentane solids” content for a number of 
different types of residual fuel is plotted against the kinematic 
viscosity at 100 F. The general increase in viscosity with in- 
creasing amounts of dispersed solids is evident. 
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At low temperatures wax fractions of the medium may separate 
from solution and the viscosity depends not only on temperature 
but on the temperature to which the fuel has been heated before 
cooling (26). According to Moerbeek and van Beest (32), this 
behavior is caused by asphaltenes which prevent the formation 
of a wax-crystal network and perhaps inhibit crystallization to 
some extent. 

Because of this property, laboratory flow tests can give only an 
approximate indication of the flow characteristics that may be 
encountered in practice. If the preheating temperature before 
cooling is defined, it is possible to obtain reproducible results in 
laboratory In the “pour-point’’ method (gravity flow 
ASTM D97-47) two different preheating temperatures are speci- 
fied for residual fuels and the results are reported as the “upper”’ 
and “lower” pour points. The difference between these values 
may be considerable and the upper pour-point temperature is 
not necessarily a maximum for the fuel. 

A number of other methods of determining ‘‘flow-limit’’ tem- 
peratures for residual fuels have been devised (26, 32, 52, 46 
These generally apply a small fixed pressure to the fuel in a tube 
The “cold test’’ (32) is reported to give a good indication of the 
behavior to be expected in practice. 

Tegethoff (2) have proposed 


tests. 


Asbach and “pumpability” 
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break in the pressure-temperature curve, indicating a limit for 
normal pumping. 


BeuHAvior OF ResipuaL FuELS IN CoMBUSTION CHAMBERS 


Much progress has been made in recent years in understanding 
the mechanism of fuel-droplet combustion. The process may be 
regarded as evaporation from the droplet surface followed by 
combustion of the vapors at a flame front surrounding the droplet. 
The burning rate depends on the heats of combustion and vapori- 
zation of the fuel rather than fuel-vapor pressure (18). 

Residual fuels, however, contain a considerable portion of high- 
molecular-weight, nonvolatile constituents. Laboratory residue 
tests such as the Conradson (ASTM D189-46) and the Ramsbot- 
tom (ASTM 1D524-51T) procedures are essentially fuel evapora- 
tions. Consequently the residues in these tests should be functions 
of the solids in the fuel. This is shown in Fig. 3 where the 
Ramsbottom residues are plotted against the n-pentane solids 
content for a wide range of residual fuels, 
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experiments have shown that residual-fuel droplets yield 
cokelike residues on combustion (20, 48). The combustion 
rate of these residues is determined by oxygen diffusion to the 
residue surface, a much slower process (29, 45) than combustion 
of fuel vapors. This factor is important in combustion-chamber 
design, particularly in the gas turbine, since more residence time 
must be allowed and flame lengths tend to be greater than with 
distillate fuels. 


CONSTITUENTS 


The major portion of the ash-forming constituents in residual 
fuels are generally vanadium, sodium, iron, and nickel com- 
pounds, Considerable amounts of calcium and aluminum com- 
pounds are often present as well as relatively small amounts of 
many other metallic compounds (47). 

Vanadium, nickel, and iron have been shown to exist as por- 
phyrin complexes (nitrogen compounds related to chlorophyll) 
dissolved in many crude oils (49, 17, 42), a discovery of great 
importance in connection with the origin of petroleum. The 
changes that take place in these substances in refinery processes 
are not known at present but they are unusually stable com- 


soluble in the oil. 

Vanadium occurs in relatively high concentration in fuels from 
Venezuelan, Arabian, and certain United States crude oils, A 
high vanadium content is generally associated with a high sulphur 
content. Fig. 4 shows the vanadium-sulphur relationship for 
a number of fuels from Canadian refineries while recent data on 
United States fuels (25) support this relationship. 
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Fig. 4 Association of Vanapium Wrrn Sutenur in Resipuat 


The formation of sulphur trioxide from sulphur dioxide on 
combustion is of considerable importance because of acid cor- 
rosion by exhaust gases. Vanadium oxide is an efficient indus- 
trial catalyst for the reaction and it has been suggested that this 
catalysis also oceurs in burning residual fuels (13, 3). There is 
evidence (47) that this process does occur to some extent but other 
mechanisms may be more important. Corbett (11) found no 
relation between sulphur-trioxide formation in a boiler and the 
sulphur or vanadium content of the fuel. 

Physical methods such as centrifuging and filtering have no 
appreciable effect on the vanadium compounds of the fuel. 
Vanadium can be removed by coprecipitation with the asphal- 
tenes using solvents (40). According to a recent patent (38) 
asphaltenes in residual fuels also may be removed by heating 
with compounds such as antimony trichloride. However, eco- 
nomic considerations limit the application of such processes and 
the removal of asphaltenes has an undesirable effect on the pour 
point of many fuels 

The other metallic compounds probably are present mainly 
as salts suspended in the fuel. Of this group the sodium salts 
are most important and in fuels are found largely as the sulphate 
and the chloride (42). These suspended compounds can be 
removed by filtration or centrifuging (42, 13, 24). According to 
Lamb (27) the successful use ef residual fuels in marine diesel 
engines depends to a large degree on removing this group since 
they are responsible for serious cylinder wear. - 

Asu Deposirion AND Asn Corrosion 

Usually no attempt has been made to remove these metallic 
constituents and serious difficulties have been encountered with 
ash deposition and ash corrosion in both boilers and gas-turbine 
plants. In the gas turbine in particular, ash problems have be- 
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come the major obstacle in development. These problems have 
been attributed mainly to sodium and vanadium compounds, 
which yield low-melting ash components. 

Little is known of the compounds that may be formed in petro- 
leum ash. The usual chemical methods of analysis generally 
report the metallic compounds as oxides or sulphates. More 
complex physical methods (x-ray diffraction) are required to 
identify the actual compounds present in the ash. A complex 
sodium vanadate has been reported (3). Sodium and vanadium 
compounds which may be present have been considered by Lloyd 
(29). 

The published results of laboratory and plant observations 
frequently have been conflicting. This is not surprising since 
operating conditions, temperature, the nature of the gas atmos- 
phere, and construction materials would be expected to be im- 
portant factors. In addition, the concentrations of vanadium 
and sodium in fuels may vary over a wide range and deposits at 
different points in a system may not be identical (29, 9). 

The problems of ash deposition and ash corrosion that have 
been encountered in naval and industrial boilers have been dis- 
cussed by Tibbetts, Wood, Douglass, and Estcourt at a recent 
Sodium and vanadium compounds were con- 
Most promis- 


symposium (47). 
sidered to be the source of most of the difficulties. 
ing solutions were felt to lie in design to avoid flame impingement 
on metal surfaces, in the control of other combustion conditions, 
and in the use of additives. 

A number of papers on ash-deposition problems in gas-turbine 
engines have appeared in the past several years (3, 29, 22). 
Again, the main difficulties have been attributed to sodium and 
vanadium compounds. Laboratory-deposition experiments have 
shown that the amount of deposition depends not only on the 
total concentrations of sodium and vanadium in the fuel but on 
Further, both the amount 
and composition of deposits have been found to depend on tem- 


the sodium/vanadium ratio (42). 


perature (3). 

The accelerated corrosion of steels in contact with residual 
fuel ashes (41, 14, 3, 16), sodium sulphate (47), and vanadium 
pentoxide (41, 15) has been the subject of a number of recent 
investigations, and the effect of variation of ash composition, 
nature of the alloy (3), temperature and gas atmosphere has 
been studied, 

There is some evidence that ash-deposition and corrosion effects 
may be reduced by blanketing the ash particles with sufficient 
carbon (3, 30,7). This probably will require very careful control 
of combustion conditions (droplet size, mixing) and may not be 
practical in many cases. The oxides of calcium, aluminum, 
titanium, iron, and other metals have been found to retard 
corrosion in laboratory tests and probably act by preventing the 
formation of molten ashes (47, 14). The problem of introducing 
metallic additives is not a simple one if good contact with the ash 
particles is to be maintained, without the use of large amounts of 
these substances. If introduced as inorganic compounds in sus- 
pension in the fuel, difficulties in handling and wear of atomizer 
and pump parts would be likely. If introduced by separate 
means directly to the flame, contact with the ash is not likely to 
be satisfactory. The alternative of using more expensive metallo- 
organic compounds in solution in the fuel may offset much of the 
economic advantage gained in using residual fuels 


VARIATION IN RestpuaL-FuEL 


Residual-fuel specifications for general use such as those for 
Nos. 5 and 6 fuel oils (Canada and United States) usually limit 
only such properties as viscosity, flash point, and water and sedi- 
ment in No. 6 fuels and ash, and sometimes sulphur in the No. 5 
Several compilations of data on U. 8. No. 6 fuels have 
These are compared with the 


grade, 
been published recently (20, 25). 


variation found in the author’s laboratory for representative 
fuels from Canadian refineries in Table 1. It will be seen that 
the extent of variation is generally similar in each case. 


TABLE 1 VARIATION IN OF NO. 6 RESIDUAL 
TELS 


Data by 
Heath and 
Albat (20) 

0.92-1 02 
160-410 


260-750 
85-650 


Data by 
Kottcamp 
Property fuels and Crockett (25) 
Specific gravity (60 F) 0 945-1046 0.959-0 990 
Flash point PM (F) 175-300 150-285 
Viscosity, centistokes: 


Canadian 


201-1150 
105-420 
14.5-34.5 
+10-+65 


140-400 
S10 7.... 

Pour point (F) 

Water and sediment, per 


0-+50 +15 
cent... 0. 02-0.50 0 05-: 
Water by distillation, per 
cent : Nil-0.2 
Sediment by = extension, 
per cent... ) 04-0.10 
Carbon residue, per cent 27-13 .7 5-13 


Trace 0.2 


Ash, per cent 

Sulphur, per cent 

feat of combustion, gross 

Btu/Ib. . 

n-pentane solids, per cent 35-13 
Vanadium, ppm Nil 146 2-144 
Vanadium, per cent ash* 0.8 62.8 
Sodium ppm (24) 
Ash fusion temp (F) 


0 01-0 12 0 0041-0. 086 0.01-0.50 
0 67-3.00 0.75-3.61 0.7-3.0 


18,200-18,740 18,329-18,993 


1 6-290 
1085-1330 


@ Tibbetts (47) gives nil 63.9 per cent : 
6 Method not stated 


Specifications for use in naval boilers are more restrictive 
and in addition to the properties listed in the foregoing, may 
limit pour point, specifie gravity, and carbon residue, and may 
require thermal stability and compatibility tests. 

No specifications for gas-turbine residual fuel have been pub- 
lished as yet. Much research is in progress and a good deal 
more operating experience is required. These specifications 
probably will resemble those for naval fuel with additional re- 
strictions on vanadium and sodium contents. 
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Mechanical As pect of Seizing 1 In Met al We 


By HARRY CZYZEWSKI,' PORTLAND, ORE. 


Alloys of the class called “self-lubricated” alloys have a 
resistance to “accelerated mechanical abrasion” which it 
has not been possible to duplicate by external lubrication. 
Alloys in this class include gray cast iron (graphite lubri- 
cant), oil-impregnated powder-metal compositions (oil 
lubricant) and leaded copper-base and iron-base alloys 
(lead lubricant). It is the purpose of this paper to present 
the mechanical aspect of seizing in metal wear which 
accounts in a qualitative manner for the observed phe- 
nomena in accelerated mechanical abrasion. The me- 
chanical analysis also explains the failure of externally 
lubricated alloys to equal the performance of self-lubri- 
cated alloys. 


MECHANICAL ABRASION 


HEN a particle abrades a surface, there is a definite 
relationship between the dimensions of the abrading 
particle and the track, or furrow, left on the abraded 
surface. The mechanical abrasion may be classified in two gen- 
eral categories, (a) normal, (4) accelerated. — In normal mechani- 
cal abrasion, the track left by the abrader has a profile the same 
(except for elastic recovery) as the profile of the contacting part 
of the abrader. There is little difference in response to normal 
mechanical abrasion between self-lubricated and homogeneous 


(externally lubricated) alloys. An example of normal mechanical 
abrasion on steel is shown in Fig. 1; the abrading medium in this 


of 1-Ograde. Inaccelerated Examp_e or NorMat MecHANIcaL ABRASION OF STEEL by 
mechanical abrasion, the track left by the abrader has a larger Emery Paper: X 150 
profile than the profile of the contacting part of the abrader. 

For the purpose of this paper, ‘seizing’ is defined as the state 
in which the relative motion of the opposing metal parts is 
stopped, because the track (or tracks) increases in profile to the 
extent that further propagation of the track requires more trans- 
lational energy than is available in the system. An example of 
incipient seizing of a steel bushing is given in Fig. 2. “Galling”’ 
may be defined as arrested seizing; Le., the increased track pro- 
file becomes constant or decreases with continued propagation of 
the track. An example of galling of a steel shaft is shown in 
Fig. 3 in which the track decreases in width, then remains con- 
stant for a short distance before disappearing rapidly as the con- 
tact pressure is reduced. 

Self-lubricated alloys vary markedly from homogeneous alloys, 
having less tendency to seize and suffering less damage when gall- 
ing does take place. For example, gray cast iron (which is some- 
times referred to as steel plus graphite) may show a pattern such 
as that in Fig. 4, when galling occurs. The extent of damage 
from the galling of cast iron is restricted sharply compared to 
the damage to steel. The superiority of self-lubricated alloys 
for this purpose generally has been attributed to the phenomenon 
of lubrication. However, most efforts by external lubrication 
fail to duplicate the resistance of the self-lubricated alloys to the 
incipience of galling, and especially the decreased damage from 


galling. 
Fic. 2) Examepce or Inetprent AcceELERATED Mecuanicat 
Technical Director, Metallurgical Engineers, Ine. SION OF Steer 
Contributed by the Metals Engineering Division and premanted at (Increase in profile of paths of abrading particles is evident in lower part of 
the Semi-Annual Meeting, Los Angeles, Calif., June 28-July 2, 1953, ps bushing; 3.) 
of THe AMERICAN Society OF MECHANICAL ENGINEERS. 
Note: Statements and opinions advanced in papers are to be MeEcHANICAL ASPECT OF SEIZING 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, When seizing is initiated in metal-to-metal wear, it is evident 
December 12,1951. Paper No. 53—-SA-26. that a change has occurred from normal to accelerated mechanical 
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as 


GALLING OF Sreer Saarr Waicw Track 
Becomes CONSTANT FOR SHorT Distance 


(Galled portion terminated when contact pressure was removed in that 
area; 


Fic, 3) Exams 
Wipru Deen: 


abrasion, This change may be analyzed qualitatively in terms 
of stress distribution at the point of contact being considered. 
The stress distribution for a point contact on a plane for the 
elastic case of «a homogeneous isotropic medium is well known. 
The 
The shearing 


The distribution of principal stresses is shown in Fig. 5. 
shearing-stress trajectories are shown in Fig. 6. 
stress is equal to 


2P sin 6 cos? 6 2Pry? 


T = 


where P is the normal force on the surface and acts along the 
y-axis, and x and y are the co-ordinates of the point at which 
T,, is being determined. 
the rectangular-co-ordinate system. 


The point of contact is at the origin of 


In the metal-to-metal wear being considered, the metal parts 
are in relative motion; thus the effect of a translational force 
component on the contact-pressure distribution must be evalu- 
ated, In effect, the translational foree component causes higher 
shear stresses on the side of the point of contact opposite the 
translational force. Also, in metal-to-metal wear the contacting 
asperities (high spots) do not make point contacts but actually 


make contact over a certain area. 


Such a case can be treated 


= 


APRIL, 1954 


hic. 4 of AcceLeraTepD MECHANICAL ABRASION OR 


in Gray Cast Iron SHowine Apraston Tracks 
{eTAIN A COMPARATIVE Narrow WiptH anp Deptu; 50 
P 


hic. DisrriputTion or PRiIncipaL STRESSES FOR PoIntT Contact 
ON PLANE IN DerormMaTion OF Homocenrous IsoTropic 
Merpium 


ange 


- 

rib. 

Fic. 6 Scnematic DiaGrRamM or THEORETICAL SHEARING-STRESS 

TRAJECTORIES FOR CONDITION OF PoInT PRESSURE ON PLANE 


crudely as a problem of point contact, in which the resultant of 
the normal force and the translational force is considered as the 
new point force. 
Then too, in the case of metal-to-metal wear, plastic deforma- 
Hfowever, the stress distribution for plastic defor- 


tion occurs. 


> 
— 
a4 
F 
} 
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mation may be considered similar to that for elastic deformation, 
since the metals used industrially in metal-to-metal wear applica- 
tions are generally of the cubic-crystal systems, which have 
Thus, as a first 
approximation, the elastic modulus may be replaced by the work- 


available many slip planes for plastie flow. 


hardening modulus in quantitative studies. 

Normal mechanical abrasion may be interpreted as in Fig. 7 in 
which two surfaces are shown schematically with a contact be- 
The effect 
of the upper asperity on the lower asperity at the point of con- 
tuct O, is indicated by the two force components, i.e., the 
normal foree component P and the translational force component 
F. In this case the normal force P is comparatively low, and 
the resultant R of these two forces is at a low acute angle to the 
surface (r-axis). Since R is comparatively small, the shearing 
will In addition, the low acute angle at 
which FR acts will cause a deflection of the shearing-stress trajec- 


tween asperities (high spots) on opposing surfaces. 


stresses be small. 
There is, also, a large strain 
component perpendicular to the ry-plane in Fig. 7. The net 
result is that the metal of the lower asperity will tend to flow 


tories in the direction of the x-axis. 


around the upper asperity, ie., perpendicular to the xry-plane. 
The ideal case of normal mechanical abrasion would oceur if the 
upper asperity were completely rigid. 


ScneMatic ILLUSTRATION OF Force System Due vo Asper- 
Upper Sureace AcTiInG ON Aspertry or Lower Surrace, 
Wuen Norma Pressure P Is Comparativety Low 


bie. 7 


OF 


Lower 
surface 


Fic. Scnematic or Force System Due ro As- 
preerry oF Upper Surrace AcTING ON oF LOWER Surrace, 
Wuen Normat Pressure [s Comparativery Hiau 


Accelerated mechanical abrasion then can be interpreted as 
shown in Fig. 8. In this case the normal force P’ is much greater 
than P in the preceding case, but the translational force F’ is the 
same as F. Thus the new resultant force R’ is larger in magni- 
tude than / and acts at a larger angle to the x-axis than does R. 
In such a case the shearing stress will be higher, and the shearing- 
stress trajectories will not be deflected as greatly in the direction 
of the x-axis, as shown in Fig. 10. There will be a pronounced 
tendency for the lower asperity to flow up in front of the upper 


asperity; ie., the shearing strain will be high in the ry-plane and 


parallel to the surface of the upper asperity. 
Only one point of contact of the opposing surfaces thus far has 
been considered. There are, of course, many points of contact 


between the two surfaces. As the lower asperity rises above the 
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c-axis, it will have the effect of disengaging other asperity con- 
tacts in its vicinity, and the share of the total load is increased 
In the terms of Fig. 8, 
P’ will increase, and R’ will increase in magnitude and tend 


on the particular asperity considered 
toward a direction normal to the z-axis. This is a case of increas- 
ing instability since the reaction to the incident force serves to 
increase the incident force 
As the incident force on the lower asperity increases, the volume 
of metal of the lower surface, which is plastically deformed, also 
normal 
abrasion 


increases to exceed the deformation which occurs in 
Thus 


may be considered analogous to machining with a cutting tool 


mechanical abrasion. accelerated mechanical 
having a built-up edge, where, in accelerated mechanical abra- 
sion, the built-up edge becomes much larger than the incident 
asperity. In aceord with this concept, the surface in accelerated 
mechanical abrasion, Fig. 2, appears similar to a machined sur- 
face in which the tool has a built-up edge. 

The increase in normal force can continue until the transla- 
tional foree component is comparatively negligible, and relative 
translation of the two opposing surfaces stops (seizing occurs). 


Comparatively smooth surfaces in cantact. 


ILLUSTRATION oF or Surrace Smooru- 


NESS 


ScHEMATIN 


(Amount of pernussible deformation is approximately proportional to verti 
cal distances, a and 6, as indicated Rougher surfaces have greater permis- 
sible deformation before seizing begins than do smooth surfaces.) 


CorreEsSPONDENCE Wirn Dara 


The mechanical analysis of accelerated mechanical abrasion 
agrees qualitatively with the published empirical data on metal 
weal 

(a) Effect of Normal Pressure. 
stating that galling and seizing are incurred with increase in the 
The 


accepted relationship is consistent with the role of the normal 


The literature is prolifie in 
normal pressure between the opposing metal surfaces. 
force described previously. Moreover, the mechanical analysis 
illustrates that accelerated mechanical abrasion is a “go or no-go’ 
(A discussion of self- 
Lubricanis ordinarily 


type of reaction in homogeneous alloys. 
lubricated alloys is given subsequently.) 
are considered to alleviate the tendency to seize by separating 
the opposing metal surfaces so that high local concentrations of 
load are not incurred. 

(b) Effect of Surface Finish. 
that the separation of the opposing metal surfaces would be 
accomplished more easily if the surface finish was improved, i.e., 
Now it is known, however, 


The lubrication theory predicted 


if all the asperities were removed. 


| 
IR 
surface 
surface 
A. Comparatively rough surfaces in contact. 
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that a high order of surface finish increases the tendency for gall- 
ing and seizing. The mechanical analysis of accelerated mechani- 
cal abrasion indicates, as shown in Fig. 9, that a low-order surface 
roughness tends to gall because the amount of deformation that 
will cause instability is reduced so much. This correspondence 
of the theory with empirical data is one of the principal contribu- 
tions of the mechanical analysis. 

(c) Effect of Work-Hardening Modulus. It is known that the 
critical shearing stress for plastic deformation increases with 
strain, ie., work-hardening occurs. The metal with highest 
work-hardening modulus, therefore, would be expected to have 


10 Senematic DiaGRAM THEORETICAL SHEARING- 
Sraess FOR CONDITIONS SHOWN IN Fic. 8 


the greatest resistance to galling, all other factors being the same. 
In general, the “softer” alloys gall more readily than hard alloys. 

(d) Effect of Temperature. The tendeney to gall increases with 
arise in temperature. This also is consistent with the mechani- 
cal interpretation, since the critical shearing stress and the work- 
hardening modulus decrease as the temperature increases. 

(e) Effect of Velocity. In the literature, an increase in velocity 
is credited with increasing the tendency to gall. Since the shear- 
ing stress and work-hardening modulus are increased slightly by 
nominal increases in velocity, the mechanical analysis does not 
verify the observed relationship. However, galling tests usually 
are conducted so that the surfaces receive repeated contacts from 
The in- 


crease in temperature more than compensates for the increase in 


which the surface temperatures increase considerably. 


velocity, and the mechanical analysis accounts for the observed 
results in this manner. 

(f) Effect of Foreign Particles. 
chanical aspect of seizing accounts for the tendency of close- 
fitting moving parts to gall and seize when a foreign particle is 
The galling of powder-metallurgy 


It is easy to see that the me- 


introduced between the parts. 
die parts and of press-fitted parts are well-known examples of 
galling caused by presence of foreign particles. Foreign particles 
produce high localized loads which start the seizing reaction. 


Seve-Lupricatep ALLoYs 


The most widely accepted metal characteristic to reduce the 
tendency to gall is self-lubrieation. Self-lubrication is exem- 
plified by porous powder metals (oil-impregnated), gray cast 
irons and graphitic steels (graphite-lubricated), and leaded 
bronzes (lead-lubricated). The mechanical aspect of seizing pro- 
vides an additional reason for the success of self-lubricated metals 
which is suggested to account for the failure of externally lubri- 
cated metals to equal self-lubricated metals in resistance to seiz- 
ing. 
powdered metal (or graphitic or leaded metal). cavities (or soft 


For example, if the lower surface in Fig. 8 were that of a 
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phases) would be present at such sites as below or to the right of 
the point of contact O. 
tact, the load P’ will not be resisted as rigidly, point O will drop, 
and part of the load P’ will be distributed to the other neighbor- 


If a cavity lies below the point of con- 


ing points. Thus, in such a case, the phenomenon of seizing is not 
If the cavity is to right of point O, the asperity will be 
less able to resist the translational force F’ and, therefore, will 
tend to move toward the cavity rather than up; i.e., the shearing- 


initiated. 


stress trajectories are deflected into the cavities, as shown in Fig. 
11. In such a case, any incipient seizing will be terminated 


rapidly. 
® 


Fic. Senematic Diagram SHOWING DEFLECTION OF SHEARING- 
Srress Traseorortes BY Presence oF Sort PHase or Caviry 
Dorrep AREA IN 


Thus both facts, namely, that self-lubricated allovs are known 
to have a greater resistance to incipience of galling and to have a 
accounted for in the 
On this 
basis, porous alloys without a lubricating agent would be expected 


lower extent of damage from galling, 


mechanical aspect of accelerated mechanical abrasion. 


to gall less than nonporous alloys, also unlubricated. 
The 


abrasion would provide a principle upon which to design surfaces 


mechanical interpretation of accelerated mechanical 


of “engineered roughness.’’ It is evident that the “roughness’’ 
must be on a scale comparable with the asperity size, ie., the 
microscopic scale. Many instances of the significance of such 
engineered roughness are known in practice. The importance of 
graphite-flake size, shape, and distribution in gray cast-iron appli- 
cations is well known. From the standpoint of self-lubrication, 
the dimensions of the “lubricant reservoir’? would not be too 
critical. Yet, in practice, the graphite-flake classification is eon- 
trolled closely for such parts as piston rings, cylinders, and other 
wearing-surface applications. 

Talbot and Wozlik? have reported on the gall resistance of due- 
tile iron compared to flake gray iron, They found that for equal 
graphite contents and similar matrix structures, the gall resist- 
ance of the flake-graphite iron was superior to that of the ductile 
iron. The ductile iron was equal in gall resistance to gray iron 
in which the flake-graphite content is lower than the nodular- 
graphite content. These results correspond to predictions from 
the mechanical analysis of seizing. 

Porous chromium-plated surfaces are superior to the nonporous 
surfaves in resistance to galling. The effect of size, shape, and 
distribution of porosity again was found to be more critical than 
would be predicted from lubrication theory, since channel poros- 


ity of the chromium plate is superior to round-pit-type porosity. 


? ‘Investigations Into the Gall Resistance of Metals,” by A. M. 
Talbot and R. A. Kozlik, presented at the Rotary Pump Seetion 
Meeting of the Hydraulic Institute, December 5 1949, New York, 
N. Y 
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CZYZEWSKI—MECHANICAL 
For proper “wes ing-in’’ of many metal parts, it is necessary 
to have good resistance to accelerated mechanical abrasion. 
Chemically pitted surfaces are known to be superior to ‘“super- 
finished”? surfaces in many such applications for wearing-in 
characteristics. 

In most industrial applications the mechanical effect is com- 
plementary to the Jubrication-film effect of separating the 
surfaces but somewhat decreases the importance accorded to 
the lubrication effect alone. There is ample evidence that em- 
pirical methods have determined in many cases the importance 
of microscale engineered roughness, which is predicted (qualita- 
tively, at this time) from the mechanical analysis of accelerated 
mechanical association. In future surface engineering such 
interpretations undoubtedly will get tested for quantitative 
validity. 


J. W. Pennineron.? The author's interesting analysis of the 


mechanical aspect of seizing in metal wear is an additional eon- 
tribution to our concept of one of the phases of the very compli- 
eated and intricate phenomenon which we call wear. To get an 
understanding of this problem, we certainly must follow the 


Chief Engineer, Metal Products Division, Piston Ring Depart- 
ment, Koppers Company, Baltimore, Md. Mem. ASME. 


author’s example and analyze what is happening at the actual 


points of contact. 

In the comparison of this analysis with empirical data, the 
author points out that a very smooth surface finish leads more 
readily to seizing than a rougher finish. The writer believes that 
this should be restrieted to borderline or dry-lubrication condi- 
tions. Smooth surfaces make more easily possible the formation 
of a fluid film which will separate the moving surfaces completely. 
However, if the film is ruptured and contact does occur, galling 
or seizing will occur more readily with smooth surfaces than with 
rough surfaces. The nature of the surface finish, whether rough- 
ness is due to hills or valleys, is also important. 

The analogy of a cutting tool with a built-up edge seems to be 
a good one and makes it easier to visualize the mechanism by 


which the accelerated damage from seizing occurs 


The discussion of self-lubrieating alloys is interesting and it is 


well to compare this with T. L. Oberle’s analysis of the effeet of 


hardness and modulus on wear.t The giving-way or yielding of 
uasperities in a porous material, whether or not the pores are 
filled with a lubricant, seems to tie in directly with Oberle’s 
analysis. Certainly, the ready yielding of the asperities in an 
open material indicates a low effective modulus of elasticity. 

Although the diagrams which the author presents are relatively 
simple, a very concentrated study is necessary to reveal the think- 
ing that is behind such an analysis. 


‘“Tlardness, Elastic Modulus and Wear of Metals,” by T. L 
Oberle, SAE Transactions, July, 1952, pp. 511-515 
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Heat-transfer and flow-friction design data are presented 
for flow normal to circular tube bundles for the Reynolds- 
number range, 500 to 20,000 (based on tube diameter). 
Six staggered circular tube patterns and one in-line 
arrangement tested. Tentative correlations are 
presented for the staggered arrangements allowing inter- 


polation of the test results to obtain design data partially 


were 


covering a transverse pitch-ratio range from 1.25 to 2.50, 
and a longitudinal pitch-ratio range from 0.75 to 1.50. 
Data also are provided so that the influence of the number 
of tube rows on the mean coefficient may be estimated 
accurately. These results are of interest in applications 
involving small-diameter tubes and low-density fluids, as, 
for example, the gas-turbine regenerator. They supplement 
the high Reynolds-number data of Pierson, Huge, and 
Grimison, and the low Reynolds-number viscous-flow- 
range data of Bergelin, Colburn, et al., by providing needed 
information for the intermediate range. A _ transient- 
test technique was employed in obtaining these data. 
Several tests employing a conventional steady-state tech- 
nique also were made to demonstrate the validity of the 
transient The advantages and limitations of 
the transient method are considered in detail. 


method. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


heat-transfer area, sq ft 
minimum free-flow 
either the transverse or diagonal openings, sq ft 
thermal capacitor evlinder heat capacity, Btu/deg F 
coetheient for friction correlation defined in Fig. 13, 


area, the smaller magnitude of 


dimensionless 

coefficient for heat-transfer correlation, defined in Fig. 12, 
dimensionless 

specific heat at constant pressure, Btu/(Ib deg F) 

tube diameter, ft 

friction factor defined by Equation [2], dimensionless 

friction factor defined by Equation [3], dimensionless 

mass velocity based on minimum free-flow area, A 
Ib/(hr ft?) 

proportionality Newton’s second law, 32.2 (Ib/#) 
(ft/sec?) 


' Assistant Professor of Mechanical Engineering, Stanford Uni- 
versity, Stanford University, Calif. Assoc. Mem, ASME 
2? Professor of Mechanical Engineering, Stanford 

Mem. ASMF. 
Case Institute of Technology, Cleveland, Ohio. 

Contributed by the Heat Transfer Division and presented at the 
Annual Meeting, New York, N. Y., Novernber 30-December 5, 1952, 
of THe AMERICAN SoctetTy OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME. Headquarters, Sep- 
tember 9, 1952. This paper was not preprinted 


University. 


W. M. KAYS,! A. L. LONDON,? ann R. K. 


acteristics 


Use of a Transient- Test Technique 


unit convective heat-transfer conductance, Btu (hr ft® 
deg F) 

thermal conductivity, Btu/(hr ft? deg F/ft) 

effective flow length of a tube bank, defined by equation 
{4}, ft 

number of tube rows in direction of flow, dimensionless 

static pressure, ¢/ft* 

heat-transfer current Btuy hr +4 

hydraulic radius defined by Equation | 1}, ft 

temperature, deg F 

nondimensional temperature of thermal-capacitor eylin- 
der, Equation 

velocity, fps 

mass-flow rate, lb/hr 

tube 


longitudinal ratio, longitudinal 


divided by tube diameter, dimensionless 


pitch spacing 
transverse pitch ratio, transverse tube spacing divided by 
tube diameter, dimensionless 
viscosity, Ib/(hr ft) 
fluid density, Ib, 
time, hr, sec 
Stanton number, h/(Ge,), a heat-transfer modulus 
Prandtl number, ye,/k, a fluid-properties modulus 
teynolds number, 47,G/u, a flow modulus 
teynolds number based on tube diameter, DG, ys 
denotes pounds mass in distinetion to 
denoting pounds force 


INTRODUCTION AND OBJECTIVES 


At present there is a considerable body of data in the literature 
on both the convective heat-transfer and flow-friction character- 
istics for flow normal to banks of circular tubes. In fact, along 
with flow inside cireular tubes, this class of flow geometry proba 
bly has received more experimental attention than any other 
The most commonly accepted design data are those of Pierson 
(1),4 Huge (2), and Grimison (3), presented in 1937, all concerned 
with gas flow at high Reynolds numbers, and the more recent 
work of Bergelin, Colburn, and Hull (4) with oils at very low 
Reynolds numbers. The work to be presented here is likewise 
concerned with gas flow normal to tube banks, but in the inter- 
mediate Vr range, supplementing the earlier results. Some over- 
lap of the Reynolds-number test range allows a direct com- 
After the 


present program Was started, Bergelin, et al. (5), published some 


parison with the Pierson, Huge, and Grimison data. 


test results, again using oils, also covering the intermediate region, 
and a comparison with their results is of interest. 

The recent interest in the use of small-dis:neter tubes (of the 
order of '/, in.) and low-density gases in such heat-exchanger 
applications as the gas-turbine regenerator has resulted in a 
tevnolds-number range of interest on the tube bank side that ex- 
tends somewhat below the 2000 minimum (Vr based on tube 


4 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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diameter) reported by Pierson, Huge, and Grimison, although 
probably not down into the viscous-flow region considered by 
Bergelin (4). Therefore it was felt that test data should be ob- 
tained in this region, since little or nothing has been known of the 
effect or extent of flow transition for tube banks, and design out- 
side of the range of available test data is thus quite speculative 
It was further felt that more attention should be devoted to the 
very compact tube-bank arrangements, and that some additional 
arrangements, not tested previously, should be considered. 

Another incentive for this work was provided by the desire t»> 
investigate the applicability of a transient heat-transfer test tech- 
nique (6) which holds many advantages over the more commonly 
employed steady-state methods and which, it is believed, in many 
cases yields more adequate heat-exchanger design data. It 
hoped that the transient technique will find use in the future in 
many other types of experiments with tube banks, as, for example, 
the determination of the effects of baffles on individual tubes, the 
effects of part cross, part longitudinal flow, and so on. 

The specific objectives of this paper are as follows: 


1 ‘To demonstrate the validity, simplicity, and power of the 
transient technique for determination of the heat-transfer charac- 
teristics of tube banks, and to indicate its limitations, 

2 
and flow-friction characteristics of six compact staggered circular 
tube-bank patterns in the approximate Reynolds-number range, 
10,000 

3 To show the variation of heat-transfer performance of in- 


To present, as determined by this method, the heat-transfer 


dividual tubes in the rows near the entrance and exit of a finite tube 
bank, 
Test Metiop oF PRESENTATION OF RESULTS 


SURFACES AND 


The tube patterns tested are designated according to their 
transverse and longitudinal pitch ratios, Y, and X,, respectively. 
(The definition of the pitch ratios is shown in the diagrams, Figs. 
Stoll.) With theexeeptionof the pitch ratios, all of the transient- 
test cores were identical. The following staggered patterns were 
investigated: 


‘ 50 
NX, 2! 1 


5O 


O75 


2.00 
1.00 


Experiments with two steady-state steam-to-air test cores were 
Both of these had XY, = 1.50 and X, 1.25, but 
one was a staggered and the other an in-line pattern. These tests 
were used to support the validity and to demonstrate the limita- 


conducted also, 


tions of the transient method. 

The first four of the staggered patterns listed were also tested by 
Pierson (1); the last two have not been reported upon before. 
Y, = 2.00, XY, = 1.00, Fig. 10, is a square staggered layout 
Both NX, 1.50, X, 1.25 (Fig. 3), and X, = 2.50, X, = 0.75, 
Fig. 11, have very triangular layouts 
These two are identical except for a 90-deg difference in orienta- 


close to equilateral 


tion with respect to the air-flow direction. 

The steady-state test cores were constructed from '/,-in. brass 
tubes soldered into '/,in-thick brass tube sheets. 
15 rows deep (direction of flow) with 26 tubes in a row. 


The core was 
The 
tubes were in, long. 

TABLE 1) STAGGERED-TUBE-BANKS 

‘Xt = 1.50 

Xi = 1.00 

Tube diameter, ft 0. 0313 

Hydraulic diameter, 4ra, 
ft 0.0125 

transverse 
0.200 


0.0196 
transverse 
0 333 


Minimum free-flow area 


Free-flow: Frontal area 


Area per unit of volume, 


67.1 


No. of rows in test core. 13 15 
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All of the transient test cores were constructed of #/,-in. 
aluminum ‘“dummy’’ tubes which fitted into '/;-in. plastic tube 
sheets so as to be readily removable. Again, the tubes were 9*/, 
in. long. The outsides of the tube-to-sheet joints were sealed with 
Scotch tape so as to prevent air leaks, and at the same time allow 
for ready removal as desired. The number of rows varied from 
13 to 26, and the number of tubes per row from 10 to 20. For 
each transient arrangement the same aluminum dummy tubes 
The only difference 
was that a new pair of plastic tube sheets was drilled for each pat- 
tern. Any of the aluminum dummy tubes could be withdrawn 
and replaced with the thermal-capacity cylinder (to be described) 
which is the “active’’ test element of the transient method. 

Detailed descriptions of the various patterns are contained in 
Table 1 and also on the graphs giving the basic heat-transfer and 
flow-friction design data, Figs. 5, 7 to 11. 

The heat-transfer and friction test data are presented in the 


were used, as well as the same over-all shell. 


form 


Var Ver = 


Vr) 


The mass velocity G, lb/(hr ft®), is in all cases evaluated on the 
basis of the minimum free-flow area A,, regardless of whether 
the minimum oecurs in the transverse or diagonal passages. The 
length dimension employed in the Reynolds number has been 
chosen arbitrarily as a hydraulic diameter defined as follows 


{r, 41A.L/A 
This dimension was selected to provide a treatment consistent 
with the previous work accomplished on the Stanford-Navy re- 
search project on compact surfaces, and because it is a more con- 
For comparison with the results 
of other workers a conventional tube-diameter Reynolds number 
The friction factor also is defined consistent 


venient design parameter (8). 


will be employed. 
with this previous work 


dP, /AL = 


Since the pressure drops and then rises through each tube row, the 
friction pressure gradient, dP,/dL, can be interpreted as the 
gradient between any two points in the core an integer number of 
rows apart, be handled 
identical manner as the friction factor for flow “through’’ a tube, 


Henee this friction factor can in an 
and it is direetly proportional to the conventionally employed 
tube-bank frietion factor, f’’’, defined as follows 


The effective flow length of the tube bank is 


L = nDX, 


Combining Equations [2], [3], and [4] 


f'" = (DX,/4r,)f 


Since all tests have been run with air the Prandtl number has 


not been a test variable. However, Prandtl number to the 2/; 


iEKOMETRICAL DATA, TRANSIENT TESTS 
Xi = 1.50 


Xt = 
«= © 
0 03813 


X: = 2.00 
Xi = 1.00 
0.0313 


Xt = 1.50 
Xi = 1.50 
0.0313 


Xi = 1.25 
0.03813 
0 0327 

diagonal 
0.414 


0.0271 
diagonal 
0.366 


0.0256 
transverse 
0.333 


0.0298 
transverse 
0 333 


53.6 
26 


50.3 
19 


53.6 
15 
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power has been introduced into the results so that they may be 
employed for fluids with differing Prandtl numbers. The use of 
Ne-*/* probably will yield fairly accurate results in the Prandtl- 
number range of gases. Although Vp,’/? is commonly employed 
over a very wide range of Prandtl numbers, it is at best only a 
moderately good approximation 


TRANSIENT Heat-TRANSPER Test TECHNIQUE 


The transient method for determining the unit heat-transfer 
conductance between a body immersed in a fluid stream, and that 
stream, Was proposed 12 Nottage, and 
Boelter (6), Determination of the unit heat-transfer conductance 
by this method is based upon the fact that it is often possible to 


years ago by London, 


design the immersed body so as to permit the idealizations, (a) 
the entire to heat transfer is “lumped"’ at the solid- 
fluid interface, and (b) all of the thermal capacity of the system is 
lumped within the solid. If these parameters 
tially separate, the surface conductance can be evaluated by a 
simple analysis of the experimentally established transient re- 
sponse of the solid when first heated (or cooled) relative to the 
and then immersed in the stream, 

For the 
which will be called the thermal-capacitor 


resistance 


are thus essen- 


stream temperature, 

Description of Apparatus. the tests described here, 
heated solid body, 
cylinder, s-in-diam solid copper rod 
as shown in Fig. 1. This 
eylinder can be fitted in place of any of the aluminum cylinders of 
the test cores just described 


consists of a 4-in. length, 


mounted between plastic end pieces 


ToP TUBE SHEET 


\ RECESS 
(AIR GAP) 


1 RUBBER GASKET 


SECTION AA 


TRANSIENT-’ 


At the juncture between the copper and plastic cylinders both 
are slightly recessed to minimize thermal contact and to isolate 
A rigid connection is effected at 
each end by small steel pins. The test method is founded upon 
maintaining negligible end-leakage heat the 
copper and the plastic relative to the convection heat transfer from 
the copper cylinder surface. 


the copper portion effectively. 
transfer between 


An iron-constantan thermocouple is 
soldered in the 
small-diameter hole drilled from one end. 

The capacitor was made of pure eiectrolytie copper, the unit 
heat capacity for which is accurately known. 
it was carefully weighed, and likewise, the relatively small mass of 
From these data the total effective 
thermal capacity of the copper cylinder could be determined. 

All tests were performed in an air duct with 8°/, * 9#/¢in. 
throat which previously had been used for steady-state steam-to- 
air tests, and which is fully described in an earlier paper (7). The 
thermocouple leads from the capacitor were connected into the 


center of the copper section at the bottom of a 


Prior to assembly 


steel end pins and solder. 
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B89 
same circuit as used for the steady-state tests, and the air tem- 
perature was measured upstream of the test core by the same 
shielded thermocouple as employed for the steady-state tests 
All thermocouple emf’s were determined by 
tinuous-balance potentiometer, 


an electronic, con- 
The maximum cooling rate of the 
capacitor was at all times less than 5 per cent of the response 
believed that any transient 
measurement error introduced by instrument lag is negligible. 
The 


sume orifice-metering system as employed for the steady-state 


speed of this instrument, so it is 


air-flow rate through the test core was determined by the 
tests. 


Phe same instrumentation also was employed for the core 


pressure-drop data thet were needed for the  frietion-factor 
evaluation. 

Test Procedure. 
test core and heated in a small electric oven to 50 60 deg F 
Thus the heated which 


helped to minimize end-leakage heat transfer from the copper 


The capacitor cylinder was removed from the 
above 
were 


ambient. plastic end sections 


capacitor. The capacitor evlinder was next placed in its position 
in the core and during the initial cooling period the duct-air tem- 
peratures, orifice temperature, 
recorded, 
proach to duct-air temperature, 


pressure, and pressure drop were 
When the capacitor had cooled to a predetermined ap 
10 millivolts (about 30 deg F) 
time recording was started for each of five t-millivolt intervals 
least- 
count stop watches were employed, one starting and one stopping 
at each interval, At the conclusion of the test all of the other 


in thermocouple response (about 3 deg FP). Two '/\o-see 


nontransient data again were recorded 


6x32 


BOTTOM TUBE 


/ 


7-STEEL PIN 


Pest CYLINDER 


For each tube 
with the capacitor cylinder inserted near the center line of the 
core, a minimum of 11 rows from the in-flow face and 4 rows from 
taken for 
Reynolds-number range 
After this 
a Reynolds number near the middle of the 
a series of runs were taken by inserting the capacitor in each 


arrangement a complete series of tests were run 


the exit-flow face. Twenty to twenty-five runs were 


each core, covering approximately the 
500 to 10,000 with 15 per cent flow-rate increments 
sequence of tests, at 
range, 
row, starting at the entrance face row, thus obtaining the row-to- 
As the XY, = 1.50, 


25 geometry was employed to compare the steady-state 


row variation in the convection conductance, 
X; 
and transient techniques, for this transient test core, the row-to- 
row variation was determined for three different Reynolds num- 
and also the transverse variation was checked to determine 
In all of the test cores split tubes 
variation of the conductance from 


bers, 
the nature of the wall effects. 
were used at the walls and the 
tube-to-tube transverse to the flow direction was found to be less 


than | percent 


| 
5 
| 
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Analysis of Data. An energy balance on the cooling thermal 
capacitor yields for the rate of change of temperature 

4% 
Assuming that heat is transferred from the capacitor cylindrical 
surface only, i.e., no end leakage, that the capacitor is at all times 
at a uniform temperature, ie., no internal resistance, and em- 
ploying a mean unit thermal conductance with respect to heat- 
transfer area, the heat-transfer-rate equation for convection be- 
of af 


comes 


Combining Equations [5] and [6} 


dt 


= —C 


The mean unit conductance A is a 


C, Ay 


funetion of the fluid properties, the flow conditions, and the 


and are constants 


For only small variations of (and constant flow it will 
be essentially a constant. This equation can then be integrated 
from = 0,1 = = = vielding 


geometry, 


hA 
6 


where ¢* is the nondimensional temperature defined by the left 
equal sign. 

A plot of 
with slope equal to hA/C. 


loget* as a function of @ should yield a straight line 
The analysis of the experimental data 
is further simplified if the system is operated over a small tem- 
perature range, for in this case the temperature-emf response of 
the thermocouple is close to linear. Then it is only necessary to 
plot the logarithm of the emf ratios directly rather than convert 
to temperature. It also is apparent that the calibration of the 
potentioneter is of secondary importance and is only needed to 
demonstrate a linear scale. 

Fig. 2 is a data plot for a typical test and demonstrates the ex- 
pected straight-line relationship. Departures from linearity 
would reflect combinations of end leakage, variation of h, and 
possibly instrument lag effects, all presumed negligible. 

The reduction of the remainder of the data, and the calculations 
leading to the determination of NgiNpr’? and f versus Nix, are 
identical to the procedures described for steady-state tests (7). 

Experimental Accuracy. Space permits only a brief considera- 
tion of this important point. The three main sources of error are 
the following: (a) Those arising from the idealizations postulated 
for the development of Equations [7a] and [7b]; () errors intro- 
duced by the measuring instruments; and (c) uncertainties exist- 
ing in current data on the air physical properties and the capacitor 
system, 

Kcrrors associated with the idealizations of the analysis which 
were considered specifically are in connection with the following: 


1 Lumped-parameter behavior of the resistance associated 
with the boundary layer and the capacitance of the copper eylin- 
der. 

2 Heat transfer by foreed convection alone; i.e., 
negligible, free-convection effects are small, and end leakage is 
small, 

3 Mixing between the heated boundary layer of the capacitor 
and the boundary layer of the plastic end pieces which, in general, 
are at a moderately different surface temperature. 

4 The fact that in steady-state tests, and most design applics- 
tions of tube banks, the eylinder surface temperature at a cireum- 
ferential section is normally both isothermal and constant with 


radiation is 


reached in (7) are applicable here, 
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time. In the transient-test technique, however, although the 
surface temperature is essentially isothermal at an instant, it is 
varying continuously with time. Consequently, a boundary ele- 
ment of flow is exposed to a variable temperature surface in 
passage over the tube. 


The probable magnitude of all of these errors can be estimated, 
and for the conditions of the tests reported here, are believed to 
have only a negligible effect. 

The instrumentation errors that need to be considered are 
listed as follows: 


1 ‘Temperature-measurement accuracy and instrument lag, 
estimated uncertainty, +4 microvolts. 

2 Measurement of time, +1 per cent uncertainty. 

3. Air-flow rate, +1 per cent uncertainty (7). 

Physical-properties errors are estimated as follows: 


1 Capacitor constant, C/A, +0.5 per cent uncertainty, 
2 > Prandtl number for air, +2 per cent uncertainty (10, 11). 
3. Air specific heat, ¢,, +0.5 per cent uncertainty (10). 


The following summarizes the expected uncertainties discussed 
in the foregoing: 


Maximum expected error, 

per cent 
+ 2 
+0 

+05 
Miscellaneous +2 


Note that a miscellaneous error of +2 pe” cent is included to 
cover the accumulated uncertainties associated with departures 
from the idealizations of the analysis. On this basis the final 
maximum expected error associated with the heat-transfer 
modulus VaVp,'/* is +5 per cent, with the probability that the 
maximum error will be well within this magnitude as demon- 
strated by the excellent repeatability of the test results. 

For Reynolds numbers and friction factors the conclusions 
and the maximum expected 
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uncertainties are +2 per cent in Ne and +5 per cent inf. It 
should be noted, however, that the neglect of entrance and exit- 
flow effects for cores of only 13 to 26 rows may introduce a slight 
uncertainty into the f-characteristic presumably representative of 
a core with an infinite number of rows. 

The steady-state tests were conducted by the methods described 
in (7), and the expected maximum uncertainty in both NsiVer”? 
and fis +5 per cent, and for Vr, +2 per cent. 

Comparison With Steady-State Tests. 
the transient technique is concerned with the accuracy of the 
NaVer? versus Ne determination for a single tube within a 
large bank of tubes. There remains the question as to whether 
data determined for a single tube can be employed to predict per- 
This 
is an important question because the single tube of the transient 
tests is exposed to air which is initially at a uniform temperature, 
whereas any one tube in a totally heated tube bank (except one in 
the first row) is exposed to a stream of fluid which may not be 


The foregoing analysis for 


formance fora bank of tubes, allof which are heated, or cooled. 


uniform in temperature because of the thermal boundary layer 
which is built up and shed from the preceding tubes in the bank. 
How well the single-tube results apply to totally heated tube 
banks depends, then, upon the thoroughness of mixing from row 
For staggered tube-bank arrangements it is believed that 
and for in-line tubes with turbulent main 
However, it has been 


to row. 
the mixing is sufficient, 
stream flow it is also probably sufficient. 
found that for viscous main stream flow there is a very marked 
difference between transient single-tube test results and steady- 
state over-all tube-bank data. Consequently, all of the transient- 
test results to be presented in this paper are for staggered arrange- 
ments only, the in-line data being from steady-state steam-to-air 
tests. 

In order to substantiate the foregoing assertions the steam-to- 
X, = 1.50, X, = 1.25) described previously, 


was tested. 


air core (staggered, 
with a pattern identical to one of the transient cores, 
The results of these tests for both heat transfer and friction are 
presented in Fig. 3 and are summarized in Table 2. In Fig. 4 
these data are compared with that of Grimison (3), with Jakob’s 
equation for friction factor based on Grimison’s data (12), with 
an equation of Colburn’s as given in (13), and with some data of 
Bergelin’s (5). It will be noted here that the Reynolds number is 
based on the conventional tube diameter rather than the flow hy- 
draulic diameter. Both the and friction curves lie 
Grimison data by about 15 


heat-transfer 


below the and 20 per cent, respec- 


tively. Surprisingly, the heat-transfer test data are much better 
approximated by Colburn’s equation, which was proposed before 


the Grimison data were available. The Bergelin heat-transfer 


data lie high relative to the present data, but it should be noted 
that these were obtained with oils at very much higher Prandtl 


numbers. 
The transient-test data for the same staggered pattern are 


presented in Fig. 5 for a central location of the capacitor cylinder 


TABLE 2.) SUMMARY OF BASIC HEAT- 
Staggered tubes 
= 1 50, Xx, = 1.25 
NR pr? 
800) 0200 
1000 OB12 
1200 
1500 O780 
2000 0750 


0136 
0126 O702 
0670 
0100 0640 
O614 


2500 
3000 
4000 
5000 
6000 


8000 
10000 
12000 
15000 


00810 O57 

00730 0550 
00670 0530 
00603 0508 
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Ne x10” ) 
15 290 30 40 | 60180 


Q6 | 19 


hic. Sreavy-Stare Tests, Heat-Transren 
CHARACTERISTICS Staccerep, 1.50, 1.25 

Tube outside diameter, 0.25 in 

Flow hydraulic radius, ra, 0.00415 ft 

Minimum free-flow area, transverse spacings 

No. of tube rows deep, 15 

Free-tiow ‘frontal area, 0.333 

0, Hot-core test points Heat-transfer data evaluated on basis of zero 
steam-side resistance 

x, Cold-core friction factors 

Best interpretation of friction data based on cold-core tests 

Best interpretation of heat-transfer data based on allowance for steam-side 
resistance 
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in the tube bundle. Before making the comparison with the 
steady-state core, extensive row-to-row traverses were made in 
the transient-test core, The resultsof these traverses are presented 
and discussed in a later section of this paper. It is sufficient to 
state here that, in general, the first two or three tube rows, and also 
the last, have « significantly lower unit film conductance for tur- 
bulent flow than the tube rows in the interior of the tube bundle. 
Inorder to compare steady-state tests of an entire tube bundle with 
transient tests of individual tubes in a bundle it is necessary 
to evaluate the integrated average of tube-to-tube variations in h 
from the transient-test data. 

The comparison of transient and steady-state technique results 
is shown in Fig. 6. Two transient-test curves are presented—one 
from the direct test results for the central location of the capacitor, 
and the other the integrated average behavior for a 15-row core. 

The curvature in the integrated transient heat-transfer line is 
attributable to the fact that the behavior of the first four and last 
tube rows with Nr do not exactly parallel the behavior of the in- 
ternal tube rows. The excellent agreement obtained demonstrates 
convincingly that for staggered tube banks the transient tech- 
nique yields accurate data for steady-state heat-exchanger design. 

The friction factors for both cores were obtained by the same 
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technique, so this comparison demonstrates no more than the 
self-consistency of the test methods and the foregone conclusion 
that the principles of similitude are valid. 

Test Resuits 

One of the expressed objectives of this paper is to present tube- 
bundle heat-transfer and flow-friction design data. The various 
tube-bank patterns studied have been described. Six staggered 
patterns were tested by the transient method, one was checked 
by a steady-state method and, in addition, one in-line pattern was 
tested by a steady-state method. 

The basic heat-transfer and flow-friction characteristics for the 
staggered patterns (transient tests) are summarized in Table 3 
In all cases 
and f are presented as functions of Nr, the latter based on a flow 
hydraulic diameter. Although the desired test range of Reynolds 
numbers was 500 to 10,000, the limitations of various parts of the 
The heat- 
transfer characteristics presented are taken from a tube well re- 


and presented graphically in Figs. 5, 7 to 11. 


apparatus made this range impossible in some cases. 


moved from the entrance and exit-flow faces of the tube bank, 
and thus represent the characteristics of an “‘infinite’’ bank. The 
friction factors, however, are based on over-all core data, al- 
though in no case were there less than 13 tube rows in a core so 
that entrance and exit effects are probably quite small. 

OW hen the six staggered-tube-pattern test results are compared 
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it is found that VeuVp,’/* varies in all cases very closely with the 

0.4 power of Nr as suggested by Colburn. In all but two cases 
the friction factors plot as single straight lines on the log-log co- 
0.18 power of Nr. The 
two exceptions show a change of slope in the middle of the test 


ordinates, and all vary closely as the 


range, but since this change is very small they too can be repre- 
sented as a single power of Ni» with little error, Taking advantage 
of these facts, Figs. 12 and 13 were prepared as a simple method of 
representing the heat-transfer and friction characteristics of all 
the staggered patterns. These plots provide a 
though somewhat speculative, method for interpolating to obtain 


convenient, 


the basic heat-transfer and flow-friction design data for inter- 
mediate tube layouts. 

hig. 14 reveals the results of the row-to-row 
traverses. It was found that 
somewhat with Reynolds number, but nevertheless, a single curve 
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could be used over the Reynolds-number range considered with 
little error, 
the middle of the Reynolds-number test range. 


The data shown in Fig. 14 were all obtained near 
In order to 
present these data on a common basis they were reduced to the 
ratio of the conductance for a given tube to the conductance of 
any tube in the center of the core which is unaffected by the en- 
trance and exit conditions, 

As can be seen, the entrance and exit effects differ with pattern 
to a certain degree, although the behavior of all is qualitatively 
Where high accuracy is required for a heat exchanger 
with a relatively few number of rows the particular curves 


similar, 


drawn through the data points of Fig. 14 can be employed 
directly. However, to provide a more useful result for most heat- 
exchanger design work where the over-all correction is less than 
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10 per cent, the data of Fig. 14 are averaged by the full line, and 
The curve in Fig. 15 
then applies as a single direct correction to the infinite tube- 


the integrated results presented in Fig. 15. 


bank conductances as determined from Figs. 5, 7 to 11. 

The final test results presented are for the in-line pattern, XY, = 
1.50, X, = 
method, Fig. 16 and Table 2. 
for both heat transfer and friction, similar to that obtained for 


1.25, obtained by the steady-state steam-to-air 
A marked transition dip is evident 


flow through tubes. Transient tests of the same pattern showed 
fair agreement in the turbulent-flow region (Ve > 3000), but dif- 
fered substantially in the transition and laminar regions. Conse- 
quently the transient technique is not useful in these regions, 
Note that in the transition region poor agreement Was obtained 
This is a result of 
and 


for isothermal versus hot-core friction factors. 
the 
their effect on the air-density variation through the test core, 


row-to-row variations in heat-transfer conductance 


Discussion 


It has been demonstrated in the preceding sections that the 
transient-test technique, which gives the heat-transfer behavior 
of a single tube in the bundle, can yield heat-transfer design data 
for flow over staggered tube banks in substantial agreement with 
that obtained by the steady-state methods. It should be empha- 
sized strongly, however, that for in-line tube banks in viseous 
and transition flow, the row-to-row boundary-laver influence is 
As a 
consequence the transient-technique single-tube results cannot be 
extended to predict tube-bundle behavior, except for turbulent 


substantial and flow-mixing between the rows is small. 


main-stream flow. 

The test results for only one core 
previous investigators, Fig. 4, but 
similar comparison is obtained for 
In each ease the Grimison data 


are compared with those of 
it should be added that a 
all four of the patterns for 
which there are earlier test data. 
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Tube outside diameter, 0.25 in 

Hydraulic radius, rr, 0.00415 ft 

Minimum free-flow area, transverse spacings 

No. of rows deep, 15 

o, Hot-core test points. 
steam-side resistance 

x, Cold-core friction factors 

Best interpretation of friction data based on cold-core tests 

Best interpretation of heat-transfer data based on an allowance for steam- 
side resistance 


Heat-transfer data evaluated on basis of zero 


(3) vield both friction and heat-transfer curves that lie 15 to 20 per 
cent above the data presented here. In all eases the Colburn 
equation for NVseVpr’' actually lies closer to the test data, al- 
though not alwavs as close as shown in Fig. 4. 

The fact that the heat-transfer characteristics, for the infinite 
tube bundle, for the staggered patterns, plot as a straight line on 
log-log co-ordinates, and that the slope is virtually the same in all 
cases, appears to indicate that there is no basie change in flow 
mechanism over the Reynolds-number and tube-pattern range 
considered. There is apparently a partial laminar boundary 
laver on each tube with separation and a turbulent main stream. 
The tendency of the frietion-factor curve slope to decrease at low 
Reynolds numbers for two of the test cores may indicate a be- 
ginning of transition to viscous flow. The data of Bergelin (5) 
using oil indicates that transition in staggered-tube arrangements 
is not well defined, but should become noticeable at about the 
lowest Reynolds numbers of these tests. It is thus not recom- 
mended that these data be extrapolated to lower Reynolds num- 
bers. Bergelin indicates a much more pronounced transition for 
in-line arrangements, and the present results, Fig. 16, bear this 
out very strikingly. 

Transient tests of the in-line pattern, Y, = 1.50, X, = 
shown), indicate good heat-transfer agreement with the steady- 
state performance in the turbulent-flow region, but only a 15 to 20 
This is due to 


25 (not 


per cent “dip’’ in the transition to viscous flow. 
the unmixed character of viscous flow and the tendency for a 
temperature profile to extend completely across the flow stream 
in the steady-state core, rather than being confined to a relatively 
thin boundary layer. In this situation the transient technique 
does not yield information useful for heat-exchanger design. 
Because of the very pronounced dip in the transition region of 
the in-line arrangement, an in-line heat exchanger does not ap- 
pear to be attractive where low Reynolds-number design be- 
The 


dip means a relatively large-size heat exchanger for a given heat- 


comes necessary (low-density fluids. small-diameter tubes). 


transfer performance and pressure drop (as compared to a stag- 
gered arrangement) and also probably involves a considerable 
degree of design uncertainty since this is a region of flow insta- 
bility. 

A further point of interest in the in-line tube-bank behavior is 
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that an objectionable how! developed and persisted for all tests at 
Vr > 8000. 
noted before (8) and is discussed in (14) as a Strouhal number 
effect (V/D X sound frequency). When the frequeney of the al- 
ternate shedding vortexes from the tubes and the natural bending 
frequency of the tubes coincide, a resonant condition develops 


This aerodynamically induced vibration has been 


which may completely obviate the use of the in-line arrangement 
Apparently, in a staggered arrangement the regular type of von 
Karman vortex street does not develop and no resonant condition 
has been observed. These phenomena should be considered by 
heat-exchanger designers. 

The row-to-row heat-transfer behavior for the staggered-tube 
arrangements, shown in Fig. 14, indicates not only that the heat- 
transfer conductance of the rows near the tube-bank entrance is 
considerably lower than those rows in the bank interior, but that 
this low conductance occurs only to a marked extent in the first 
Over-all tube-bank 
tests (1) had appeared to indicate a gradual increase in conduc- 


two or three rows, and sometimes in the last. 


tance as the number of rows is increased to ten but obviously this 
is only the integrated effect of the first few rows. The low con 
ductance of the first tube is evidently due to the relatively low 
velocity to which the front side of this tube is exposed, together 
with the low intensity of turbulence in the oncoming stream. A 
higher-velocity stream impinges on the second-row tubes raising 
the conductance but the turbulence intensity is still essentially 
that of the oncoming stream. The third-row tubes in most cases 
come within a few per cent of full conductance 
last tube conductance drops off owing to the fact that the flow is 
not forced around the rear side of the tube by succeeding tubes. 

The integrated effect of these few rows is shown in Fig. 15 and 
It is 
interesting to compare the ratio of the mean conductance for a 
10-row bank, with the corrections given by Pierson (1): 


In some cases the 


indicates that even for 10 rows there is a 7 per cent effect 


4 5 6 7 Ss 9 10 
O88 O92 O 0 90 1.00 
OST O 8 097 0.99 1 00 


No. of rows 


hio mean 
Pierson 


00 
0.96 


The results are practically identical, but of course the earlier data 
give no indication of the relationship of a 10-row bank to deeper 
banks. 

The effect of core depth on friction was not obtained in these 
tests. Since all the test cores had from 13 to 26 rows it is be- 
lieved that the different friction behavior of the first and last tubes 
will have only a minor influence on the over-all friction factor 
Pierson indicates higher friction factors for shallow tube banks 
which is apparently a result of the free expansion at the core exit. 
However, elementary analysis indicates that for the core tested 
not more than | to 2 per cent of the total pressure drop possibly 
could be attributed to exeess form drag on the last tube row. 


CONCLUSIONS 


The following conclusions result from this investigation: 

1 The transient heat-transfer test technique is a simple, ae- 
curate method for determination of the basic heat-tranfer charac- 
teristics of tube banks providing that the pattern and flow con- 
ditions are such that there is adequate mixing between the tube 
rows. The method is not adequate for viscous flow 

2 The transient method has the advantages that essentially 
isothermal heat-transfer data are obtained, so that the effects of 
temperature-dependent fluid properties are eliminated; and the 
performance of individual tubes within the bank is obtained in 
stead of merely the over-all bank. 

3. The turbulent-flow heat-transfer characteristics of compact 
staggered-tube banks, 0.4 power 
of the Reynolds number, while the friction factors vary closely as 
the 


' vary closely as the 


0.18 power of the Revnolds number These design data can 
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be correlated by functions of geometry alone. Figs. 12 and 13 
present tentative correlations which need further experimental 
verification. 

4 The effects on heat transfer of the entrance and exit of the 
tube bank are evident to a marked degree only in the first two 
rows, and to a lesser degree in the third and last rows, Fig, 14. 
However, the integrated effect of these rows is significant even 
for banks 10 rows deep, Fig. 15. 

5 In-line tube banks show a very marked transition from tur- 
bulent to viscous flow in the approximate Reynolds-number range 
1000-4000 with an appreciable decrease in heat-transfer conduct- 
ance and friction factor. Staggered banks do not exhibit this 
marked transition and thus are better suited to low Reynolds- 
Additionally, in-line banks in 
turbulent flow will tend to vibrate under certain conditions which 
are not yet fully established. 


number heat-exchanger design. 
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Erosion by Melting 


° i 
and Evaporation 


By KURT BERMAN,? BALLSTON SPA, N. Y. 


This work represents an investigation of the erosion of 
solid bodies placed in an air stream. The test specimens 
were formed into cylindrical and conical shapes. Ice, 
acetophenone, and para-dichloro-benzene were used as 
the materials for the solid models. It was possible to cor- 


relate the rate of erosion as a function of the Reynolds 


= 

= a pure number in Equation [5] i: 

heat capacity at constant pressure 8 
= rate of change of diameter at a given distance 2 from 


number. 
NOMENCLATURE 


Phe following nomenclature is used in the paper: 


tip of specimen 
normal diffusion coefficient 
heat-transfer coefficient 
thermal-conductivity coefficient 
= heat of fusion of solid 
heat of sublimation 
= heat of vaporization of diffusing substance at tem- 
perature 7’, 
exponent in Equation [5] 
exponent in Equation [5] 
Nusselt number = hr/k 
k 
Reynolds number = ur/v 


v 
Schmidt number = 


Die 
h 


Prandtl] number = 


Stanton number 


Taylor number = Ds 

= partial pressure of diffusing substance in free stream 
water vapor partial pressure in free-air stream 
heat-transfer rate per unit area 
gas constant for the diffusing substance per unit mass 


distance along surface from leading edge where local 
velocity equals free-stream velocity (Equation [9] ) 

static temperature 

local velocity at edge of flow boundary layer 

free-stream fluid velocity 

actual distance along solid surface, starting from tip 

slope angle (Fig. 4) radians 

mass-transfer coefficient 

indicates a function in Equation [5] 7 

density 

! This paper is part of a dissertation presented for the degree of 
Doctor of Philosophy at Harvard University, Cambridge, Mass. 

2 Now with General Electric Company, Guided Missiles Depart- 
ment. 

Contributed by the Heat Transfer Division and presented at 
the Fall Meeting, Rocheste:, N. Y., October 5-7, 1953, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, May 4, 


kinematic viscosity 


1953. Paper No.53—F-2,0 


0 = subscript, refers to free-stream condition 
s= subscript, refers to solid-surface condition 
m = subscript, refers to average condition 


INTRODUCTION 


The problem of erosion is of sufficient technological impor- 
tance to have warranted extended study. The word “erosion,” 
as usually employed in the literature, is defined as the destruc- 
tion of materials by physical effects, while corrosion is the result 
of chemical or electrochemical action. Since it is usually quite 
difficult to separate the chemical from the physical effects, in all 
subsequent discussions, the word erosion will be used to cover 
al! mechanisms, including corrosion, which are active in wearing 
away solid surfaces placed in a flow field. Although the corrosive 
and abrasive destruction of metals and other materials has been 
investigated in great detail, comparatively little interest has 
been expressed in the erosion of solid surfaces by evaporation and 
melting. A few workers in the field of heat transfer have con 
sidered this type of erosion mechanism. However, their motive 
was not primarily to study the phenomenon but rather to use the 
process of erosion as a means for obtaining heat-transfer data. 

Since it is ordinarily quite difficult to obtain local heat-transfer 
coefficients without a great deal of equipment and consequent 
large financial expenditure, V. Klein* conceived the idea of sim- 
plifying the procedure by constructing cylindrical ice models and 
placing them in a transverse stream of warm air inside a duct, 
Studying the change in the specimens as the ice melted, he was 
able to calculate the local heat transfer at various points along the 
surface. His measuring technique consisted of molding the de- 
formed cylinders in plasticine and making reproductions in plaster 
of paris. The changes in dimensions were then studied from these 
models. 

More recently, C. C. Winding and A. J. Cheney, Jr.,° using 
naphthalene sticks instead of ice, obtained mass and heat-transfer 
data for various types of tube banks inside a duct, At the end 
of the experiment they measured the deformations of the tubes 
by placing them in the same molds in which they had been pre- 
pared originally, determining the change in dimensions by means 
of feeler gages. 

It is the purpose of this paper to report the results of a study 
on the erosion deformation of solid materials placed in a free-air 
stream. 


EXPERIMENTAL APPARATUS AND TECHNIQUE 


Cylindrical and conical ice, acetophenone, and para-dichloro- 
benzene specimens were supported in a free-air stream whose 
temperature, velocity, and humidity could be controlled, A 
record of the erosion process was obtained by taking pictures of 
the test substance at selected time intervals. The analysis of the 
photographie plates consisted of measuring, by means of a com- 
parator, the diameter of the specimens at various points along 
their surface. 


3 Recently Messinger has studied the phenomenon in reference to 
icing problems “Equilibrium Termperature of an Unheated Icing 
Surface as a Function of Air Speed," by B. L. Messirger, Journal of 
the Aeronautical Sciences, vol. 20, 1953, pp. 20-42. 

* Thesis by V. Klein, Technische Hochschule, Hannover, Germany, 
1933; summary in Archiv Warmewirt, vol. 15, 1934, p. 150. 

* Mass and Heat Transfer in Tube Banks,” by C. C. Winding 
and A. J. Cheney, Jr., Industrial and Engineering Chemistry, vol. 40, 
1948, pp. 1087-1093 
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Fig. Arr-Suppiy System 

The two main components of the apparatus were an air-supply 
system and the photographie equipment for recording the erosion 
progress, A brief description follows: 

Air-Supply System, A fan was mounted in such a direction 
that the air flow was vertically downward, A square cro 
section duct led from the blower outlet to the test area. The i 
side cross-sectional area of every section, except the diffuser a 
the nozzle, was 21 & 21 in. The nozzle dimensions chang 
smoothly from an initial 21 * 21 in, to an exit cross-sectior 
area of 7 X 7 in. A schematic diagram of the complete dt 
work is shown in Fig. 1. 

The air entered the fan through a section containing a stea 
heating coil, a louver damper, and a spray tube, which permitt 
an increase in the water-vapor content of the entering air. T 
air velocity could be varied from zero to 45 fps. A Johns 
thermostat control permitted air-temperature control, 

Photographic Equipment. Wodak Recomar camera w 
mounted 24! in, in front of the nozzle. The pictures were tak 
on Eastman Kodak 9 12 em ‘‘super-ortho press’’ plates, 

Selection and Preparation of Test Specimens. Ice was selectes 
as the principal test material, although several tests were cor 
dueted with acetophenone and para-dichloro-benzene. The 


experimental work was restricted to cylindrical and conical shape 
The molds were constructed by sealing pieces of pyrex-glass tu 
ing in a hemispherical nose. All but two of the eylindric 
models were prepared in 2.45-cm-ID tubes. The two exceptio 
were frozen in a 4-em-LD tube. The length of the individu 
test specimens varied from 30 to 35 em. Conical molds we 
drawn out on a glass-blower’s lathe from glass tubing. TI 
models were frozen in the molds which had been immersed in 
dry ice-aleohol bath. Wooden sticks were permitted to becom« 
imbedded in the specimens and serveti as the mounting support 
A eylindrieal ice test specimen is shown in Fig. 2. The test 
specimen was placed in the free-air stream about 4 in. belo 
the nozzle edge. 

Evaluation of Photographic Plates. The variable width of the 
specimen, as shown on the photographic plate. was measured by 
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ORGANIZATION OF EXPERIMENTAL DATA 


Change from Plate 443 to 
iW 444 
Change in 
diameter 
per 3 min, 
em 


Average distance 
from tip, 
em 


Distance from 
tipem. Tip 
at 20.02 cm 


Column I 


7375 


5 0293 


means of a microscope comparator, originally built by Wolz of 
Bonn.® The change in diameter of a specimen, as determined 


from successive plates, supplied the experimental data. 
EXPERIMENTAL ResuLTs 
The rate of diameter change at identical fixed points of sue- 
cessive plates of the same specimen was calculated and plotted on 
log-log paper, using the rate of change of the diameter and the 
The 


diameter change was deemed a suitable correlating factor since 


distance from the tip of the specimen as the co-ordinates. 


it is proportional to the rate of mass removal per unit area of sur- 
The actual distance x along the surface, starting from 
the tip, was approximated by means of straight-line cords drawn 
It was assumed that the 


face. 


between selected points of the surface. 
specimen was symmetrical with respect to its axis of rotation, so 
that half of the measured diameter can be regarded as the true 
radius of the cross section. The method of calculation is illus- 


trated in Fig. 3. The various operations can probably be best 


day-d 


x 


dq 1s the measured diameter 
at point 24 


ILLUSTRATION DeMONSTRATING APPROXIMATION OF A Dis 


rance ALONG 4 Curnvep Scurrace py Straicut Lines 


bia. 3 


explained by means of Table 1 in which are recorded the diameter 
measurements for a specimen the 
anetual measurements on the photographic plates multiplied by 
factor. 
which were plotted in the graphs. 


at one time interval, i.e., 


the magnification Column I contains the quantities 

Experiments With Cylindrical Specimens Placed Parallel to Air 
Stream. Eleven experiments were made with ice specimens, 
two with acetophenone and one with para-dichloro-benzene. 
Unless the hemispherical surface of the models has a smooth con- 
tour, a necklike erosion of the specimen will occur. This is 
illustrated in Fig. 4. 

Pictures were taken at the beginning of the experiment and 
usually at successive 3-min intervals. The duration of the ex- 
periments varied from 9 min to 39 min, except for the case of the 
para-dichloro-benzene specimen where the test lasted 7 hr. 

Data for one of the tests with ice are shown in Figs. 5 to 7, 
while photographs of the eroding specimen are shown in Fig. 8. 
The rate of erosion increases considerably, especially at points 
near the tip, as the specimen sarface becomes more curved. The 
experimental data, therefore, were separated into components 


See “The Astrophysical Journal,”’ vol. 


nal 23, April, 1906, no. 3, p 
205, second paragraph. 
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representing the initial and the later stages of the erosion process 
The rate of diameter change for the first 9 to 12 min was plotted 
The 


experimental points could be correlated within 10 per cent by 


on one graph and the remaining data on a separate one. 


The results are summarized in Table 2. 

Ten experiments 

angles 

Photographs of a specimen 
The results of the experi- 


straight lines. 
Experiments With Conical Ice Specimens. 
were performed with conical ice specimens, having ape» 
of 12, 16, and 30 deg, respectively 
undergoing test are shown in Fig. 9. 
ments are summarized in Table 3. 


Discussion or Resuurs 


At least three factors must be considered in evaluating the 
data: 
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31430 62870 
REYNOLDS NUMBER 
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CYLINDER: ICE 
DLAMETER AT BEOTEN ING 
SURFACE PARALLEL TO A 


2.18 
= 0.16 
AIR VELOCITY 29.5 ft/sec. 
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DIAMETER PER SMINUTES Cm 


in 


© PICTURES 363-364 912 ain. 
e 364-365 12-15 ata. 
e 365-366 15-18 ain, 
366-367 18-21 win. 


OE CREASE 


DISTANCE FROM TIP-CM 

T T T 
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OISTANCE FROM TIP 
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Fic. 8 Eroston or a Cytinpricat Ice Specimen Fic. 9 Erosion ov a Contcat Ice Specimen 
Air velocity 29.5 fps: air temperature 84 I p 0.18 (Air velocity 30.4 fps; air temperature 06'/s F: pe = 0.32 psi) 


vv 
: 
= 
: DIAMETER AT BEGIENING 2.22 om. 
= 5225: x 365-366 15-18 min, 


TRANSACTIONS OF 


TABLE 2 


Water vapor 
pressure 
in free- 

air stream, 


Air 
Test velocity, 


material 


Pe, 


D> 


Acetophenone 

Acetophenone 

p-dichloro- 
benzene 


o 


TABLE 3 


Water-vapor 
pressure 
in free- 
air stream, 


Air Air-stream 
velocity, 


fps 


Test 
inate rial 


1 A liquid film forms on the surface of a solid which erodes 
with a phase transition from solid to liquid. Thus there is estab- 
lished a4 eocurrent gas-liquid flow on the solid surface. 

2 Diffusion and heat transfer occur simultaneously the 
same field and it must be determined what mutual effect they 
exert on each other, 

% The shape of the specimen changes during the process of 
erosion, 


Without repeating here the details of the analysis made in the 
original work? to determine the influence of these factors, the 
conclusions are summarized as follows: 

(a) In the case of both ice and acetophenone erosion, under 
conditions corresponding to those encountered in this investi- 
gation, the liquid layer is so thin that it exerts t.o influence on the 
heat transfer, 

(b) The modification caused the 
enough so it appears that the heat transfer and diffusion can be 
treated as independent and additive phenomena, 

) The data will be discussed separately for the initial and 


by mass transfer is small 


later stages of erosion. 
In accordance with the foregoing assumption, the rate of heat 
transfer per unit area to the solid is equal to the sum* 
=h(T% 


RT 
where the first term on the right is the heat-transfer contribution 
while the second one constitutes the effect on the solid surface of 
the condensation or evaporation of the diffusing mass. 

The heat and mass-transfer coefficients can be written in the 
following functional relationship by means of analogy considera- 
tions’ 


Erosion by Heat Transfer and Diffusion,”’ by Kurt Berman, PhD 


thesis, Harvard University, 1950. 
* See Nomenclature for explanation of symbols 


SUMMARY OF EXPERIMENTAL 
PARALLEL TO Al 


Air-stream 
temperature, 
deg F 


temperature, 


THE ASME 


WITH CYLINDRICAL MODELS PLACEW 
TREAM 


APRIL, 1954 


Duration 
experiment, 
min 


Change of diameter of 
specimen, em/3 min 
In initial In later 
stage stage 
268 x 330 
305 5 395 
800 x 
0.478 570 
0.46 825 
“0.43 
0.43 
0.66 
0.64 


635 
395 
0.310 


em/hbr 


1722 


SUMMARY OF EXPERIMENTAL WORK ON CONICAL ICE SPECIMENS 


Total 
apex angle 
of cone, 
deg 


Duration 
Rate of change of 
diameter of specimen, 

em/3 min 
0.485 2 
650 

.720 

860 

900 

630 2 

245 

300 

700 

770 


experiment, 
mib 


tote te te to 


Substituting this expression in Equation [1] and noticing further 
that the total heat transfer is related to the measured rate of 
erosion by the relation 


L, cos 
Dipe, 


k 


n 
(To—T,) + 
R,T,, 

Dividing both sides of the expression by the rate of energy trans- 
fer per unit temperature difference parallel to the flow direction in 
the free stream, poror,,, 
The desired form of the correlating function therefore becomes 


the equation becomes dimensionless. 


L, Cos a 


Poliot Po 


Dope, 
= Ad(Nre™) {5} 

T ‘he experimental data will be evaluated in terms of Equation {5}. 

The choice of a specific temperature at which to evaluate the 
various properties of matter is somewhat arbitrary. For the rela- 
tively small temperature differences encountered in these experi- 
ments, the question of selecting the right datum temperature is 
not a serious one. In the following calculations, all properties 
were evaluated at the free-stream temperature. Tables of perti- 
nent values are given in the Appendix. 

Initial Stages of Erosion of Cylindrical Specimens. Table : 
indicates that the exponent of z varies somewhat for the different : 
0.43 is the most prevalent value, it was 
The following example 


9 


experiments. Since 
used as the exponent min Equation [5] 
illustrates the procedure: 


7 


d 
| 
= 
402 
at 21 
4 7 0 
29 18 921/s 39 
Ice 09 614/6 21 0 
095 107 21 0 
Ice $h 5 ll 15 
= 0.10 04 
ai 0 29 O6'/s 
‘ f be 0 0.32 121 
j 29.50 0 28 
Ire 20 5 0 09 
i) lee. 29.5 
[3] 
« 
btains 
BASS 
he 


BERMAN EROSION BY MEI 


TABLE 4 CORRELATION OF CYLINDRICAL SPECIMENS FOR INITIAL STAGE OF EROSION 


Water-vapor 
pressure in 


free-air Air-stream rate of change rate of change 
temperature, in diameter, 


stream, pr, 


Acetophenone 

Acetophenone 

p-dichloro- 
benzene 


TABLES CORRELATION 


Water-vapor 

pressure in rate of rate of 

Air Air free-air 
temperature, velocity, stream, 


Assume Ad = 0.430 2£°° 3 min. This can be written as 
0.430 min. Calculating the quantity 
for representative values of 2, and finding Ad in terms of 2%, Le. 


atr = oe = Ad = 
5 em 0325 
10 em OATS = 
15 em 0555 = 
20 em = 


it is seen that the original correlation can be represented by 
0.4102 ° em 3 min within the limits of the experimental error 
This procedure was used in all cases requiring such correction. 
Since correlations of convective heat-transfer data indicate that 
the exponent a equals approximately '/;, this value was inserted 
in Equation [5}. 

The results of the correlation for the evlindrical specimens are 
summarized in Table 4. In the computation for the acetophe- 
none specimens, diffusion was neglected. The average value of 
the correlation function is 0.243 Vee %", witha maximum devia- 
tion of 8 percent from the mean. 

When the erosion occurs by the process of sublimation, the 
heat-transfer rate from the air stream to the solid body, after 
equilibrium conditions have been reached, is equal to the sublima- 
tion heat required to vaporize the material which is carried away 
through the airstream. This is equivalent to saying that 


A(T, T.) = ( 6 


p 
P, ~~ po) L, = Ad (cos a) L 
2 
where L, is the heat of sublimation. Using the analogy relation 
between A and B, it is possible to write a dimensionless rela- 
tionship 


= Ad( Na.) 
Pool », ) 


as 
= 


Ad cos @ 


k 


( 


Poltor p, 


Measured Corrected 
in diameter, 
em/3 min py 
268 48 0. 250N 


0.48 0.257 


» CYLINDRICAL SPECIMENS FOR LATER STAGES OF EROSION 


Measured Corrected 


Correlation 
change in change in function, 
diameter, diameter, h 
em/3 min em/3 min Poel po 

0 330 337 0. 573 
0 395 395 0.00 0 610 
635 590 0 686 
SOO x 745 oom 
570 x 495 0 4579 
395 r 386 7°." 0 566 
310 317 O 538 Nite 


Assuming po = 0, the correlation for the p-dichloro-benzene 
specimen becomes 


h 
p 


= 0.253 [8] 


The results for all the cylindrical specimens are in substantial 
agreement. Therefore it may be concluded that the various 
assumptions underlying this correlating procedure are good ap- 
proximations, 

Later Stage of Deformations. lt would be expected that greater 
discrepancies would occur in the correlation for the later stages 
of the erosion process, since the data are then a function of the 
instantaneous shape of the specimen, 

In the following calculations all exponents of 2 were reduced 
to 0.5; otherwise the calculations were identical to those of the 
previous section. The results are presented in Table 5, 

The average of the correlation functions is 0.594 Nae ®* with 
4 maximum deviation of 15 per cent from the mean, The corre 
sponding local Nusselt number hr/k is 0.416 Nae. 

Conical Ice Specimens. The problem of a conical specimen 
differs from the cylindrical case in that the velocity at the edge 
of the boundary layer no longer can be considered constant. — If, 
as an approximation, the flow along a cone is considered analogous 
to that of a wedge,* then the local velocity would have the form 


where 
local velocity at edge of flow boundary layer 
= free-stream fluid velocity 
distance along surface from leading edge 


distance along surface from leading edge where local 


velocity equals free-stream velocity 
a 
a 


2a = total cone angle (radians ) = 


*' Die Berechnung des Wirmetiberganges in der laminaren Grenz- 
schicht umstrémter Kérper,”’ by Ernst Eckert, VDI Forachungaheft 


416, September October, 1942, 24 pp 


403 
Test material fps psia deg | 
iW Ice... 29.5 0 18 77 
6 Ice 29.5 018 107 
29.5 0 46 9334/4 0.640 0 595 249 
Ice 0 25 04107 0 365 2°%4 0 235 
I 43.3 015 81 0 310 0 310 242 
A 35.6 O15 78 0.255 0 252% 0.233 
if 29 5 118 0 650 0 480 7°) 0 245 
* 29.5 8343/4 0 260 0195 0 298 
14 29.5 93 0.172 0.145 253.N ne 48 : 
Specim | 
@ Ae lee = 
Iee......... 29 0.25 : 
« 
| em /3 min o 
O 41tr em/S min ‘ 
-W 0 4077 em/3 min 
i a 
ae 
= 
(7 
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TABLE 6 CORRELATION OF CONICAL ICE SPECIMEN EROSION DATA 


Air 
temperature, velocity, 
deg f 

121 
“4 

108 


Pp 


12 


16 
40 


One would expect a correlation of the form 


Ad 
Doel, 

R, T 


Ly cos a 


k 
Dyape, 


(To 


Pool py 


= | Nre~™ 


where Nae = 

For a 12-deg cone, r = 0.034 and it is clear that the value u;/ 1, 
as a function of 2/s, varies very slowly. Since the values of u, 
for a cone is unknown, the correlations will be carried through in 
the same manner as for the cylinders, with the free-stream ve- 
locity used as the characteristic velocity (14 /uo 1). The re- 
All exponents of « have been cor- 


sults are given in Table 6. 
rected to —0.5. 

The average of the correlation functions for the 12-deg cone is 
0.686 Nae? with a maximum deviation of 6 per cent from the 
mean; the corresponding Nusselt number, Neu = 0.48 Nre®®. 

All results, so far, have been stated in terms of the dimension- 
less groups which are conventional in heat-transfer work, i.e., 
the Nusselt number and the relationship h/(uopoc,,) which is 
sometimes designated as the Stanton number. The correlation 
could just as well have been made in terms of the Taylor number 
Br/Dro. 
in Equation [2], 
Stanton number is known, the other number can be written down 


Nt. From the analogy relationship as expresse«| 


it is apparent, however, that once the Nusselt or 


atonce. Since 
k 
B De 
Br 
Die 
bk 
MoPol p, 


D, 
k 


D, 
k 


Dy 
k 


where 


Nev = « Prandtl number 


Nee = Schmidt number 


= 
Dir 
Therefore it is unnecessary to make a separate set of calculations 


om 
ber. 
for the Taylor num ae. y 


Based on the discussion and data presented, it is now possible 
to formulate some definite conclusions about the erosion of solid 


CONCLUSIONS 


Corrected 
rate of 
change of 
diameter, 
em/3 min 
0 880 x 

0 900 z 
0 630 
0.735 2 
0 665 2 
0 485 2 
0 3302 
0 2452 
(em/4 min) 
0 770 
0 700 


Measured 
rate of 
change of 
diameter, 
em/3 min 
0 


Water- 

vapor 
ressure, Pe, 
i po 
NRe 
693 NRe 
671 NRe 
678 NRe 
690 NRe 
679 NRe 
.667 NRe 
683 N Re 


0,90 
0.50 


1.46 


0 
0 
0 
0 
0 
0 
0 


0.0 
/4 min) 
770 

0 700 


0 
0 


surfaces in «a laminar-flow field. The data are correlated by 
calculating the Stanton number (Pouoc,,) 48 a function of the 
Reynolds number. Stating the results in terms of more conven- 
tional Nusselt-number relationship, the erosion rate for the 
cylindrical specimens in the initial stage is Nwu = 0.17 Nreo. 
Within the Reynolds-number range from 50,000 to 100,000, 
this also can be approximated closely by the value Nyy = 0.37 
The corresponding Taylor number, Bd/ Dy, is 0.36 
For the latter stages of erosion the Nusselt-number correlation is 
Nwu = 0.42 

For the 12-deg cones the Nusselt number is Vyu = 0.48 Va.%, 
or about 20 per cent greater than it is for the cylinders, 


Although the primary purpose of this work was concerned 
with the erosion problem, nevertheless it might be noticed that — 
the techniques used in this investigation could well be adapted 
to obtaining various heat-transfer and diffusion data for turbu- 
lent as well as laminar-flow conditions. 
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Appendix 


COLLECTION OF “PropeRTIES OF Marrer” Data 


Diffusion cocflicient of water vapor in air: 


Temperature, 
deg C 
10.. 
30... 


Die, em? /see Source 
0 209 
0 224 
0 240 


“Verdunstung und Warmetibergang 
an senkrechten Platten in ruhender — 
Luft,”’ by R. Hilpert, VDI Forschung- 
sheft 355, vol. 3, July-August, 1932. | 


for 
para-dichloro-benzene in air was calculated by means of an equa- 


Diffusion coefficient of para-dichloro-benzene in air: 


tion presented by Sherwood. '° 


Die = 0.069 em? /sec 


At 33 deg C and pr 1 atm, 


Thermal-conductivity coefficient of air: 


Recalculated from ‘'Ther- 
modynagnic Properties 
of Air,” by J. H. Kee- 
nan and J. Kaye, John 
Wiley & Sons, Inc., New 
York, N. Y., 1945, p. 36. 


782 10-4 cal/em see 
deg C 


eFC 

906 
443 
938 


32° C 
“Absorption and Extraction,’ by T. K. Sherwood, McGraw-Hill 
Co., 1937, p. 18, equation 31. 


< 
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i 
é 
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Density of air: 
12.931 X 


12.472 
20°C 12 046 
30°C 11.647 
40°C 11.247 


ec 
10° C 


“Handbook of Chemis- 
try,’ by N. A. Lange 
and G. Forker, 
Handbook Publishers, 
Inc., New York, N. Y., 
1946, p. 1439. 


4 
gm /ce 


Kinematic viscosity of air: 
30°C 
40°C 
50° C 


0.132 em?/sec 
0.141 
0 150 
0.159 
0. 169 
0.179 


“Handbook of Chemistry” 


Heat capacity of atr at constant pressure: 
= 0.24 cal /gm deg C 


gm com 


Universal gas constant 


R = 0.08479 x 106 deg K 


gm mole 


M, = molecular weight 


oe” 
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EROSION BY MELTING AND EVAPORATION 


Dorsey'' states an average 
We used 80 
For the density he recom- 


Heat of fusion and density of ice 
value of 79.7 cal/gm for the heat of fusion of ice. 
ceal/gm throughout the calculation 
mends a value of 0.916 gm/cm?. 

Density of para-dichloro-benzene:"? 
gm cméat 21 C, 


The density is 1.458 


Density of acetophenone (solid No actual experimental data 
are available for solid acetophenone. It is slightly heavier than 
the liquid. We used a value of 1.04 gm/cm? in the calculations. 

Vapor pressure of para-dichloro-benzene: The vapor pressure 
was calculated from the equation! 


0.05223 (72,218) 
aA logs Pum = T 


a 


Heat of fusion of acetophenone: The heat of fusion of aceto- 


phenone was taken as 30.1 cal gm. 


Properties of Ordinary Water Substance,” by N. E. Dorsey, 
Reinhold Publishing Corporation, New York, N. Y., 1940, pp. 463 
and 615-618. 

'? Loe. cit., “Handbook of Chemistry,”’ p. 435 (No, 1954). 

"International Critical Tables,"’ McGraw-Hill Book Company, 
Inc., New York, N. Y., vol. 3, 1928, p. 208, 
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-- 


An apparatus and a technique were developed for de- 
termining the thermal diffusivity of metals by a periodic 
heat-flow method. Measurements with a probable error 
of + 6.8 per cent were made on specimens of Armco iron, 
titanium, zirconium, and Haynes Stellite 25 at tempera- 


tures of 456, 564, and 672 R. 


NOMENCLATURE 


The following nomenclature is used in the paper: a 
cross-sectional area of specimen, sq ft 
thermal diffusivity, sq ft/hr 
specific heat at constant pressure, Btu lbw deg F 
surface heat-transfer coefficient, Btu/hr sq ft deg F 
thermal conductivity, Btu/hr ft deg F 
dimensional constant depending upon experimental 
units and period of temperature wave 
density, lbw /cu ft 
temperature, deg F, deg R 
time, hr 
phase lag of temperature wave between two station 
points, radians 


“AN 


distance between two thermocouple-station points, ft 


INTRODUCTION 


At present there is a great need for accurate data on thermal 
conductivity k, and thermal diffusivity @ = k/(pCp), of metals in 
the temperature range from 1000 to 2000 F. Since the strue- 
ture of metal is not stable at these elevated temperatures the 
Most of the 


present data were obtained on metals which had been maintained 


measurements should be made as rapidly as possible. 


at elevated temperatures for periods of hours or even days. 

For heat flow in homogeneous isotropic bodies in which there is 
no energy generation the following simplified equation approxi- 
mates the conditions 


eT 
Oy? 


oT 
Or? 


oT 
oT 


[1] 


Although @ is a thermal property it is defined without heat or 
temperature units (length?/time). Thermal diffusivity is a fune- 

!The material contained herein was used by G. FE. MeIntosh in 
partial fulfillment of requirements for PhD degree at Purdue Uni- 
versity. 

2(ryogenics Engineering Laboratory, National Bureau of Stand- 
ards, Boulder, Colo. Formerly, Westinghouse Research Fellow in 
Mechanical Engineering, Purdue University. Assoc. Mem. ASME. 

* Principal Development Engineer, Oak Ridge National Laboratory, 
Oak Ridge, Tenn.; formerly, Assistant Professor of Mechanical 
Engineering, Purdue University, Lafayette, Ind. Mem. ASM®. 

4 Professor of Mechanical Engineering, Purdue University. Assoc. 
Mem. ASME. 

Contributed by the Heat Transfer Division and presented at the 
Fall Meeting, Rochester, N. Y., October 5-7, 1953, of Tue American 
Society of MecHanicaL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
November 6, 1952. Paper No. 53-—F-3 
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Diffusivity 


By G. FE. McINTOSH,? D. C. HAMILTON,? ano W. L. SIBBITT* 


Measurements of Thermal 


4 
= * 


tion of state and is usually defined as a function of pressure, 
temperature, and load stresses for unit temperature gradient in a 
given material. 

The direct measurement of thermal diffusivity has definite 
theoretical advantages. Since @ contains no heat term, the need 
for time-consuming and frequently inaccurate heat measurements 
In addition, some methods of measuring a dis- 
pense with most of the direct temperature measurements so that 
Since 


is eliminated 


the actual experimental technique becomes rather simple, 
a@ is a transient-state property, it lends itself to more rapid deter- 
mination than properties requiring steady-state conditions. Un- 
fortunately, the very rapidity of some of the methods for obtain- 
ing @ causes them to be unsatisfactory because accurate measure- 
oF Measuring THERMAL CONDUCTIVITY 


ments are difficult to make in the short time available 


The two common indirect: methods of determining thermal 
conductivities experimentally involve either heat flow or elec- 
trical measurements, 

Electrical Flow Methods in Metals 
is related to the thermal conductivity since both depend upon the 


The electrical conductivity 


presence of free electrons. This theory has been developed b, 
Lorenz (1).* 
conduction but it negleets the conduction component resulting 
Some attempts 


have been made to correct for the lattice component of heat con- 


The Lorenz relationship accounts for electronic heat 
from thermal vibration of the lattice structure. 
duction; however, the relationships for alloys are so complex 
that only qualitative results have been obtained. For metals of 
very high purity, such as special aluminum and copper, the re- 
sults agree with the Lorenz relation within about 4 per cent. 
The primary object of most of the research prior to 1935 was 
to correlate thermal and electrical conductivities. This work has 
been summarized by Hall (2). The data correlated by Hall and 
Austin (1) show that the Lorenz relations cannot be used to ob- 
tain precise values of thermal conductivities of alloys; however, 
the theory does allow relatively rapid and easy measurements, 
Heat-Flow Methods. Steady-state heat-flow if 
properly conducted, can be relied on to give accurate results, 


methods, 


Usually the test specimen is controlled to allow only steady-state 
unidirectional heat flow. The main errors occur in the measure- 
ment of the rate of heat flow since the heat flows in three diree- 
tions. Because of the lack of a perfect insulator and the dif- 
ficulty of controlling guard heaters it is impossible actually to 
obtain steady-state unidirectional heat flow. The errors in the 
measurements increase rapidly as the temperature level is raised 
above room temperature. 

When rods are used with axial heat flow the temperature 
gradients are small; thus it is not possible to study the thermal 
conductivity as a function of the energy gradient. If a radial- 
flow method is used, the difficulty of locating thermocouples in 
the specimen with sufficient precision introduces large errors 


Transient Meriops or Meascrinc Dirrusivrry 


The Forbes (2) bar method has been used to obtain accurate 
values of thermal diffusivity rapidly at high temperatures. Forbes 
determined the thermal diffusivity by the technique of matching 


§ Numbers in parentheses refer to Bibliography at end of paper. 
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| 
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= 

a 


40% 


two cooling curves at points of equal temperatures (as described 
by Forbes in 1868). A modern method of the same type is the 
system of moving heat sources which was proposed by Rosenthal 
(3) and tried experimentally by Rosenthal and Ambrosio (4 

Periodic Heat-Flow Methods. All of the periodic heat-flow 
methods have been based upon the mathematical theory of heat 
Angstrém (6) 
was the first investigator to report the use of the periodic heat-tlow 
He used a long rod and assumed a semi-infinite rod with 
He did not 
control the radial heat flow; consequently, he modified Fourier’s 


equation to obtain hes 


conduction as developed by Fourier (5) in 1822. 


method. 
a uniform cross-sectional temperature distribution 


cw? 

=a 


or oz? 


Angstrom alternately heated the end of the test specimen with 
a current of steam and then cooled it with cold water, using a 
period of 24 min. The diffusivity was calculated from the de- 
crease in temperature amplitude between two measuring stations. 

Neumann suggested that the diffusivity could be determined 
from the decrease in the amplitude of the temperature wave as a 
function of position along a finite rod, and Weber (7) applied this 
Weber alternately heated and cooled both ends of a finite 


where 


idea. 
rod. 

King (8) used a slight modification of the Angstrém method. 
King calculated the diffusivity from the phase lag of the tempera- 
perature wave between two measuring stations. The diffusivity 
was dependent only upon the wave shape as a function of time: 
thus it was not necessary to measure the absolute temperatures 
King used an ingenious heater to give a temperature wave as a 
cosine function; consequently, he measured only the elapsed time 
while the maximum of the temperature wave passed from one 
measuring station to another 

Starr (9) used a slight modification of King's method. 
sinusoidal heat-input wave was more complicated than King's 


Starr's 


but the purpose was the same. 
Of these various methods, only the Forbes bar technique has 
been applied to yield a significant quantity of acceptable data. 


Metuov AND APPARATUS 


The object of this investigation was to evaluate experimentally 
the periodic transient method of determining the thermal diffusiv- 
ity of metals. This investigation was initiated in February, 1949, 
and continued over a period of more than three years. 

In these experiments a long rod with controlled radial heat 
losses was used, Thus the equation for heat flow in one dimension 
was as follows 


or 
oT 


Fig. 1 illustrates an ideal situation in which the imposed tem- 
perature function is a sine wave. A marked change of tem- 
perature amplitude from 4, to 4 is indicated and a 180-deg phase 
difference in the temperature wave is also evidem. By applying 
either of these experimental measurements to a solution of the 
partial differential equation for heat flow in one dimension, it is 
possible to calculate the thermal diffusivity (8, 9, 10, 11, 12). 
The phase angles at each of two measuring stations were deter- 
mined by a 48-ordinate harmonic analysis of the recorded 
temperature wave. [-quation [3] was manipulated to give the 
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Temperature Distrisution ALONG Semi-INnFinite Rop at 
Time FOR SinvsorpaL VARIATION aATZ = O 


Fig. 1 


Vacuum gage 
Temperature-varying heater 
7, Primary bath 


1, Recording milliammeters 

2, First thermocouple amplifier 

3, Second thermocouple ampli- 
fier 


4, Glass test enclosure Secondary bath 


hic. 2) Taermat Dirrusivity Apparatus 
following simple relation which was used in the actual caleula- 
tions of the thermal diffusivities (8, 9, 10, 11) 


Az 


ao) * 


The apparatus ts shown schematically in Fig. 2. The rod-type 
specimen (from '/¢ to '/¢ in. diam and from 6 to 24 in. long) was 
surrounded by radiation shields and suspended in an evacuated 
glass chamber. The complete measuring circuit consisted of two 
No, 36 chromel-copnic thermocouples which were spark-welded to 
the test specimen; then each thermocouple was connected to an 
electronic amplifier the output of which was recorded on a recording 
milliammeter. Both amplifiers were of the a-e type, employing 
60-cycle vibrators to alternate the input and rectifying tubes to 
reconvert to d-e output. Since the amplifiers gave full seale out- 
put with 0.0002 volts input, voltage-divider devices were used to 
buck all but the portion of the thermocouple voltage to be ampli- 
fied, 
corded; although the average recorded cycles had an amplitude 
of approximately 2 deg F. The time-temperature wave shapes 
were recorded on Esterline-Angus (0-5 ma) milliammeters 1, Fig. 
2. These wave-shape records provided the data for the har- 


Temperature amplitudes as smal] as 0.25 deg F were re- 


monic analyses 

The glass vacuum chamber 4, Fig. 2, was provided with a 71/60 
taper joint. The copper tubing for the heat-transfer fluid was 
held in place in the glass wall by Sauereisen cement No. 30 and 
The thermocouple seals 
A Zimmerli vacuum gage 


sealed with high-temperature varnish. 
were made with DeKhotinsky cement. 
was used for the pressure measurements. 

During the first phase of she investigation, an induction heater 
was used as the energy source for heating the specimens. This 
technique was discontinued in order to eliminate some of the dif- 
ficulties associated with “pickup” in the amplifiers. The pri- 
mary constant-temperature bath 7, Fig. 2, which with the evelic 
heater 6, Fig. 2, replaced the induction heater, was a standard 
type with a thermoregulator, electric heater, cooling coil, and a 
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circulating pump. The secondary constant-temperature bath 
served merely to provide coolant for the primary bath, The pri- 
mary bath maintained a constant temperature within the limits 
of +0.18 deg F. 

The temperature wave at r = 0 was provided by intermit- 
tently heating the oil as it Was pumped from the primary constant- 
temperature bath. The temperature of the oil was increased 
about 10 F by the eyelie heater 6, whieh was controlled by the 
timing switch. 


(OPERATION 


The operating procedure was simple. After the vacuum pump 
had been in operation for a period of over 1 hr, the other com- 
ponents were turned on at approximately 15-min intervals as 
follows: Bath controls and circulating pumps, timer for cyclic 
heater, amplifiers, and then the recording milliammeters. Wave 
shapes were recorded for only six to twelve of the 105-sec eycles. 


RESULTS 


It was possible to make a complete thermal-diffusivity deter- 
mination in a period of 1 hr. Repeated measurements could be 
made in a period of 45 min. The maximum probable error of 
these measurements was +6.8 per cent. The principal source of 
error Was involved in the harmonic analysis of the time-tempera- 
ture data, The greatest experimental difficulty was associated 
with the maintenance of a steady flew of constant-temperature 
oil from the primary bath. Considerable time and labor were re- 
quired to analyze the data. 
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Specimens of Armco iron, titanium, zirconium, and Haynes 
Stellite No. 25 were tested at 456, 564, and 672 R. The ealeulated 
values of the thermal diffusivities are shown in Fig. 3. 


CONCLUSIONS AND Discussion 


A periodic heat-flow method can be used to make determina- 
tions of the thermal diffusivities of metals with an accuracy of 
about 5 per cent. 
period of 1 hr after the specimen has attained the mean tempera- 


The neces- 


The experimental data can be obtained in a 


ture level at which the experiments are to be made. 
sary apparatus is complex and expensive and the detailed analysis 
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of the data is dificult. The method is not sufficiently accurate 
to study the influence of temperature gradient or mechanical 
strain on thermal conductivity. 

The work recently reported by Sidles and Danielson (12) con- 
firms these conclusions. Sidles developed a new modification of 
this method and he measured diffusivities at temperatures to above 
1000 F. 


cent at 32 F and within ea 10 per cent at 400 F. 


He estimated his measurements to be within ca 0.25 per 


Starr (9) claimed a very high aecuracy of +0.06 per cent. How- 
ever, he tested only one brass rod the conductivity of which was 
known to within ea + 5 per cent 

The Forbes bar method remains as the most promising tech- 
nique for obtaining reliable values of thermal diffusivities at high 
temperatures in a short interval of time. The experimental deter- 
minations can be made in a period of 10 min after the specimen 
has attained the mean temperature level. Since an accuracy of 
better than 1 per cent can be obtained, the Forbes bar method 
ean be used to study conductivity-temperature gradient or con- 
ductivity-strain relations 
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Discussion 


G. C. Dantetson,® P. H AND G. J. Pearson.£ The 


purpose of the investigation reported in this paper was to evalu- 


SIDLEs,* 


ate experimentally the periodic heat-flow method of determining 
the thermal diffusivity of 
this method was inferior 


metals. The conciusions were that 
to the Forbes bar method from the 
standpoint of accuracy and the rapidity with which data could 
be obtained and that the Forbes method is to be preferred for 
studying thermal conductivity versus temperature gradient or 
thermal conductivity versus strain. We would like to discuss 
these conclusions. 


Both the Forbes bar and the periodic heat-flow methods re- 
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quire an equilibrium condition before data can be taken. The 
time required to attain this equilibrium is long compared with that 
Therefore the 
total time required for one thermal-conductivity determination 
is essentially the same for each of the two methods. 


required to actually take the necessary data. 


To the best of our knowledge, no Forbes bar technique has 
been used to measure thermal conductivity at high temperatures 
with an accuracy of better than 1 per cent as was stated by the 
authors 
with a quote from a paper by Stewart to the effect that Ang- 
strom’s method (a periodic heat-flow method) should be adopted 
Hogan and Sawyer’ in a 


Hall’ concludes his discussion of the Forbes method 


in preference to the Forbes method. 
recent study using the Forbes bar technique fail to indicate any 
accuracy for their measurements, stating only that the assump- 
tions made in deriving the theory would cause an error of less 
than | per cent for the samples they measured, 

When one considers that periodic heat-flow methods permit 
the necessary data for a thermal-conductivity determination 
to be obtained simultaneously from a single sample while Forbes 
bar methods require either separate experiments on the same bar 
or simultaneous experiments on different bars, one concludes 
that the periodic heat-flow technique is inherently more accu- 
rate. It has been our experience that this conclusion is correct. 

As was pointed out in a recent report by Sidles and Danielson,’ 
experiments of the periodic heat-flow type which required two 
separate experiments for one determination of thermal diffusivity 
were definitely inferior to the technique developed by the writers 
and described in that report’ in which all necessary data were ob- 
tained simultaneously on a single sample. It should be pointed 
out that the large errors reported at 400 C were not caused by 
inherent difficulty with the method but by the decreased sta- 
bility of the sample at that temperature 

In view of the results of previous studies of thermal conduc- 
tivity versus strain it is quite evident that accuracies of considera- 
bly better than 1 per cent are required for studies of this type. 
Bridgman,'® in «a study of seven different metals, found effects 
of tension on thermal conductivity ranging from about 0.39 per 
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cent for a 2050 kg/cm? load in Fe to 0.015 per cent for a 770 kg/ 
em? load in Pd 

We would like to point out that neither the periodic heat flow 
nor the Forbes bar method seems to be well adapted for studying 
relations of thermal conductivity versus strain. The difficulty 
inherent in both methods is that each requires an equilibrium 
condition which would be altered by straining the sample. Meas- 
urements of the afterstrain conductivity can be made only after 
waiting for this equilibrium condition to prevail. During this 
period of time, annealing will take place, thus partially erasing the 
effect on conductivity caused by the strain. A suitable method 
for measurements of this type should be free from this difficulty. 

We wouid like to propose that a technique similar to the moving 
heat-source method of Rosenthal and Ambrosio" might be useful 
for measurements of this type. A sensitive amplifier-recorder 
system and very small heat pulses would be used. A determi- 
nation of the before-strain conductivity would be made and the 
sample allowed to return to equilibrium with the ambient tem- 
perature. The sample would then be strained and the heat 
along the 

The distinction 


source immediately moved 


the 


sample to measure 


afterstrain conductivity. between this 


proposed technique and both the Forbes bar and the periodic 
heat-flow technique is that here only a temperature equilibrium 
is required and that this equilibrium would not be altered by 
straining the sample as would a temperature-gradient equilibriun 


or a periodic heat-pulse equilibrium. 
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The authors thank Messrs. Danielson, Sidles, and Pearson 
for their logieal and unusually well-informed discussion. In 
view of the broader experience of this group, the authors wish 
only to clarify their stand on the Forbes method of determining 
thermal diffusivity 
If experimental error is the criterion, a method requiring one 
experiment, such as the authors used, is superior to the Forbes 
method, which requires two experiments, only when the total 
error of the two experiments is greater than the error from the 
the 
maximum theoretical error in their experiments (6.8 per cent) 


single experiment. It was the authors’ experience that 
was considerably greater than could be expected for similar 
This finding, plus the simpler 
apparatus required for the Forbes method, provides the basis 


Forbes method experiments. 


for the authors’ recommendation. 
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Thermal Lags in Flowing Systems 


Containing Heat Capacitors 


By J. W 


Fhe method of procedure to find the thermal lag in 
systems, such as heat exchangers and pipes, is shown and 
the case of the parallel flow heat exchanger is partially 
treated. The Laplace transformed solutions are presented. 
An equivalent treat ment of the counterflow heat exchanger 
is given in the Appendix. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


, dimensionless 
rh 
m 


br 


inverse time constant in fluid exponential temperature 
input funetion, 1/hr 

amplification constant in fluid exponential temperature 
input function, dimensionless 

film coefficient of heat transfer between fluid and tube 
material, Btu/(hr)(sq ft)(deg F) 

Bessel function of first kind 

integer (0, 1, 2,: x 

length of tube or pipe, ft 

Laplace transform variable, 1, ft 


), dimensionless 


pressure, Ib sq ft 

variable upper limit of integration in a function, dimen- 
sionless 

radius of tube or pipe, ft 

gas constant, ft/deg F 

Reynolds number, dimensionless 

variable in a function, dimensionless 

temperature, deg F 

temperature of inner fluid at any distance and time, 
u(r, 0), deg F 

transformed temperature of inner fluid, 


0 

temperature of outer fluid at any distance and time, 
8), deg F 

transformed temperature of outer fluid, 


Py dr, (ft (deg F) 
0 
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= mass flow rate of fluid, lb/hr 
= axial distance from fluid inlet station to any section 
along tube or pipe, ft 
temperature of tube or pipe material at any distance 
and time, y(z, 0), deg F 
transformed temperature of tube or pipe material, 


f, e dz, ({t)(deg F) 


variable of integration, dimensionless 
absolute viscosity, Ib/(sec )(ft) 

density, Ib/cu ft 

time, hr 

thermal conductivity, Btu/(hr)(ft)(deg F) 
variable of integration, ft 


Subse ripls: 


= refers to fluid outside tube or pipe 
= refers to fluid inside tube or pipe 
= refers to inside surface of tube or pipe; also refers to 
fluid inlet condition at tube entrance (7 = 0) 
refers to tube or pipe material 
refers to constant pressure 
refers to outside surface of tube or pipe 


INTRODUCTION 


Problems involving the thermal lag in gaseous-fluid? systems 
containing heat capacitors, such as heat exchangers and pipes, are 
continually arising in aeronautical, chemical, and mechanical 
applications where “‘temperature control” is necessary. The con- 
trollability of the fluid discharge temperature from a system is a 
direct function of the thermal lag of the system; viz., if a length 
of pipe connects a fluid source to a sink, the controllability of the 
fluid temperature at the pipe exit is a function of the thermal lag 
of the pipe. 

This paper presents a method for finding the thermal lag in any 
parallel flow system? which may be approximated by the simple 


svstem shown in Fig. 1, ie., a fluid flowing on each side of a 


The 
particular system of Fig. | can be considered as an element of a 
tube or pipe, in which and over which fluids are flowing. Thus 


cylindrical heat capacitor, the entire system being insulated 


? This analysis is applied to systems which employ only gaseous 
fluids (fluids in the vapor phase) and wherever the word “fluid” ap- 
pears it is understood to be a fluid in the vapor phase 

2A counterflow system, approximating a counterflow heat ex- 
changer, is considered in the Appendix 
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TRANSACTIONS 


this figure could represent an element of a single tube, with its 
proportion of total fluid flow, in a heat exchanger. Similarly, if 
there were no heat transfer to the fluid outside the tube, the 
system would represent a fluid flowing through an element of an 
This latter case is examined in detail since it is 
easily manageable and is frequently encountered in engineering 


insulated pipe. 


systems. 
Basic ANALYSIS AND ASSUMPTIONS 


Consider the elemental section of tube, dz in length, and corre- 
sponding fluid, at any time 8, as shown in Fig. 1. 
The following assumptions are made: 


1 The heat flow and temperature distribution are functions of 
both time and axial distance from the tube inlet. 

2 Both the inner radius and the outer radius of the tube are 
assumed constant, 

4 The tube material is homogeneous and isotropic; the den- 
sity and the specific heat are constant. 

4 The thermal conductivity of the tube material is constant 
in the axial direction; the thermal conductivity of the tube ma- 
terial is considered infinite in the radial direction. 

5 There is no energy source within the tube material itself, 

6 The film coefficients of heat transfer between the fluid and 
tube material A are uniform and constant over the inner and outer 
tube surfaces for constant fluid mass flow rates, 

7 The specific heats at constant pressure of both the inner and 
outer fluids are assumed to be constant. 

8 The fluid pressure at any section is independent of time for 
both the inner and outer fluids. 

9 The heat transferred at any section due to the fluid thermal 
conductivity in the axial direction, within the fluid, is negligible 
compared to other heat transfers from the fluid at the same sec- 
tion, 


The inner fluid will be considered to be moving in the direction 
of positive « with a mass flow rate w,. If the outer fluid is flowing 
in the same direction as the inner fluid, the system is referred to as 
“parallel flow;” if the outer fluid is flowing in the opposite direc- 
tion with respect to the inner fluid motion, the system is referred 


to as “counterflow.”’ 

The characteristics of the fluid inside the tube will be designate | 
by a subscript f, while the characteristics of the fluid outside of 
the tube will be designated by a subscript a; subscript m will 
signify the characteristics of the tube material; u, v, and y are 
the temperatures of the inside fluid, outside fluid, and tube ma- 
terial, respectively, at any distance x and any time #. The inner 
and outer radii of the tube are r, and r, and the heat-transfer film 
coefficients between the fluids and the tube material are h; and h,, 
respectively. Density, specific heat, and thermal conductivity 
are p, ¢, and K, respectively. 

An application of the first law of thermodynamics, the Fourier 
law of conduction, and Newton's law of cooling to the element of 
tube material at any instant gives 

a(r,? — Pulm OY 


hy 


— O*%y 
or? 


The first law of thermodynamics and Newton's law of cooling 
applied to both the inner and outer elements of fluid at any in- 
stant give (see footnote 4, right-hand column ) 


Wl ps Ou 
Ox 


+ parallel flow | 
counterflow 


If the outer fluid flow rate w, is zero and there is a reservoir of 
outer fluid which provides for a heat loss from the tube through 
free convection, Equation [3] is no longer valid and is replaced by 


where 7, is the temperature of outer fluid and is assumed to be a 
constant. Hereinafter, all primed equations will represent this 
case of free convection to the outer fluid and will be shown for con- 
venience only. 

Now, defining the following Laplace transforms 


f, dz 
f, 0) dr 


J, e O) dr 


It is easily seen that 


e pr 


dr = 


8) 
~ py(0, 0) + 


u(0, 8) + pl’ 


dr = (0,0) + pV 
Multiplying Equations [1], [2], and [3] by e °*dz and integrat- 
ing between the limits of zero and infinity 
oY 0y(0, 8) 
Or 
+ Cpy(0, 9) 


A(Y 


V = *Ev(0, 0) + EpV 


Vv) =B8 


Y = Du(0, 0)— 


parallel flow 


counterflow 


*The first law of thermodynamics and Newton's law of cooling 
applied to the inner element of fluid at any instant give 


u 


= 
-y) — uyey = — Oz? 


But if the inner fluid is in the vapor phase 


> 


Then 
O(P;/R) 


Ol 
= 
From this relation and assumption (8) 
Also, from assumption (9) 


Therefore 


ou 
—y) = dz 


which is equivalent to Equation [2]. 
Similar reasoning may be applied to obtain Equation [3]. 


head 
= 
& 
» 
[a] 


RIZIKA—THERMAL 


or, in the case of free convection to the outer fluid (w, = 0) 
Mathematical 


(1) y(z, 0) = T, 
(2) u(O, 0) = Ty 


(3) v(0,0) = Ta 


oy(0, 6) 
4) 
Or 


= 0 


Nore 


2rr.h, 
TRANSFORMED SOLUTIONS TO PARALLEL FLow System WITH A 
Srep-Funcrion TEMPERATURE INPUT 

Now, consider the solution to Equations [la], [2a], and [3a] for 
a parallel flow system with a step-function temperature input. 
Physically this would correspond to the solution of the parallel 
flow heat-exchanger lag (neglecting the outer shell of the ex- 
changer) or the thermal lag of a fluid issuing from a pipe, the pipe 
entrance temperature of the fluid being a constant, 7',,. 


CT, + 
1 + Ep 
+ Dp 1+ Ep 1 + Dp 


(CT, + ACT 


1+ EP 


+ 
1+ Dp 
| 
or, in the case of free convection to the outer fluid (w, 
DT,, AT. 
1+ Dp p 


+ ACT, \p (CT, 


CT p 


+ 
1 + Dp 4 


CT .p 


DT ,, AET,; 
1 + Dp 1 + Ep 


LAGS IN FLOWING SYSTEMS CONTAINING HEAT 


AC 


= (0), from Equations [la], [2a 


CAPACTTORS 


TABLE L BOUNDARY CONDITIONS 
Physical 

T.» is initial tube material te:mperature (constant) at 
zero time and at any distance 

7; is inside fluid temperature (constant) at entrance 
or zero distance and at any time 

Tai is outside fluid temperature (constant) at en- 
trance or zero distance and at any time 


Heat transferred from end of tube at entrance to 
system is zero at any time 


These boundary conditions are shown graphirally in Fig. 2 


u(o,e)= T, 


v(0,e@)*Ty 


Fig. 2 


The boundary conditions for this system are given in Table | 
Combining Equations [la], [2a], and [3a] with these boundary 
conditions and solving the resulting differential equation for ¥ 


+ 


+ Ep 

A 
4 Kp 


|, and [3’a] with the boundary conditions 


DT,, 


l A 
4 
1 + Dp 1 + Ep 


case of free convection to the outer fluid (w, = 


DT ,, ADT,)p — AT. - [a 
(1+ A)Dp?+ Ap 


or, in the « 


! ” 
1+ B 


| 1 + Dp 


ADT ,)p 
(+A )Dp* + Ap 


. 
‘ 
= 413 
| 
Ad 
: 
= = 
>. 
|” 
= 

(CT 4 | | DT, AT, (CT, 4 

+ Cp? | + Cp* — A | 

1+ Dp 1 + Dp 

If the tube ther n the axial direction is assume to the following ; | ; 
| 
on 1 A 

p 

= 7 5’ 
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If the heat-transfer coefficient between the outer fluid and the 
tube, h,, is also zero, the 
sulated tube or pipe, both Equations [5} and [5’| reduce to 


p P 


A, B,C, D, and E are positive 
The inverse Laplace trans- 
forms of these solutions are the actual solutions for y(z, 8), the 
The solution for (x, 0), the initial 
basic equations, and the boundary conditions allow one to find 
u(r, 9) and o(r, 8), the fluid temperatures at any time and at any 


ease of a fluid flowing through an in- 


o 


In all the foregoing solutions, 
and are given constants of the system. 


tube material temperature. 


distance 


SoLuTION FoR CASE oF A Frowine, Wiru a Srep-Func- 
TION TEMPERATURE INPUT, IN AN INSULATED Pipe 


Now consider the case of a fluid flowing, with a step-function 
temperature input, in an insulated pipe. equation [6] was shown 
to be the transformed solution for this case 


The inverse trans- 
form of this solution® can be found : 


y = (T, 


where g is the Bessel function of the first kind, defined as 


Ow k + 
DB 
+ 1) 


Rearranging this expression, it can be seen that 


ty 


= | e 1 + 
. B (k!)*k + 1) 


B 
(kt)? e-*z* dz [7a] 


This is the solution for the pipe material temperature as a func- 
tion of both time and distance, is the initial tempera- 
ture of the pipe (for any 2 and @ = 0) and 7',, is the inlet tem- 
perature of the fluid (for 2 = 0 and any 8). 

Equation [1], for the case in which x,, and h, are both zero, can 
be stated in the form 


Thus, by taking the partial derivative of Equation [7a] with re- 
spect to @, substituting this and Equation [7a] into Mquation 


k 


where 7’, 


***Pourier Integrals for Practical Applications,’’ by G. A. Campbell 
and R. M. Foster, D. Van Nostrand Company, Inc., New York, N. Y., 


1948, p. 79, No. 654.2. 
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[1b] and rearranging, a relation for the fluid temperature can be 
found as a function of both time and distance from the pipe inlet 


B ( k 
= ¢ e~tz* dz... . [7b] 
0 


k 


An examination of Equations {7a} and [7b] reveals the sym- 
metry of these solutions and shows the eight first-order boundary 
conditions to be as follows: 


For the metal For the fluid 


yr, 0) u(x, 0) 
T, 
u(r, @ ) 


=0 


© ) 1 Ts 
T,,—T Ty 

9) Ty, — u(O, 6) 
Ty, Ty, —T, 

yf 6) u( @, 
T,.—T, 


=0 


It is interesting to note that the percentage temperature change 
is independent of the initial temperature potential, for both the 
fluid and the pipe material. This follows immediately from the 
linearity of the differential equations. Both Equations [7a] and 
temperature-time- 
Therefore the solutions for the fluid and pipe 
transient temperatures can be given in two simple dimensionless 


|7b| represent surfaces in a three-dimensional “ 
” 


distance’ space. 
plots for all systems in which a fluid is flowing, with a step-func- 
tion inlet temperature, in an insulated pipe. 
and 4. 


Such plots are pre- 

sented® in Figs. 3 

SoLuTION FOR Case oF FLuip FLowine, With AN EXPONENTIAL 
TEMPERATURE INPUT, IN AN INSULATED PIPE 


In a similar manner to the development of Equation [6] (the 
transformed solution for the case of a fluid flowing, with a step- 
function temperature input, 
formed solution for the case of a fluid flowing, with any tempera- 
ture input function, in an insulated pipe may be developed. This 
solution is 


y ‘ D 
Lp BO + Dp) 


Dp Dp 7 
0 


If an exponential temperature input function of the form 7 


in an insulated pipe), the trans- 


T,;, u(0, 6) 


Fo 9 


= Ge 


is assumed to exist in the fluid at the pipe inlet, the resultant 
solutions for the fluid and pipe temperatures, as functions of time 


and distance, can be shown to be 


* Tabulations of functions (y — To/Tyi — To) and (Ty — u/ 
Ty — Te) versus (6/B) and (2/D) for Figs. 3 and 4 were taken from 
the basic tabulations necessary for Figs. 5 and 6. 


—_ 


al 
z 
e 
ar 
| 2 du 
Sa DB 
0 
D 
J 
(We 
i 0 
| 
/, 
oo 
te 


a 

ot’ 


(0 

Oy 


3 - 
ne 


ons 


HEAT CAPACITORS 


7 


Zz 


WA 
/ 


L 


THERMAL LAGS IN FLOWING 


RIZIKA 


N 
¢ 
| 
ANS 
| 


@\k+1 
a\B) + 1) 


FB r a 


FB) 


>> 
= D 


r 
Ge G, ( r 
(J FR)D (kK! )? 


(1 FB) 


(k!)? 


0 


FB r - 


k=0 


It can readily be seen that if G = 0, Equations [10] and [10a] 
become equivalent to Equations and [7b]. In most engineer- t + 1) 
ing applications G = OorG = 1, It can again be noted that the k=0 


percentage temperature change is independent of the maximum 
temperature potential, for both the fluid and pipe 

Although a simple graphical representation cannot give the 
complete result of Equations [10] and [10a] for all systems, a 
dimensionless plot of either 
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0 cary? Je 

aS mn ersus 8, with q as a parameter, will reduce appreciably the arith- 
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metic solution time. These plots are presented’ in Figs. 5 and 6. 


NUMERICAL EXAMPLES 


Example 1. Consider the case in which 10 lb per sec of air at a 


temperature of —-100 F is introduced into an insulated 20-in., 
Schedule 30 XS pipe, originally at a constant temperature of 80 F, 


7 The tabulations of the functions 


om 


y 
/ ‘ te] 
— 
Lian 


versus 8, for Figs. 5 and 6, were carried out in the differential analyzer 
and IBM machines at the Massachusetts Institute of Technology, in 
connection with a fluid temperature-control problem analyzed by 
Jackson and Moreland Company, Consulting Engineers, of Boston, 
Mass., for the General Electric Company. 


w(r,? 


It is desired to examine the transient conditions for both the fluid 
and pipe metal temperatures at various sections down the pipe. 
Conditions of the problem are as follows: 


T, = 80F 

T,, = F 

= 10 lb/see = 36,000 Ib/br 
= 95in = 0.792 ft 

= 10.0in = 0.833 ft 

= 104 lb/ft 

Cm = 0.107 Btu/(lb) (deg F) 


From the text, “Gas Tables,’’* for air 


Cos = 0.24 Btu/(Ib) (deg F) 
uy, 100 107 Ib/(sec) (ft) 
kK, 0.012 Btu/(hr) (ft) (deg F) 


* Gas Tables,”’ by J. H. Keenan and J. Kaye, John Wiley & Sent, 
Ine., New York, N. Y., 1950, p. 34. 
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(TEMPERATURE IN 
‘ 
3 


TRANSIENT OF THE 
FLUID (u) AND PIP? METAL (y) 
T3VP2RATURES TO A STSP 
FUNCTION FLUID T3MP7RATURS 
INPUT (-100° F.) IN A 20-INCH, 
SCHEDULS 30 XS ( INITIALLY 
AT 80° F.), AT VARIOUS 
SECTIONS DOWN THE PIPE (FLUID 
PLOW RATE = 10 POUNDS P&h 
SECOND) 


® (TIME IN MINUTES) 


7) 


Thus : 7 fluid and pipe may be plotted in graphical form. These are pre- 


™ sented in Fig. 7 
Re = ( = ) ~8.05 * 10° Example. 2. Consider the case in which 5 Ib per sec of air with 


an exponential temperature input of 


from “Heat Transmission’? T — u(0, 6) 
rere fe = 
2r, is introduced into an insulated 20-in., Schedule 30 XS pipe, 
originally at a constant temperature 7',. Compare this transient 


0.02k, 


Thus fluid temperature response at a section 60 ft from the pipe en- 


Pe Pant trance to the transient fluid temperature response for a step- 

function fluid temperature input of = 

Therefore 


= 216.5 ft = 4.93 
From Figs. 3 and 4, values of (7',, u)/(T , — T.) and (y As in Example 1, it can be seen that 
may be obtained for various values of (8/B) and wy, = 5lb/see = 18,000 lb/hr 
(r/D). Thus the resulting transient temperatures of both the r, = 0.792 ft 


* Heat Transmission,”’ by W. H. MeAdams, McGraw-Hill Book r, = 0.833 ft 
Compony, Ine., New York, N. Y., 1942, p. 170, equation [4/]. = 104 lb/ft 
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TRANSISNT RESPONS3S OF FLUID TS) PTRATURE 
TO BOTH EXPONSNTIAL AND ST2P FUNCTION 
FLUID TSVPSRATUR? INPUTS IN A 20-INCH, 
SCHEDULES 30 XS PIP=, 60 PEST FROM THE 

ENTRANCS (FLUID FLOW RATE ® 5 
POUNDS P&R SSCOND) 


RXPUNENTIAL FLUID 
TEMPERAUTRE IN}UT 


, RESPONSZ TO AN EXPONENTIAL 


FLUID TENPSRATURE INPUT OF 
Tp, (0, @) “4.93 @ 
-e 


Trey - 


T,., - u (60, 6) , RESPONSE TO A STEP FUNCTION 


fi 


J SYPERATURE INPUT OF 
“a Try - FLUID T N 


ul(O0, 6) = Try 


@ (TIME IN MINUTES) 


= 0.107 Btu, (Ib) (deg F) 
0.24 Btu/(lb) (deg F) 
180 10-7 Ib/(sec) (ft) 
0.018 Btu/(hr) (ft) (deg F) 
2.22 X 10° 
1.26 Btu/(hr) (sq ft) (deg F) 


0.525hr 


Figs. 5 and 6 enable a plot to be made showing the transient re- 
sponses of fluid temperature to both exponential and step-function 
fluid temperature inputs. This plot, for a section 60 ft from the 
pipe inlet, is shown in Fig. 8. It should be noted that the per- 
centage fluid temperature response to the exponential tempera- 
ture input becomes asymptotic to the percentage fluid tem- 
perature response to the step-function temperature input and they 
are essentially equal at 


E ul 60, 4) ] 
= 0.05 


DIscUSSION AND CONCLUSIONS 


The method of procedure to find the thermal lag in systems, 
such as heat exchangers and pipes, has been shown and the case 
of the parallel flow heat exchanger was partially treated. The 
Laplace transformed solutions were presented in Equations [4] 
and [5]. An equivalent treatment of the counterflow heat ex- 
changer is given in the Appendix. 

A convenient method for finding the thermal lag of a fluid flow- 
ing, with a step-function temperature input, in an insulated tube 
or pipe was presented in the form of two plots, Figs. 3 and 4. If 
the temperature input of the fluid is an exponential function, the 
thermal! lag of the fluid or pipe may be found from Equations [10] 


Fig, 8 Exampie 2 


5) 


+ 


and [10a] with arithmetic simplifications being provided by Figs 
5 and 6. 

It has been shown that for the case of a fluid flowing, with a 
step-function temperature input, in an insulated pipe, the per- 
centage temperature change is independent of the initial tempera- 
ture potential, for both the fluid and the pipe at any time and at 
any distance from the pipe inlet. It also has been shown for the 
case of a fluid flowing, with an exponential temperature input, in 
an insulated pipe, that the percentage temperature change is in- 
dependent of the maximum temperature potential, for both the 
fluid and the pipe. 

Two numerical examples have been given. It seems, from the 
result of the latter example, that if the time constant of an ex 
ponential temperature input to the pipe is appreciably less than 
the time constant of the temperature response of the fluid at the 
pipe exit to a step-function input to the pipe, 95 per cent of the 
maximum temperature potential would be attained by the fluid 
at the pipe exit for the total system in the same length of time, 
with either an exponential or step-function fluid temperature in 
put. 

Analogously, for a heat exchanger followed by a long length of 
pipe, if the time constant of the temperature response of the fluid 
at the discharge of the heat exchanger is less than the time con- 
stant of the temperature response of the fluid, at the pipe exit, toa 
step-function input to the pipe, 95 per cent of the maximum po- 
tential, for the combined system, will be attained by the fluid at 
the pipe exit in the same length of time that the fluid at the pipe 
exit, considered separately with a step-function input, would 
take to attain 95 per cent of its steady-state value. Thus the 
temperature response of the fluid at the pipe exit to a step-fune- 
tion input to the pipe can be assumed to represent the tempera- 
ture response of the entire system, a relatively long pipe preceded 
by a heat exchanger, when the heat-exchanger thermal capacity is 
comparatively low. 
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Appendix 
Basic ANALYSIS FOR A COUNTERFLOW SysTEM 


Since a counterflow system contains boundary conditions both 
at the inlet (z = 0) and at the exit (z = 1), the Laplace trans- 
formation should be taken with respect to time 8, which physically 
extends to infinity, rather than distance z, which is finite. There- 
fore the transformations for this case are defined as 


V(r, p) 
0 

p) f 
0 

Vir, p) 
0 


Multiplying Equations [1], [2], and [3] by e740 and integrat- 
ing between the limits of zero and infinity 


e~ 
u(r, 


Pr, 


o*} 
+ BpY —C 


oz? 


[Ie] 


ov 
or 
Considering the counterflow system with step-function tem- 
perature inputs, the boundary conditions are given in Table 2. 
Combining Equations [le], [2¢], and [3c] with these boundary 
conditions, neglecting the thermal conductivity down the tube 
= 0 = C), and solving the resulting differential Equa- 
ea, 
| 
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TABLE 2 BOUNDARY CONDITIONS 
Physical 
T. is initial tube material temperature (constan* 
at zero time and at any distance 


Mathematical 
y(z,0) = T, 


Ty is inside fluid temperature (constant) at 
entrance or zero distance and at any time 


u(0, 0) = Tyr 


Tax is the outside fluid temperature (constant 
at entrance or distance equal to !/ and at any 
time 
Heat transferred from ends of tube equals 
zero at distances equal to zero and / and at any 
time 


vl, 0) = Ta 


oy (0, 0) 
or 
oy(l, 0) 
or 
Nore: These boundary conditions are shown graphically in Fig. 9 


e 
' 


ulo, @)= Ty, 

( *T, 
yl 0) 


Fie, 9 


The inverse Laplace transform of this solution is again the 
actual solution for y(z, 8), the tube material temperature. The 
solution for y(z, 8), the initial basic equations, and the boundary 
conditions allow one to find u(x, 8) and v(x, @), the fluid tempera- 
tures at any time and at any When considering « 
specific system, one is often interested in the temperatures only 
at the sections r = Oand = 1. In such cases it is usually ad- 
vantageous to make the substitution for z in Equation [5a] be- 


distance 


fore taking the inverse transformation. 
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ation of Transient Temperatures 


in Pipes and Heat Exchanger 


Numeric 


By G. M. DUSINBERRE, 


An interest has been shown in the prediction of transient 
phenomena in pipes and heat exchangers. The numerical 
methods for the solution of such problems exist in a 
general form in the literature, but it may be of service to 
research workers and designers to have these methods de- 
veloped into explicit iteration formulas and computation 


guides. This is done for a number of cases. 
NOMENCLATURE 
The following nomenclature is used in the paper: 2 


heat capacity of fluid within an element or sub- 
division of apparatus, Btu/F 

surface coefficient of heat transfer within an element 
of apparatus, Btu/hr F 

temperature change or temperature difference, deg F 

temperature (or transformed temperature ) 

heat capacity of a stream, Btu /hr F 

heat capacity of a wall within an element of the 
apparatus, Btu/F 

a finite interval 

time 

subscripts designating elements of a wall 

subscripts designating points in fluid stream at 
boundaries of elements 

of a 


designating a condition at end 


particular time interval bd 


superscript 


= 

INTRODUCTION 

This paper will be divided, like Gaul, into three parts. The 
reader will want to know, as soon as possible, whether the paper is 
likely to do him any good. Therefore, in the first part we shall 
state in general form a number of typical problems. If these are 
to one’s taste, then the proposed methods of solution, the results, 
and an estimate of accuracy may be of interest. These will 
appear in the second part. Finally, one may wish to check 
the assumptions and derivations, and these are given in the 

are 


Appendix. 
PRoBLEMS 


1 A metal tube, substantially insulated externally, has a 
specified initial temperature distribution along its length. A 
stream of fluid is introduced, at a specified mass flow rate, with 
the entering temperature specified in respect to time. The 

' Department of Mechanical Engineering, The Pennsylvania State 
College. Mem. ASME. 

Contributed by the Heat Transfer Division and presented at the 
Fall Meeting, Rochester, N. Y., October 5-7, 1953, of Tae AmeRIcaN 
Society oF MECHANICAL ENGINEERS. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 12, 
1953. Paper No. 53—F-6. 


cal Methods 
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temperature history of the fluid and of the tube metal is to be 
calculated. 

In the example which follows, the initial temperature of the 
tube metal is taken as uniform and the entering temperature of 
the gas is taken as constant. This is merely for comparison with 
another method of solution, and neither condition is a necessary 
restriction on the numerical method 

2 After the system of problem 1 has been in operation for 
The entering fluil 
temperature is again arbitrarily specified with respect to time. 


some time, the direction of flow is reversed. 


The mass rate of flow may be the same as before, or it may be 
different. (We do not here take up cases in which the mass rate 
of flow varies continuously with time Again the temperature 
history is to be calculated. 

The methods of this example may be useful for predicting the 
performance of valved or rotary regenerators 

3 A heat exchanger is operating under a specified set of condi- 
tions. A change is imposed on the entering temperature of one 
or both of the fluid streams, 
calculated. 

This analysis may be useful for predicting starting conditions, 
or lag effects in control problems, (Prof. W. A. Hadley of Colum- 
bia University has worked along this line 


The temperature history is to be 


SOLUTIONS 


1 For purposes of comparison we choose a problem offered by 
We have a 20-in. schedule 30X38 
This is initially at a temperature 


Rizika? in companion paper 
steel pipe of indefinite length 
of 80 F throughout. At time zero there is introduced a stream of 
air at —LOO F, at a mass flow rate of 10 1b per see. External heat 
transfer from the pipe is negligible. Other data are given as fol- 
lows: 

O S35 ft 

O ft 

104 Ib 

0107 
S03) Btu ft 


Outside radius 
Inside radius 
Weight per foot 
Specific heat of steel 
Surface coefficient of heat transfer 
We have to choose a convenient length of pipe as the element 
for analysis. We select 50 ft, subject to a criterion noted later 
Then we calculate certain quantities which are defined in the 
Appendix as follows: 


| 10 Ib /see 3600 see /hr 
8650 Btu/hr F 
Ww 104 lb/ft * 0.107 Btu ‘lb F 50 ft = 556 Btu/F 
H 8.03 Btu/hr sq ft F x 29 & 0.792 ft 5O ft 
2000 Btu/hr I 


We note that H = 2000 < 17300 = 21, so the choice of 50 ft 
as the unit element is satisfactory. 


0.24 Btu ‘Ib F 


A finite time interval is to be chosen to satisfy the criterion: 
Ar < W/H = 556/2000 = 0.278 hr. 
Ar = 


For convenience we choose 
5 min = '/y» hr 

?**Thermal Lags in Flowing Systems Containing Heat Capacitors | 
by J. W. Rizika, published in this issue, pp. 411-429 


Calcul 
= 
F = 
Viv = 
T= 
a,b = 
12s 
= 
i 


TRANSACTIONS 


q 


SUBDIVISION OF A PIPE 


Fic. 1 


We now write two working equations which are derived in the 
Appendix 


4000 
19,300 


15,300 | 
19,300 
0.207 t, + 0.793 t, 

HAr 


(1 | 
° 2W 


= 0.700 t, + 0.150t, + 0.150 


a 


HAr 
ow to 


For purposes of illustration we shall calculate only three ele- 
ments of the pipe, or 150 ft. It will be apparent how the caleula- 
tion can be extended to any greater length that may be desired. 
Fig. 1 represents schematically the pipe divided into 50-ft ele- 
ments, At the beginning of a finite time interval Ar, the entering 
temperature of the air is 4; at the end of an interval itis t’;. The 
average temperature of the wall, taken as existing at the mid- 
point of the element, is (, at the beginning and t’, at the end of an 


TABLE 1 

0 793 

0 207 


ee!) & 


On 


r/Ar 


14) 


180 


180 
180 
180 
180 
180 
180 


This is the mean value for step change 
These are the initial values for wall 

iis is 9O times coefficient above, 0.793 
This is 90 times coefficient above, 0.150 
This is ta (=O) times coefficient above, 0.700 
This is fa times coefficient above, 0.207 
This is sum of (3) and (6), which gives t 
This 
This is & times coefficient above; 
The sum of (10) and (12) gives ft 
From here on we use actual value of ¢; 
The suru of (4), (5) 
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interval. The same scheme of notation applies to the other ele- 
ments of the pipe. 

According to the first equation, given 4 and ¢, at any instant, 
we can calculate t; at that instant. This presupposes that changes 
in the air temperature take place in a very short time as com- 
pared with the interval Ar. (For explanation see Appendix. ) 

According to the second equation, given ¢,, 4, and t at the be- 
ginning of an interval, we can calculate t’, at the end of that inter- 
val. 

With subscripts changed, these equations can be applied at any 
element of the pipe, over any particular time interval. Thus, by a 
succession of arithmetical operations, the entire temperature his- 
tory can be calculated for as long a period as desired. We must 
not expect the results to be too accurate near the origin of a dis- 
turbance, in time or space, because this would be like using too 
few terms in evaluating a series. If accurate results are required 
in such a region, we must use a closer subdivision in space and 
time, 

The actual calculation is best done in a tabular form. First we 
set up a table of coefficients from the formulas. This is shown 
at the top of Table 1. For convenience, a transformation is used, 
so that the quantities actually calculated are 80 F —t. Then the 
initial temperature of the pipe is shown as 0 F and the entering 
temperature as 180 F. But at time zero, the entering-air tempera- 
ture is assumed to change instantly over a range of 180 deg F. In 
the numerical analysis we use the mean value at this instant, and 
the constant value thereafter. Then the appropriate equations 
are applied successively, as shown in the table. 


CORPPFICLENTS 


0.793 
0,207 


0.150 
0.700 
0 150 0.150 
0.700 


0.150 


TEMPERATURES 


56(10) 
O(12) 


56(13) 


is ty times coefficient above; same for (9) and (10) 
same for (12) 


and (8) gives (‘a which becomes a new fa, and the calculation is continued 


4 
=)! 
2 = - 
b 
a 
44 
OO) 1438 O11) 0 96 
4 27 22 18 
180 67 157 53 135 43 
47 143 37 129 30 116 
24 20 20 17 17 14 
3 163 81 146 67 130 
136 171 12000 161 106 M900 
6 148 174 134 166 120 157 
162 177 153 172 142 166000 - 
; ? 167 178 160 174 150 169 
le 
(7 - = 
(8 
qi 
(14 
(15 
= 
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DUSINBERRE—TRANSIENT TEMPERATURES IN PIPES AND HEAT EXCHANGERS 


TABLE 2 COMPARATIVE RESULTS OF PROBLEM 


Air temperature at 150 ft Wall temperature at 100 ft | 
Time, min Dusinberre Rizika Dusinberre 


6 
| 


Fic. 2) Suspivision or Dousie-Pire ExcHaNncer 
TABLE 3 COEFFICIENTS FOR REVERSED FLOW 
1 a 2 b 3 e a (6) Write in the temperature distribution in the wall at the 
0.793 0.150 
0.207 0 700 
0.793 0.150 
0,207 


instant of reversal 

(c) Write in the new entering-air temperatures and proceed 
with the arithmetical work 

(d) Repeat steps (b) and (¢) for each necessary value of the time 
of reversal. All quite easy and simple. 


0.150 
0700 ~ Kis 
0.150 

In Table 3 we assume that the reversal occurs 45 min after the 

start, or 9 intervals of Ar, and the temperatures are calculated for 
TEMPERATURES FOR REVERSED FLOW the succeeding 15 min 

67 Asa more complex problem, let us calculate the temperature 
31 history in a counterflow double-pipe exchanger where both inner 
and outer pipes have an appreciable heat capacity. Not to intro- 
duce too many effects at once, let it be assumed that the outer 
pipe is externally adiabatic. Initially, both streams are at the 
same temperature, say zero, At time zero, the entering tempera 
ture of one stream is suddenly raised to 100 F and maintained at 
that value. (But, as before, any arbitrary temperature distribu 
tion and any arbitrary temperature change at entrance can be 

written in with equal facility. ) 

We assume that the exchanger is made of I'/y-in. and 2-in 
schedule 40 pipe, 30 ft long, and we decide to use a 10-ft length aa 
the element for analysis. The system is indicated in Fig. 2) Omit- 
ting here the detailed calculations, we arrive at the following 
quantities: 

Rizika? uses this same problem as an example. His results are 
For the (hot) stream inside the inner pipe 

an analytical solution. Some of these, with the corresponding re- Vo= 12,000 Btu/hr F 

sults from Table 1, are shown in Table 2. It will be noted that For the part of this stream within an element 


obtained by picking off values from a family of curves obtained by 


the discrepancy between the two solutions is on the order of 2 C = 6.5 Btu/F 
per cent of the range, after the first few points. 

2 After the system has been in operation for some time, let us 
suppose that the direction of flow is reversed, air being intro- 


For the outer stream 
r = 9000 Btu /hr F 
ec = 5.15 Btu/F 


duced at the 150-ft point, at the same mass-flow rate and at a 
For the inner and outer pipe walls within an element 


temperature of 80 F. The heat-transfer coefficient is assumed 
unchanged. It is required to calculate the temperature history W = 2.5 Btu/F 
following this reversal. w = 4.0 Btu 

It should be noted that an analytical solution of this problem For convection from inner stream to inner pipe, within an 
would be extremely difficult, and it would hardly be possible to gjoment 
precaleulate curves for all the situations that might arise. The H = 23500 Btu/hr F 


ing steps e required: . 
following steps would be required For convection from outer stream to inner pipe, within an 


(a) Find an analytical expression for the existing temperature — element 
distribution at the moment of reversal. h = 4500 Btu /hr F 

(b) Introduce this equation as a boundary condition for solu- For convection from outer stream to outer pipe, within an 
tion of the differential equation element 

(¢) Solve the differential equation. k = 5500 Btu/hr I 


(d) Evaluate the solution at a sufficient number of points to a 
plot the results We write the convergence criteria - 


(e) Repeat this entire process for each new set of boundary con- H = 3500 < 2° = 24,000 
ditions , h+k = 10,000 < 2r = 18,000 
However, with the numerical setup, only the following steps or 13 
are required: Ar< ~ = : — hr = 1.7 sec 
2V +H 24,000 + 3500 
(a) Write a new table of coefficients for the reversed flow, as 
shown at the top of Table 3. If the rate of flow is also changed, po ze 10.3 


= 1.33 corr 
the coefficients must be recalculated, but this is easy, ied »+h+k 18,000 + 10,000 sa 


423 
5 ~26 —19 63 se 
10 ~40 ~36 22 32 
25 —68 —69 BB 
40 — 83 2 3 4 
. 
=: 3 
. 
- 4 
a 
é 
4 
oo. 4! 
| 
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balance equations are developed, analogous to those already used 
Substituting in these, we get 
» = 0.438 + 0.150 + 0.412 
k 5500 : = 0.216 t + 0.243 ta + 0.297 ty + 0.244 ts 
= 0.250 t + 0.250 ty + 0.194 + 0.194 t + 0.112 ty 
= 0.191 & + 0.191 ts + 0.618 ty 


Ar « 


We choose Ar = 1 sec = '/su hr. In the Appendix, heat- 


I-quations for other elements follow by change of subscripts 
There are no “‘current’’ temperatures in this calculation. The co- 


efficients are written into the operations guide, and temperatures 
are calculated as shown in Table 4. Some of the results are 


plotted in Fig. 3. 
This system is tending toward a steady state in which, ap- 


proximately, t¢ = 68 and ts = 43. 

It might be felt that rounding-off errors would tend to become 
serious in 4 calculation of this sort, but actually they tend to com- 
pensate one another. To demonstrate this, the entire calculation 
was done over using one decimal place, and the results are shown 


° 


EMPERATURE 


on the last line of the table. 


Appendix 


We shall first analyze the left-hand element of Fig. 1. The 


mass-flow rate times the specific heat of the fluid is V Btu/hr F. 
The heat capacity of the fluid momentarily in the element is C 
Btu/F. The heat capacity of the wall within the element is W 
TIME - SECONDS Btu/F. The conductance between the fluid and wall is the area 

TeMPERATURES IN AN EXCHANGER times the surface coefficient, HW Btu/hr F. 


TABLE 4 COEFFICIENTS 
a 2 f 7 b 3 ; c 4 
104 0.438 
0.191 
0.150 
O 412 0.194 0.438 


4 
243 
0.243 0.112 0.150 \ 


@ 0 216 0.250 0.191 4 25 0.191 =: 
4 0.150 
0.412 
0.618 


TEMPERATURES 
0 


=: 
a T, 
Fan? = Ta 
VA | 
WOH 
1 
4 
0 0 0 0 0 4 0 0 0 0 
100 0 10 22 0 
2 100 2 24 0 0 4 10 0 
0 19 44 0 1 il 24 2 = - 
3 100 6 33 71 0 i3 29 0 2 4 0 
9 “4 0 31 0 0 6 3 0 
N 2 5 3 0 2 0 
4 100 0 a9 78 1 3 21 45 O- 0 7 15 0 0 
5 100 12 41 6 27 = 2 13 27 0 0 
100 15 45 84 8 32 63 17 38 0 
7 100 18 46 12 35 68 5 22 0 
8 100 20 48 10 4 38 71 6 25 52 ‘ 
® ” 100 23 nO 6 13 16 il 73 ne 8 29 56 2 ) 
. 10 100 24 52 87 15 17 42 74 o 100 30 59 3 0 1 
; | 10 100.0 24.9 51.3 86.9 15.4 17.2 414 73.5 88 9.5 30.1 58.8 3.0 0 
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If small changes can be taken as linear, the mean temperature 
difference between fluid and wall is 
4 t’, 4 ts te 4 
‘+t tee 


As an approximation we can use the initial difference 


ti+h 
2 
The effect of this approximation will not be serious because the 
primed quantities will be used in the sueceeding time interval. 
Then the heat flow by convection is taken as 
a= 

On the linear assumption, the change of temperature of the 
fluid passing through the element is (4, + t'; — t t’,)/2, and 
approximately, it ist; — t. Then the heat given up is 


t.)VAr 


Qe = (t (2] 


The change of temperature of the fluid within the element is 
+ t, — t'; — t’,)/2 and, approximately, it is — Then the 
heat given up in this way is 


Q = (t 


By heat balance, Q@, = Q, + Q., so 


4 
2 


From this we get the explicit equation 


te 
-t) HAr = (t, —t.)VAr + (t 


In this equation, for convergence, all the coefficients should be 
positive. So we should choose the system size and the time inter- 
val to satisfy the following criteria 


16! 


If C is small in comparison with V, it may be inconvenient to 
observe the condition of Equation {7}. But if C is very small, it 
may be ignored. Then from Equations [1] and [2] we get 


HAr = (t; —t)VAr 


9 
n)' 


The time interval 
and the primed symbols do not appear. The assumption is that 
the fluid temperature changes in # very short time relative to 
Ar. 

It will be noted that ¢’;, although it is assumed to be a known 
If only the 
assumption of linearity is made, some rather complicated equa- 
tions result, in which t’; appears with a negative coefficient. The 
author believes, with Southwell, that in numerical calculations it 
is better to use the simplest working equations and reach the de- 


This equation was used in the first problem. 


The only criterion is Equation {6}. 


quantity, does not appear in the working equations. 
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sired degree of precision by a close subdivision, than to adopt 
complex equations for the sake of obtaining high precision with a 
crude network 

The heat flow by surface convection can be equated to the heat 
stored in the wall, thus 


406 (' 
(: 
Ww 


This gives the criterion 


+ te 
t.) = (t', —t,)W 
2 


HAr HAr 


which was observed in the first problem. 

When a step change of temperature is imposed on a system, 
the rule in numerical caleulation is to use the mean value at the 
instant of the change. This was done at point 1 in the first prob- 
lem, at point 4 in the second problem, and at point 1 in the third 
problem. 


Referring to Fig. 2, in the third problem the equation for the 
outer stream, corresponding to Equation [5], i 


‘ aa h 
= 


with the criteria 


= 
The equations for the walls are 
h+H hAr 
( Ar it, 
2u 


HAr 


The criteria are 


(19) 

This completes the equations used in the example probleme 
In conclusion, a few additional situations will be mentioned with- 
out writing the equations at length. 

Ifa single heat capacity will represent the wall adequately, but 
if the latter has an appreciable therraal resistance, then half this 
resistance may be added to the surface resistance on each side. 

If the thermal resistance of the wall is appreciable and if in 
addition it has a relatively large heat capacity, then it may be 
necessary to subdivide the wall into layers, assigning a proper con- 
ductance and heat capacity to each layer. 

We have seen that with a gas flowing in a heavy tube, it may 
be possible to neglect terms such as C in comparison with terms 


: 
= 
= 
H 
H 
hAr 
/ + ty 
= 
H Ar 
ow ! {16 
ome 
W 
on h+H 
ane 2 
2V 
¥ 
=| 
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euch as W. With a liquid flowing in large thin-walled tubes, 
exactly the opposite may occur; the heat capacity of the walls 
may be negligible in comparison with that of the contained fluid. 
This would give a corresponding simplification and a greater per- 
In this case the two terms such as H 
The equations 


missible time interval 
thould be combined into an over-all coefficient. 
are readily written out. 

If the apparatus is arranged for parallel or crossflow instead 


of counterflow, the same formulas are used, solving always for 
the downstream point of an element and applying the iteration 
in the appropriate sequence. 7 


Discussion 
M. B. Coyie.* 
placing yet another tool for the solution of complex heat-flow 
The latest one is the 


Professor Dusinberre is to be congratulated on 


problems into the hands of the engineer, 
more Valuable in that it deals with problems that are particularly 
difficult to solve by other methods. He has packed a remarkable 
amount of information into this short paper, though the impor- 
It is, 


for example, rather alarming at first sight to read that if the 


tant Appendix suffers some loss of clarity in the process. 


value of C is so small that Equation [7] is difficult to satisfy, it 
may be disregarded, even though further thought shows the ad- 
vice to be perfeetly sound. 

The physical interpretation of the formulas (taking the first 


* Metropolitan-Vickers Electrical Co Limited, Manchester, Eng- 
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problem as an example) is presumably that Equations [5] and 
{11 | define two different types of transient, the first taking place 
as temperature changes in the fluid travel with the fluid down the 
pipe, and the second arising from thermal lag in the walls. The 
values of Ar derived from Equations [7] and [12] give the 
maximum values of the time interval which permit a detailed 
study of the corresponding type. The fact that one of these values 
may be small compared with the other means not that the effect 
of the corresponding transients will necessarily be small too, but 
that their duration will be relatively short. Should one type be 
so rapid that its detailed study is without interest, a ‘‘present 
value’’ equation like Equation [9] can be used which, while not 
ignoring the effect of the transients, implies that they occur in- 
stantaneously. The use of the small value of Ar is then unneces- 
sary. This is well shown in the first problem, Table 1, where the 
air temperatures at 7/Ar = 0 derived from Equation [9] repre- 
sent conditions after the sudden change in air temperature has 
passed down the pipe (which only takes about half a minute) and 
before the more gradual fall in wall temperature has properly be- 
gun. 


This author's failure to use words enough is an old and re 
grettable habit, so Mr. Coyle’s clarification is most welcome 
However, to say that Equations [5] and [11] define transients 
different in type, is less precise than to say that they describe 
events in different regions of the system under study, these re- 
gions being different in physical structure and behavior. 


i. Wall- Thickness Formula fo 


r High- 


Press sure, ature Piping 


Early in 1951 the Executive Committee‘ of the ASA B31 
Sectional Committee, Code for Pressure Piping, author- 
ized the formation of a Task Force® to try to resolve the 
differences in points of view on the criteria to be used in 
calculating the wall thickness required for high-pressure 
steam piping. After considerable study and discussion, 
this Task Force recommended to the Executive Committee 
the formula given in the following paragraph. Inasmuch 
as this formula has now been adopted* by the Power Boiler 
Section of the ASME Boiler Code, and has been approved 
by the Power Piping Committee of the ASA B31 Code for 
Pressure Piping, it was believed that the detailed work of 
this Task Force and, in particular, the development of this 
particular formula, should be published; that is the pur- 


pose of this paper. 
Wall-Thickness Formula 


The formula developed by the ASA B31 Task Force is as 


follows: 


130) 


y, ferritic steels 
y, austenitic steels 


. MICHEL,? A. W. RANKIN?! 


pd = minimum thickness’ 
28 + p= 

D = outside diameter 


S = Code 


internal pressure 


allowable S-value 


In this formula, y is a temperature-dependent parameter 
with the following values: 


1150 
and 
1100 above 


900 
and 
950 1000 


below 1050 


0.4 
04 


Temp F 


For values of y of 0.4, the foregoing formula reduces to 
the former ASME and ASA B31 Code formulas for caleu- 
lating the thickness of high-pressure steam piping. 


* To this thickness are to be added the current allowances for 


corrosion, threading, mill tolerance, ete 


NOMENCLATURE 
The following nomenclature is used in the paper: 


constants 
= constants 
= inside diameter, in. 
outside diameter, in. 
= principal strain in torsion test specimen, in. per in. 
F,F, 


symbols denoting functions 
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Section, Bureau of 


tric Co., 


Secre- 


Society. 


as divisor of criterion 
in Formula [28 ), 
AK is a temperature-dependent factor varying be- 
tween 1.00 and 1.15. 


constant in Bailey's estimate of strain ratio, dimen- 


adjustable constant used 


stress in evlinder, dimensionless; 


sionless 
exponent in power function expressing stress-strain 
diagram, dimensionless 
= internal pressure, psi 
= any radius of evlinder, in 
principal stress in torsion test specimen, psi = 
—d), in 
temperature-dependent parameter varying between 
and 0.7; 
angle of slope of straight-line stress-strain diagram, 
deg 


= 2/n 


minimum wall thickness = 


used in Formula [30} 


2r, any diameter of cylinder, in. 

principal strain in tensile test specimen, in. per in. 
radial strain in eylinder, in. per in 
tangential strain in evlinder, in 
test 


per in 


= strain tensile specimen corresponding to 


maximum shear strain in eylinder at any di 
ameter 6, when maximum shear strain in evlinder 
at outsides urface corresponds to vield strain €, 
in tensile test specimen, in. per in. 

yield strain in tensile test specimen, in. per in. 
exponent in numerical expression for A, dimension- 
less 

= Poisson's ratio, dimensionless 

= outward radial deformation of cylinder at any point 
r, in 

principal stress in tensile test specimen, psi 
equivalent stress, bi ased on some theory of creep or 


failure 


4 
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radial stress in cylinder, psi 
tangential stress in cylinder, psi 
average tangential stress, psi 
axial stress in cylinder, psi 


INTRODUCTION 


The caleulation of the stresses in pipe walls has been the sub- 
ject of a great many papers during the last one-hundred years. 
In particular, piping has been a fertile field for the application of 
various theories of failure, and also for the application of theories 
of high-temperature creep. The vast majority of these papers, 
however, have been of a mathematical nature only, and there are 
relatively few which have presented experimental test data on 
failure pressures, particularly at elevated steam temperatures. 
Unfortunately, it is at the higher temperature levels, where only 
few test data are available, that there is the greatest need for 
careful choice of pipe-wall thickness. It is self-evident that here 
the wall thickness must be edequate to protect against wall 
bursting, but to obtain this protection by overconservatism can 
itself lead to serious consequences. At modern steam pressures, 
temperatures, and mass flows, such overconservatism can im- 
pose a severe economic burden, and, in addition, a wall that is too 
heavy can adversely affect reliable operation due to the thermal 
stresses set up by temperature differences between the inner and 
outer wall surfaces during temperature transients. In naval and 
marine work, overconservatism imposes a heavy penalty in 
the additional weight of piping which must be carried, while for 
all installations the heavier piping results in difficult problems in 
expansion stresses which can themselves result in operational 
troubles if not solved correctly (1, 2).8 It is accordingly evident 
that this Task Force faced a problem requiring the exercise of 
considerable engineering judgment. 


EXPERIMENTAL Data 


The test data obtained by several investigators on the room- 
temperature yielding and bursting of tubes were summarized in 
the recent paper by Blair (3). The results of the bursting tests 


have been replotted in Fig. 1, and from this it can be seen that a 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper, 
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inside diameter 

outside diameter 

ultimate strength 
internal pressure at bursting 
wall thickness 


Fic. Room-Temeerature Tusviar Bursting Tests 


‘Comparison of calculated stresses by Formulas [2, 4, 15, and 26] with test 
data of Blair, Reference 3, and Davis, Reference 4.) 
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relatively wide range of D/t (outside pipe diameter/wall thick- 
ness) was covered by these tests. The D/t ratio varies from 
approximately 50 down to 4.5, and this covers the range of 
values encountered normally in steam piping. A series of com- 
bined-stress experiments on tubes was conducted by Davis (4), 
and the point from the Davis paper corresponding to the usual 
(approximate) piping-stress configuration in which the 
stress is one half the average tangential stress has also been re- 
plotted in Fig. 1. 

Other test data on room-temperature tests on tubes and pipes 
are available in the literature, but the results presented in Fig. | 
are sufficiently complete to furnish a reasonably sound basis for 
the selection of a wall-thickness formula at room and slightly 
elevated temperatures. At the higher operating temperatures 
of modern boilers and turbines, however, the only test data 
available are in the recent publication by Kooistra, Blaser, and 
Tucker (5) which presented experimental results on pipe bursting 
at 850 F and 950 F; these data are reproduced in Figs. 2 and 3. 
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Fic. 3) Same as Fic. 2, put at 950 F 

While the latter paper is a valuable contribution to the technical 
literature on high-temperature pipe bursting, the wall thick- 
nesses used, at least in the published results, were too small rela- 
tive to the diameter to be of unquestioned value in differentiating 
In Figs. 2 and 3 the bases 
of the arrows show the wall stress as calculated by the Common 
Formula [3], which is simply the average tangential stress based 
on the internal pressure and inside pipe diameter, while the tips 
of the arrows show the wall stress as calculated by the proposed 
wall-thickness Formula [30]. At 850 F, this latter formula du- 
plicates the modified-Lamé [2], which is the tangential stress at 
the inside sutface based on elestic-stress analysis, while at 950 F 
the proposed Formula [30] differs from the modified-Lamé [2] by 
only a small amount. The differences in calculated stress be- 
tween the tips and bases of the arrows are too small to furnish 
an unequivocal justification for either of the two Formulas [3] and 


between various wall-stress formulas. 
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(30), and accordingly these particular tests would also fail to 
differentiate unequivocally between most of the other wall- 
thickness formulas considered in this study. 


Wa i-Srress FormMuLAs 


During the course of this investigation, a total of thirty-one 
formulas were considered. Most of these formulas were taken 
from the technical literature,’ but several were developed em- 
pirically during the investigation. These thirty-one formulas are 
detailed in Table | where the first column gives the identification 
as used in this paper, the second column gives a brief description 
of the formula and its analytical or empirical basis, while the 
third column gives the formula itself. Some apologies are in 
order with respect to the proper names used in the identification 
column; these are simply the means employed by this Task 
Force to identify concisely the various expressions, and it is not 
intended to credit unduly those to whom reference is made nor to 
disparage those not mentioned who also may have been instru- 
mental in the development of a particular theory or formula. 
This Task Force is deeply grateful to the many persons who 
assisted in this study by suggesting formulas based on both 
theoretical grounds or empirical relations, and regrets that space 
does not permit a more detailed acknowledgment. 

NUMERICAL Strupies OF WaLL-Stress FORMULAS 

4 numerical evaluation was made of all thirty-one formulas by 

calculating the wall stresses given by each expression at 1000 psi 


internal pressure for D/t values ranging from 4 to 200 
The degree to which 


These 
calculated stresses are given in Table 2. 
the required wall thickness varies between the different formulas 
can be evaluated from Table 2, while the allowable pressures for 
specific Code S-values and D/t ratios are directly determinable, 
It should be noted that the results presented in Table 2 are the 
specific calculated stresses obtained directly from the various 
expressions; no modifications have been made to compensate for 
the fact that some formulas give average stresses, some give point 
stresses determined from elastic or plastic theory, and others are 
equivalent stresses based on some particular theory of failure. 

The relatively wide range in calculated stresses that is obtained 
with these thirty-one formulas is clearly shown in Table 2. At 
the lowest selected value of D/t = 4, the calculated stresses 
range from 1000 psi for the Common Formula [3] up to 2667 psi 
as obtained by the Guest Formula [7]. On the other end of the 
selected field, D/t = 200, the calculated stresses range from 
107,298 psi for the Meyer IT Formula [31] down to 76,538 psi for 
the Average Shear Expression [14]. It will be recalled that these 
are all calculated wall stresses at 1000 psi internal pressure; in 
all expressions, the wall stress varies directly with the internal 
pressure, 

One of the major purposes of this numerical investigation was 
to determine the range in values given by the various formulas 
and to place in separate groups those expressions which gave 
approximately the same results. If several formulas, irrespec- 
tive of the basis of their development, gave the same wall thick- 
ness (or calculated wall stress at 1000 psi internal pressure) 
within engineering accuracy, for D/t values within the range of 4 
to 200, that formula which was the simplest to use was con- 
sidered equivalent to all others giving the same approximate 
wall thickness and was used generally in place of the others in 
further This procedure was not intended as a 
rejection or criticism of the theories upon which the more com- 
plex expressions are based and should not be so construed; in- 
stead it simply recognizes the need for simplicity in Code caleula- 
tions of wall thickness. Since the primary aim of the Task Force 


discussions. 


* In particular, reference was made to (6) and (7) of the Bibliogra- 
phy. 
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was to recommend a pipe-wall-thickness formula for engineering 
design, simplicity of expression was an important goal, and the 
rejection of complex expressions in favor of simpler equivalent 
ones is understandable. 

Table 3 gives the equivalent groups into which the caleulated 
results of Table 2 have been rearranged; the close equivalence 
between a number of the formulas of Table 1 is evident from the 
groups of Table 3. In the latter Table 3, the first formula of 
each group is the simplest expression in that group. It should be 
noted in Table 3 that equivalence between formulas at low values 
of D/t was deemed of more importance than equivalence at large 
values of D/t; this point will be discussed more fully in the follow- 
ing section. 


DeveELorpMENT OF FormMu La 


The experimental data given in Fig. 1 are adequate to provide 
a reasonably firm foundation for the use of the modified-Lamé 
Formula [2] for room and slightly elevated-temperature opera- 
tion, Although the Average-Diameter Formula [4] and = the 
Blair Formula [15] both furnish closer agreement with the test 
data than the modified-Lamé [2], neither differs from the latter by 
any significant degree, even for relatively heavy-walled pipe. 
In particular, the slightly better correlation with the test data as 
obtained with the Average-Diameter [4] and the Blair [15] 
formulas is not sufficient to warrant discarding the modified- 
Lamé Formula [2] which has been used in engineering design for 
so many years, 

A particular point should be noted regarding the acceptance 
of the modified-Lamé Expression [2] for design at 
The 


[2] gives essentially the same results as the Lamé Tangential 


room and 
slightly elevated temperatures. modified-Lamé Formula 
Formula [1], and the former was introduced originally as an 
alternate for the latter because of its greater simplicity. The 
Lamé Tangential Formula [1] is based directly on elastic-stress 
analysis, but the recommendation of this Task Force to use the 
modified-Lamé Formula [2| for room and slightly elevated tem- 
perature does not imply an acceptance of elastic-stress analysis 
in the problem of pipe bursting. The modified-Lamé Formula 
{2} has been recommended solely because it agrees reasonably well 
with the available data on actual pipe bursting at the lower 
temperatures, 

In the elevated-temperature regions, the paucity of adequate 
test more difficult’ the 
criterion of pipe-wall thickness. The problems of creep and 


data made selection of a satisfactory 
rupture here assume dominant roles, while the intercrystalline 
breaks which oceur at high temperature render questionable the 
results of room-temperature bursting tests. In addition, with 
the Code allowable S-values determined by applying « factor of 
safety to the long-time high-temperature rupture stress (with 
which procedure the authors of this paper are in complete agree- 
ment), there is a reserve of strength in high-temperature piping 
which is not present in lower-temperature designs. With the 
current factors of safety on the 100,000-hr life, the true time to 
rupture is usually many times the planned equipment life, and 
moderate errors in design, fabrication, or operation will not re- 
duce the true life below the planned equipment life. In addition, 
for short misoperation, the ultimate 
strength is several times the long-time rupture strength. These 
reserves of strength, however, must be balanced against the more 
difficult problems which exist in piping designed for high-tempera- 
ture operation, as, for instance, the lower ductility at failure as 


periods of inadvertent 


well as the greater difficulty in holding the expansion stresses to 
acceptable values. 

Considering first the allowable creep strains, or creep rates, in 
high-temperature piping, it is a moot question whether such 


If one 


creep should be limited at the outer or inner pipe surface. 


2 


identification 


Lamé tangential 
(so-called Lamé) 


"Modified Lamé 


(Reference 8) 


Common 

(sometimes called the aver- 
age-stress expression) 
(Reference 9) 


Average—diameter 
(Reference 10) 


Barlow 
(Reference 9) 


Clavarino 
(References 6, 9, 11) 


Guest 
(References 6, 11) 


‘FABLE 1 


- maximum principal elastic stress due to 


APRIL, 


- 


TRANSACTIONS OF THE ASME 


FORMULAS FOR PIPE-WALL STRESSES | 


Description 
Lamé, the tangential stress at the inner sur- 
face. Equivalent stress, at inner surface, 


based on maximum stress criterion of failure 
and elastic stress distribution. 


Boardman’s approximation to formula I 


average tangential stress, based on inner 
diameter. 


pseudo-average tangential stress, based on 
average of inner and outer diameters. 


psuedo-average tangential stress, based on 
outer diameter. 


equivalent stress, at inner surface, based on 
maximum strain criterion of failure, elastic 
stress distribution, and a value of 0.3 for 
Poisson's ratio. 


=P 


equivalent stress, at inner surface, based on 
maximum shear criterion of failure and 
elastic stress distribution. 


Beltrami 
(References 6, 


9. von Mises 


(References 6, 11) 


10. Bailey—Nadai, 


(inner surface) 


(References 6, 12, 13) 


Bailey—Nadai, 
(outer surface) 
(References 6, 12, 13) 


equivalent stress, at inner surface, based on 


energy criterion of failure, elastic stress dis- 
tribution, and a value of 0.3 for Poisson's 


ratio. 
a? 
= 


equivalent stress, at inner surface, based on 
modified energy criterion of failure and 
elastic stress distribution. 


or 


equivalent stress, at inner surface, based on 
maximum shear criterion of failure, plastic 
stress distribution, and a power-function 
stress-strain diagram, 


Same as formula 10, except evaluated at 
outer surface. 
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identification 


Bailey-Nadai, 
(outer surface) 
(References 6, 12, 13) 


Creep-common-lI 
(Reference 14) 


Average—shear 
(References 7, 14) 


Blair 
(Reference 3) 


Bailey, 
(inner surface) 
(References 7, 16) 


Nadai, 
Ganer surface) 
(Reference 13) 


Nadai, 
(outer surface) 
(Reference 13) 


Same as (19, but evaluated 
for n=5 whereas (19) was 
evaluated for n =6 


Bailey -Nadai, 
(inner surface) 
(References 12, 13) 


RANKIN 


rABLE 1 (Continued) 
Description 


tangential stress, at outer surface, based on 
plastic stress distribution and a power func- 
tion stress-strain diagram. Note that this 
formula is identical with formula 11 since 
radial stress is zero at outer surface. 


approximation of formulas 11 or 12 for 


representative values of 8. 


an expression for average shear which utilizes 
an empirical relation that shear rupture 
strength is 65% of tensile rupture strength. 


equivalent stress, at inner surface, based on 
energy criterion of failure, a value of 0.25 
for Poisson’s ratio, elastic stress distribution 
(Lamé) for o, and g,, and average stress 
distribution (formula 3) for o, (‘‘Extended” 
strain energy). 


equivalent stress, uniform from inner to 
outer surface, based on modified energy 
criterion of failure, plastic stress distribu- 
tion, and idealized stress-strain diagrams. 


equivalent strain, at inner surface, based on 
maximum shear criterion of failure, plastic 
stress distribution, a power function stress- 
strain diagram for second-stage creep, and a 
ratio of diametral to tensile creep of 


OOF () | 


om stress, at inner surface, based on 
modified energy criterion of failure, plastic 
stress distribution, and a power function 
stress-strain diagram. 


Same as formula 18, except evaluated at 
outer surface. 


wo 


equivalent strain, at inner surface, based on 


maximum shear criterion of failure, plastic 
stress distribution, a power function stress- 
strain diagram for second-stage creep, and a 
ratio of diametral to tensile creep of 0.5. 
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PIPING 
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16. Beliaev-Sinitski a: 
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TABLE 1 (Continued) 


Identification Description Formula 


22. Same as (21), but evaluated 
for n=5 whereas (21) was 
evaluated for n=6 


Same as (10), but evaluated 
for n=6 whereas (10) was 
evaluated for n=5 


Boiler Code as published in Mechanical Engineering, 
(tubes, 1951) August 1951, page 673, with e taken as zero: 
note that this formula is equivalent to calcu- 
lating the wall thickness by the common 
formula and then increasing this thickness 
by 0.0135D, accordingly the calculated stress 
increases to infinity for thin-walled tubes of 


approximation of formulas 17 and 18 for 
representative values of m and n. 


Soderberg equivalent stress, uniform from inner to 

(References 17, 18, 19, 20) outer surface, based on modified energy cri- 
terion of failure, average, uniform stress dis- 
tribution for both 0, and g,, and ag, = 0.5 
(o, + ¢,). Approximation of the average of 
formulas 18 and 19 for representative values 
of n. 


27. Meyer I ; approximation similar to formula 25. 
(Reference 21) 


28. Burrows proposed by W. R. Burrows for use through 
(Reference 22) vi entire temperature range with K = 1.00 for 
: 850 F and below, K = 1.03 for 900 F, and 
' K = 1.15 for 950 F and higher. For K = 
hy ; 1.00, this expression is the same as Board- 
man’s formula 2 and approximates the result 
obtained assuming plastic stress distribution 
and the maximum shear criterion of failure; 
for K = 1,15, this expression is the same as 
formula 2 divided by 1.15, and as such 
approximates the result obtained assuming 
plastic stress distribution and the modified 

energy criterion of failure. 


an empirical formula designed to be inter- 
mediate between formulas 13, 21, 25, 26, 
27 and 28 (K = 1.15). 


— 30. General-I An expression for the entire temperature 
(Reference 23) range with y so chosen that at low tempera- 
eee J tures the expression reduces to formula 2 
while at high temperatures the expression 

reduces to formula 29 


Temp. 900 950 1000 1050 1100 1150 
y (ferritic) A 
y (austenitic) 4 .4 4 4 5 


7 
7 


approximation similar to formulas 
27, and 29, 


— 
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TABLE 2 FORMULAS FOR PIPE-WALL STRESSES; CALCULATED STRESSES PER 1000 PSI INTERNAL PRESSURE 


Values of Dt 100 200 


. Lamé Tangential PI 24,510 49,505 99,503 
. Modified Lamé 24,600 49,600 99,600 
Common 24,000 49,000 99,000 
Average Diameter 24,500 49,500 99,500 
Barlow ? 25,000 50,000 | 100,000 
Clavarino ‘ 21,284 42,529 85,027 
Guest : 25,510 50,505 100,503 
Beltrami | 24,266 | 48,619 | 97,346 
von Mises : 22,092 43,737 87,035 


Bailey-Nadai 
(n = 5, inner surface) J 24,697 49,696 99,701 


. Bailey-Nadaj 
(n = 5, outer surface) 3 24,301 49,322 99,256 


. Bailey-Nadai 
(n = 5, outer surface) 2 : 24,301 49,322 99,256 


. Creep-Common I : 24,200 49,200 99,200 
. Average Shear 18,846 38,077 76,538 
. Blair 24,331 49,323 99,317 
. Beliaev-Sinitski \ 21,198 42,884 86,178 
. Bailey (m = 2,n = 6, 

inner surface) 20,713 41,734 83,843 


. Nadai 
(n = 6, inner surface) 21,360 43,009 86,326 


. Nadai 
(n = 6, outer surface) : 21,071 42,703 85,915 


. Nadai 7 
(n = 5, outer surface) , 21,046 42,714 85,958 | 
. Bailey-Nadai 
(n = 6, inner surface) , 21,973 44,244 88,806 — 
. Bailey-Nadai 
(n = > inner surface) 21,500 43,263 86,795 _ 


. Bailey-Nadai 
(n = 6, inner surface) 24,664 49,662 99,681 — 
. Boiler Code 
(tubes, 1951e = 0) | 75,923 
. Creep-CommonII | 24,400 49,400 99,400 
21,218 42,868 86,170 


24,974 50,615 101,897 
. Burrows 
24,600 49,600 99,600 
23,884 48,157 96,695 
21,392 43,132 86,610 


29. Creep-Common III i 24,300 49,300 99,300 
30. General I 


CONAN S 


~ 
~ 


24,600 49,600 99,600 
49,500 99,500 
49,300 
31. Meyer II 53,244 107,298 


- 
- 
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TABLE 3 FORMULAS FOR PIPE-WALL STRI SSES; GROUPING OF APPROXIMATELY EQUIVALENT FORMULAS 


Values of D t 20 50 100 


Group I 

2. Modified Lamé 1600 2100 2600 4600 

1. Lamé Tangential 1667 2125 2600 4556 

4 Average Diameter 1500 2000 2500 4500 
Clavarino 1867 2256 2660 4322 
Bailey -Nadai 
(n = 5, inner surface) 1652 2164 2672 4684 
Blair 1616 2043 2498 4415 
Bailey-Nadai 
(n 6, inner surface) 1616 2129 2637 4650 
Burrows K = 1.00 1600 2100 2600 4600 
Burrows K = 1.03 1553 2039 2524 4466 
Generally = 0.4 1600 2100 2600 4600 
General ly = 05 1500 2000 2500 4500 


Group II 
Barlow er | 3000 5000 10,000 25,000 50,000 100,000 


Guest 7 3600 5556 | 10,526 25,510 50,505 100,503 
Beltrami: 303? 4884 9,687 24,266 48,619 97,346 


3118 4811 9,116 22,092 43,737 87,035 


von Mises 


Group II 

13. Creep-Common I 1200 | 2200 4200 9,200 24,200 49,200 | 99,200 
11. Bailey-Nadai 

(n 5, outer surface) 1252 2272 7 | 4284 9,294 24,301 49,322 99,256 
12. Bailey-Nadai 

(n 5, outer surface) 1252 2272 | 4284 9,294 24,301 49,322 99,256 

Beliaev-Sinitski |} 1249 | 2136 | 3881 8,220 21,198 42,884 86,178 

Bailey (m 2,n = 6, } 

inner surface) 1357 7 2215 3907 8,115 20,713 41,734 83,843 
18. Nadai 

(n 6, inner surface) 1399 1844 2283 4027 8,365 21,360 43,009 86,326 
21. Bailey-Nadai 

(n 6, inner surface) 1439 1897 2349 2799 4143 8.605 21,973 44,244 88,806 
22. Bailey-Nadai 

(n 5, inner surface) 1438 1884 2326 2765 4078 8,439 21,500 43,263 86,795 
25. Creep-Common II 1400 1900 2400 2900 4400 9,400 24,400 49,400 99,400 
26. Soderberg 1299 1732 2165 2598 3897 8,227 21,218 42,868 86,170 
27 Meyer I 1384 1897 2410 2923 4461 9,589 24,974 50,615 101,897 
28. Burrows K 1.15 1391 1826 2261 2696 4000 8,348 21,392 43,132 86,610 
29. Creep-Commen III 1300 1800 2300 2800 4300 9,300 24,300 49,300 99,300 
30. General I y 0.7 1300 1800 2300 2800 4300 9,300 24,300 49,300 99,300 


31. Meyer II 34 1352 | 1893 | 2433 2074 | 4505 | 10,001 26,217 53,244 | 107,208 
Group IV 


Common 7 1500 2000 4000 9,000 24,000 49,000 99,000 
Nadai 

(n 6, outer surface) 1555 1995 3738 8,077 21,071 42,703 85,915 
Nadai 

(n = 5, outer surface) 1528 1967 3710 8,049 21,046 42,714 85,958 


a & 


Group V 
14. Average Shear 


Group VI 


24. Boiler Code 
(tubes, 1951, e ) 8 4 12,698 


| 
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9,600 24,600 49,600 99,600 
9,526 24,510 49,505 99,503 
9,500 24,500 49,500 99,500 
ens” oe 8,547 21,284 42,529 85,027 
9,693 24,697 49,696 9,701 
9,361 24,331 49,323 99,317 
9,659 24,664 49,662 (499,681 
Se » 9,600 24,600 49,600 99,600 
9,330 23,884 48,157 96,695 
9,600 24,600 49,600 99,600 
9,500 24,500 49,500: 99,500 
; 
i tes, 
| 
1538 1923 2308 3462 7,308 18,246 38,077 76,538, 
75,923 
= = 
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is concerned about the actual diametral growth, the more im- 
portant consideration should be at the outer surface, but if the 
maximum creep is deemed of greater importance, then it is the 
creep at the inner surface (at which point it is a maximum) 
which should be considered. The creep at the inner surface 
could be considered of fundamental importance as the initial 
indication of long-time rupture, but in this respect it is of ques- 
tionable value because the elongation at rupture varies con- 
siderably between different allovs. It is here deemed more im- 
portant to evaluate the creep at the outer pipe-wall surface 
(where it can be measured if desired and at which point it could 
interfere with dimensional tolerances) and to obtain protection 
against rupture by utilizing a factor of safety on the extrapolated 
test-rupture strength. 

Many expressions have been published in the technical litera- 
ture giving the equivalent creep stress at the inner and outer 
pipe-wall surfaces, and a number of these have been evaluated in 
Tables 2 and 3 [10, 11, 12, 17, 18, 19, 20, 21, 22, and 23]. In 
general, these are rather complex expressions which could become 
difficult to evaluate numerically because of the exponents in- 
volved. The calculated stresses given in the accompanying 
Tables 2 and 3 utilize representative values for these exponents 
as obtained from published creep data, and since the caleulated 
results do not vary by any major degree with reasonable changes 
in these exponents, these calculated results can be accepted as 
representative of, at least, the more common alloys. In order 
to utilize these studies of high-temperature creep without intro- 
ducing the complexity involved in the corresponding formulas, 


the various equivalent expressions [13, 25, 27, 29, and 31] were 


developed empirically to give the same numerical results as the 
more complex creep expressions, but in a form more easy to evalu- 
ate. That this could be done is due to the relative insensitivity 
of the complex expressions to moderate variations In the numeri- 
cal values of the exponents 

With the equivalent-creep stresses effectively bracketed by the 
foregoing numerical evaluations, the problem of high-tempera- 
ture tubular rupture was considered. This problem was ap- 
proached in several ways and, with the relatively little actual 
test data available, it was fortunate that the results of these 
several approaches could be satisfactorily approximated by a 
single compromise formula, Considering first the ease of brittle 
fracture, there is considerable opinion that the average tensile 
stress across the pipe section is the dominating variable, although 
the evidence to support this is not conclusive. The average 
tensile stress is given by the Common Formula [3], and to some 
degree this establishes a lower limit for heavy-walled pipe since 
this formula gives the lowest stresses of all those considered. Tf, 
however, rupture in piping steels is dependent upon the radial 
and axial stresses as well as the dominating tangential stress (as 
is the case for the incidence of yielding), then the Soderberg 
The 


Soderberg Formula [26] (which was developed to predict the 


Formula [26] offers a reasonably firm and logical basis. 


incidence of yielding) is based on the utilization of the average 
elastic tangential, radial, and axial stresses in the von Mises 
theory of failure, and although conclusive experimental evidence 
is lacking to prove the applicability of the von Mises theory of 
failure to long-time high-temperature rupture, it is generally 
acceptable as a conservative approach. Tf, instead of using the 
average elastic stresses, the average creep stresses as evaluated 
by Bailey and Nadai are used, the Soderberg Formula [?6] is 
approximately 6 and 1 per cent conservative for D/t values of 4 
and 10, respectively. If the inner-bere stresses for steady-state 
creep are used instead of the average values, the Soderberg 
Formula [26] underestimates the equivalent stress by approxi- 
mately 8 and 3 per cent for D/t values of 4 and 10, respectively. 
Accordingly, the Soderberg Formula [26] is acceptable for heavy- 
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walled pipe whether the average creep stresses or the inner-bore 
creep stresses are considered. In addition, the Soderberg For- 
mula [26] approximates the calculated stresses obtained by the 
various equivalent-creep expressions, as is shown by the tabula- 
tions of Tables 2 and 3, and also shows satisfactory correlation 
with published tubular creep tests. A more detailed analysis of 
theoretical and experimental data as presented in the Appendix 
also gives numerical results closely duplicating those of the Soder- 
berg Formula [26]. 

The major objection to the Soderberg Formula [26], however, 
is that, while at D/¢ = 4 it is approximately 30 per cent conserva- 
tive with respect to the Common Formula [3], it gives lower 
calculated stresses than the Common Formula [3] for /t values 
greater than approximately 10. Because of the paucity of high- 
temperature tubular bursting tests, it was not deemed advisable 
to recommend any formula which would give thinner pipe waiis 
than the Common Formula [8]. In addition, of course, it was 
desired to continue with the use of the modified-Lamé Formula 

2] at room and slightly elevated temperatures on the basis of 
the available data on room-temperature tubular bursting tests 
Accordingly, consideration was given to modifications of the 
Soderberg Formula [26] by which acceptable results for high 
temperature thin-walled piping would be obtained, and = the 
modified-Lamé Formula [2] would result for room and slightly 
elevated Obviously, this double 


temperatures, requires a 


formula with a temperature-dependent transition range 

The Creep-Common Formula TIT [29] was developed empiri- 
cally to eliminate the objections to the Soderberg Formula [26] 
for high-temperature thin-walled tubing. The Creep-Common 
Formula TLL [29], as well as a number of the equivalent creep- 
stress expressions, duplicate the Soderberg Formula [26] for 
heavy-walled pipe, but will not give thinner walls than the 
Common Formula {3} for the lighter schedules. In duplicating 
the Common Formula [8] for the lighter piping, the Creep- 
Common Formula IIT [29| also duplicates the modified-Lamé |2 | 
since there is little difference between the Common {38} and modi- 
fied-Lamé [2] formulas for the lighter schedules. It should be 
noted also that the Creep-Common Formula IIT [29] is midway 
between the Formula [3] and the 
Formula [2] for the entire D/t range from 4 to 200. 

To combine the Creep-Common IT [29] and modified-Lamé {2} 
formulas into a single expression applicable to all temperatures 


Common modified-Lamé 


over the entire practical D/t range, the General Formula [30] 
with the temperature-dependent parameter y was developed. 
At room and slightly elevated temperatures, the General Formula 
[30]. reduces to the modified-Lamé Formula [2], while at high 
temperatures it reduces to the Creep Common Formula IIL [29]; 
the temperature-dependent parameter y performs the transition 
(30) 


accordingly approximates satisfactorily the available room-tem 


between these two end formulas. The General Formula 
perature tubular bursting data; agrees reasonably well with the 
various creep-stress expressions for high-temperature operation ; 
duplicates for high-temperature heavy-walled pipe the Soderberg 
Formula [26] 
and high-temperature rupture as well as the alternative theoreti 


and its theoretical considerations of yielding, creep, 


cal approach given in the Appendix; and reduces to both the 
Common {3| and modified-Lamé [2] formulas for thin-walled 
piping 
TEMPERATURE-DEPENDENT PARAMETER Y 
Inasmuch as the expression, to which the General Formula 
[30] reduces at high temperature, 
stresses for any given D/t ratio than the corresponding formula 


will give lower calculated 


obtained at low temperatures, the transition zone in which the 
temperature-dependent parameter y varies must be selected with 
If the 


careful consideration of the Code allowable S-values. 


= 


* 
= 
= 
r4 
| 
= 
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transition zone were placed in a temperature region in which the 
Code S-values did not decrease sufficiently rapidly, an anomalous 
situation would result in which the permissible pressure at a 
given temperature, for a particular wall thickness, would be 
greater than the permissible pressure, for the same wall thickness, 
It is for this reason that the tem- 
perature-dependent parameter y differs between the ferritic and 
The temperature ranges in which the transi- 
tion is effected between the low-temperature formula and the 


at some lower temperature, 
austenitic steels, 


high-temperature formula have been selected by consideration of 
the Code S-values for the ferritic and austenitic steels. In 
particular, these transition ranges have been so selected that, with 
the current Code S-values, the anomalous situation described 


TypicaL CURVES 


previously regarding permissible pressures will not occur. 


Figs. 4, 5, 6, and 7 have been prepared to illustrate the relation 
of the proposed General Formula [30] to the current Code 
formula and other expressions for calculating pipe-wall thickness. 
These curves show the allowable pressure versus temperature, 


| 


1000 1100 
TEMPERATURE ~ °F 


800 


Code formula and allowable S-values both as published in Code 
for Pressure Piping, ASA B31.1-1951 (this formula is the same 
as the modified-Lamé [{2}) 

Soderberg Formula [26] and revised allowable S-values (as 
published in Mechanical Engineering, August, 1951, p. 676) 

Burrows Formula [28] and revised allowable S-values of 2 above 

General Formula [80] and revised allowable S-values of 2 above 

Code formula of 1 above and revised allowable S-values of 2 

above 

Pia, 4 ALLOWABLE INTERNAL Pressures Versus 

Temperarures, ror D/t = 5, BY Vanious ForMULAS AND ALLOWA- 

BLE S-VALUES 


‘@ 
« 


TEMPERATURE 
4,.puT at D/t = 7 


Fia. 5 Same as Fia 
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— PSL 


ALLOWABLE PRESSURE 


1100 


hic. 6 Same as 4, pur ar D/t = 10 


Fic. 7 Same as Fic. 4, put at D/t = 20 


for D/t values of 5, 7, 10, and 20, as evaluated in terms of both 
the former and the current Code S-values for 2'/, per cent chro- 
mium, | per cent molybdenum piping, ASTM-213-T22. The 
formulas selected for comparison, together with the allowable 
S-values for each expression, are as follows: 


1 Code formula and allowable S-values as published in the 
Code for Pressure Piping, ASA B31.1-1951. (This formula is 
the same as the modified-Lamé ) 

2 Soderberg Formula [26] and revised allowable S-values as 
published in Mechanical Engineering, vol. 73, August, 1951, page 
676. 
3. Burrows Formula [28] and revised allowable S-values of 2 
above. 

4 General Formula [30] and revised allowable S-values of 2 
above. 

5 Code formula of 1 above and revised allowable S-values of 
2 above. 
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Appendix rece: 


The main text of this paper has presented the development of 
the General Formula [30} in essentially its chronological form. 
The general interchange of information among the Task Force 
members and other interested persons has clarified considerably 


various basic concepts, and the purpose of this Appendix is to 
attempt to integrate these ideas into a possible generalized solu- 
tion. 
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FarLture THEORIES 


Formulas [1, 6, 7, 8, and 9] (Lamé, Clavarino, Guest, Bel- 
trami, von Mises), Table 1, result when the Lamé expressions 
for inner-surface elastic stresses, Table 4, are introduced into 
the five alternative criteria of elastic failure shown in Table 5. 
The failure criteria of Table 5 have been specifically particularized 
for pipe structures through the introduction of the simplifying 
relationship 
[Al} 


= 0.5(0, + @,) 


This relation holds not only in the elastic range, but also in the plas- 
tic range (13, p. 201). The Lamé [1] and Clavarino [6] formulas 
have been widely used for pipes operating in the elastic range, 
while the Guest [7], Beltrami [8], and von Mises [{9] formulas 
have enjoyed little favor even though they are based on more 
acceptable criteria of elastic failure. 

All five of these formulas are developed by introducing into 
the failure criteria of Table 5 the Lamé expressions for the inner- 
surface elastic stresses. As such, complete elastic failure of the 
tensile specimen is related to elastic failure at the inner surface 
of the pipe, even though the entire wall section is otherwise free 
of elastic failure. An alternative concept would be to compare 
complete elastic failure of the test specimen with complete elastic 
failure of the pipe wall. This alternative concept requires the 
adjustment of the failure criteria to plastic conditions, and the 
use of pipe formulas based on plastic-stress conditions. It is to 
be recognized that such an analysis would be practically identical 
to a study of plastic conditions (creep) for pipes operating at 
elevated temperatures (24, pp. 409-415). 

The failure criteria are adjusted to plastic conditions by intro- 
ducing a Poisson's ratio of 0.5 into the failure criteria of Table 5. 
The results are presented in Table 6, with the more important 
criteria summarized in Table 7. From Table 6 it is seen that the 
four most important failure criteria can be consolidated into the 
single condensed formula 


This synthesis is shown clearly by Table 7 in which K assumes 
the values of 1.00, 1.15, and 1.33. The validity of the maximum 
strain criterion is open to considerable question (25), and opinions 
expressed in the literature favor the assumption that A’ varies 
only from 1.00, for the maximum shear criterion of Tresea, to 
1.15 for the modified energy criterion of von Mises, This single 
compact formula, within the indicated range of A, thus sup- 
plants Formulas [1, 6, 7, 8, and 9] Table 1, while its concise 
form considerably simplifies the problem by reducing dissimilari- 
ties among the most acceptable failure criteria to a degree that 
the only differences whatsoever consist of variations in the value 
of the parameter A. The use of this formula requires the evalua- 
tion of the criterion stress, a, - 0,, in terms of plastic stress dis- 
tribution obtained either by analysis or by estimate, 


Srrain RELATIONSHIPS 


The analytical determination of the pipe criterion stress, 0, — 
g,, rests on a knowledge of the plastic stress-strain diagram in 
pure shear (13, p. 202; 26, p. 785). The correlation between 
plastic-stress distribution and the pure shear stress-strain dia- 
gram is indicated more clearly by Table 8 which shows, in the left 
and center columns, the parallelism which exists between a pipe 
under internal pressure and a test specimen under torsion. 
Stresses causing plastic strains, and the strains themselves, are in 
one-to-one correspondence, With a state of pure shear in the 
test specimen 
F,(2e) 


| 
— 
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Formulas of Lamé for principal elastic stresses (o, > o, > o,) in uniformly 


thick, infinite, hollow, closed-end cylinder, under internal pressure 


FORMULA VALUE OF o, VAIWE OF o, 


Lamé, General 


+ 


a” 


Any Diameter 6 
2 
d d 


pd 


D 


2 


*Same as so-called Lamé formla 1 


Lecons, G. 


Lamé, Paris, 1552, pp. 188-191. 


» 
TABLE 6 


Alternative failure criteria of Table 5 when plasticity is assumed with 
eonsequent adoption of constant volume (infinite bulk modulus) so that 
Poisson's ratio is 0.5 


APRIL, 1954 


CRITERION FORMULA 


Maximum Stress 


Maximum Strain 


Max imum Shear 


Energy 


= ~ 


Modified Energy 


TABLE 5 


Alternative criteria of elastic failure relating principal elastic stresses |o, > ¢, = O.5(0, + @,) > @,} in uniformly 


thick, 


infinite, hollow, closed-end cylinder, under internal pressure, to major principal stress @ in tensile test specimen 


CRITERION 


FORMULA 


* 
Maximum Stress 


Lamé (1831) 
Rank ine (1854 ) 


Maximum Strain* 


(1840) e 
(1870) 


Ponce let 
Saint-Venant 


(3/4) (oa, - + (1/4) (1 - 2v)(o, + 3 o,) 


Maximum Shear 
Coulomb (1773) 
(1864) 
(1900) 


Tresca 


(uest 


Energy 
Beltrami (1555) 
Haigh (1919) 


0.! 
o = (9/4) - 


4v)/3) + 4(1 - Qw)o,o,(o, - wr 


Modified Energy 
Hiiber (1904) 
Hencky (1924) 
von Mises (1913-1926) 


* 
Least Acceptable at Present 


and with one-to-one correspondence, the corresponding expression 
for the pipe is 


0.5(0, o,) = F,(2€,) 


The plastic stress-strain diagram in tension is 
o = F(e) 


and the problem is to establish a relation between the plastic 
stress-strain diagrams in pure shear and pure tension. For 


simplifying purposes, the following two assumptions are made: 


1 It is possible to represent adequately the plastic stress- 
strain diagram in pure tension by means of an analytical expres- 
sion. 

2 It is possible to construct from 1 above the plastic stress- 
strain diagram in pure shear. 

Let the following power functioa represent, for both room and 
elevated temperatures, the plastic stress-strain diagram in tension 


ao = [A6] 


To relate this expression to that for the plastic stress-strain rela- 


= 
8 =d 
* 0.5 &, *<¢,) | — 
2 
roe 
-# 
RS : 


tan 


- 
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Important failure criteria of Table 6 summarized 


CRITERION kK = (4/3)” 


Maximum Shear 1.00 
1.15 
1.15 


1.33 


Energy 
Modified Energy 


Maximum Strain” 


*Least Acceptable 


TABLE 8& 
Stresses and strains in uniformly thick, infinite, hollow, closed-end eylinder, 


under internal pressure; in torsion test specimen; and in tensile test speeci- 
men 


PURE 
SHEAR 


PURE 


CYLINDER TENSION 


TENSILE STRESSES 


0.5(o, - o,)* 


0 
-0.5(0, - 


TENSIL 


SHEAR 


0.5lo, - ) 
-0.25(c, - 
-0.25(0, - o,) 


SHEAR 


ze, 


“Ce 


* 
Obtained by Adding Hydrostatic 
compression in the amount 


= 0.5(o, +o,) , thus: 


r 
- 0.5(c, + 


o - U.5lo, to 
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TABLE 9 


Samples of assumed and adjusted relationships between strain, ¢, in tensile 
test specimen, and circumferential (diametral) strain, ¢,, in cylinder under 
internal pressure. Adjustments are based specifically on use of a power- 


function-type stress-strain diagram 


“ADJUSTED VALUE OF 
| 
(€/€,) 
EQUALS UNITY 
TENSILE ANDO 


CHRCUMF ERENTIAL 
STRAIN ) 


VALUE ASSUMED VALUE ASSUMEL 
FOR FOR 


(€/€,) 
ADJUSTED TO 
| 


EQUALS UNITY 


(€/€,) wen 
AUTHORITY 
Or 


EQUALS vaALUE 
SHOWN 


K 


(€/€,) (€/€,) WHEN 


2 
BASIS OF 
FORMULA 17 
(473)? 
BANS OF 
FORMULAS 
AND 
mes 


119 
REPEATED 


ON POWER FUNCTION ow 
STRESS STRAIN DIAGRAM O-A€ B= (2/N)= 04 OF 


BASED ON sa) 


WHEN 1) 26 AND Me? 


tionship in pure shear for the pipe, it has been customary to 
assume that when €/¢, has a certain constant value then (a, — 
In Table 9 are listed a number 
of the better-known values for these ratios, Lately, it appears 
that the von Mises criterion has been taken as the most generally 
acceptable procedure for establishing these ratios, and, based on 
the values given in Table 9, this criterion will give 


a,)/o has some constant value, 


= (4/3) 
when 


4, 
= 


The various assumptions of Table 9 can be summarized for a 


given temperature by the following expression: When 


then 


{A8] 


This relation, in turn, gives the following expression when using 
the selected power-function stress-strain diagram 


a, 


[A9] 


= 
= Aje/e,)~° 
a 


in which A, is a constant. The estimates of the €/e, ratio given 
in Table 9 can be transformed to values between 2 and 4, when @ 
so that there has actually been littl: change with 
the years in the assumed magnitude of this ratio. Moreover, it 
o,)/K | will equal 


the stress o in the tensile specimen when the strain € in a pipe 


equals a, a 


is thus also shown that the pipe stress [(¢, 


a 
(4/3)” 
1.00 | 
NSE vt 
BAILEY 2 1 2 84 
SODERBERG (94 
MADAI (4/3) (4/3) 2.37 
BAILEY | 
a 0 0 ; 
= | 0 
STRAINS 
0 | 0 -0.5¢ 
TRESSES 
s 0.50 
-0.5s 0 | 
-0.5s 
\ 
| 
= 


equals the strain € in the tensile test specimen for appropriate 


values of K. It is thus seen that when a power-function stress- 
strain diagram is specifically assumed, the relationship needed 
to determine creep in a pipe from creep in the tensile test specimen 
takes the form 


ook. K 


which is the same concise expression as that developed for failure. 
For equal strains in a pipe and in a tensile test specimen, it 
: appears from Table 9 that the most acceptable values of K lie 
between 1.15 and 1.20, while for simultaneous failure in a pipe 
and in a tensile test specimen, the most acceptable values of K lie 
between 1.00 and 1.15. 
The foregoing discussion is believed sufficient to establish that 
it has been customary for a given temperature to assume, as 
_ previously stated, that when 


then 


€/€, 


in relating the plastic stress-strain diagram in pure shear with the — 
plastic stress-strain diagram in pure tension. 


Piastic-Srress DistrRipuTION 


The stress distribution in pipes under plastic conditions has 
been published previously by Bailey (26, pp. 785-786), by Nadai 
(13, pp. 201-206), by Buxton and Burrows (6), and by others, 
but a very brief repetition of this work appears to be warranted 
here 

The assumption of constant volume together with no change in 
the pipe length (26, p. 773; 18, p. 771) gives the relation 


é, [A12] 


~ which, when incorporated with the strain-deformation relations 


and 


[A116] 


Utilizing the plastic stress-strain diagram in tension and the rela- 
tionships between it and the plastic stress-strain diagram in pure 
shear, both as previously stated, together with the known bound- 
ary conditions, the following solutions are obtained 
C;/r 


[A17] 


= 
*O.58 
0, 
O.5D 


= (;/r = re, 


and 


. 


Other relationships are 


C;/r? = 


_{A22] 


[A23] 


It follows that 


(6/D)? 
= 0.5C, — de 


€ 


(A24] 


and, based on conditions at the inner surface 


es 
p = 0.5C, 
€;(6/D)?=€ € 
If the plastic stress-strain diagram in tension is taken as ¢ 
power function (as previously stated) so that work hardening is 


considered (13, p. 203; 26, p. 785), the following expression is 
obtained 


de {A25] 


pa, €59-58 


K 
0.5 KA, 58 € 

€5(6 D €, € 


This in turn reduces to Formula A detailed in Table 10. 
If the plastic stress-strain diagram in tension is take 
form of a sloped line (13, p. 173) 


o = F(€) = + (e€ €)) tan 


the following expression is obtained 


plao + (€5 — &) tan a] 
O.5K E + (€ — €&) tan «| 
€5(6/D)? 


and this in turn reduces to Formula B of Table 10. 

Assuming an idealized plastic stress-strain diagram in tension 
with zero slope (@ = 0), the preceding expression reduces imme- 
diately to Formula C of Table 10. 

Formula D of Table 10 is that given by Soderberg (17, p. 738). 
This expression is obtained by substituting into the criterion 
oO, o,, the average tangential stress (Formula [3], 
Table 1) as obtained from statical considerations, and the average 
0.5p, while concurrently retaining the rela- 


stress, 


radial stress of a, = 
tion 
= 0.5 + [A29] 


It is believed that the mode of derivation indicates that this 
formula is itself an approximation of Formulas A, B, and C, 
Table 10. 


Derivep FormMuULAS 


Four formulas for plastic-stress distribution have now been 
obtained in the form 


[A30] 


Formulas A and B are for any diameter 6, while C and D are inde- 
pendent of 6. The bearing of these four formulas on those of 
Table 1, and on other published formulas, will now be given. 
Formula A, with K related to equivalent failure, is the basis 
of Formulas [10, 11, 12, 18, 19, 20, and 23], Table 1; and with K 
related to equivalent strain (Table 9), is the basis of Formulas 
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r € 
1e 
A 
- 
... [A27] 
= 
€ Abe 
4. ae, @ 
produces the differential equation for radial displacement 
= 
"The differential equation for equilibrium of stress is 
do, o,— <a, 
i] 
dr 


pe 


Tabulation of formulas for «, — ¢,, 
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TABLE 10 

based on plastic stress distribution, an 
their derivations by means of either analysis or estimation 


PROFESSOR 
SODERBERG $ 


! 


r 
é J: 
K 
POWER 
FUNCTION 


STRESS 
STRAIN 
DIAGRAM 


STRAIGHT IDEALIZED 


TITLE LIWE 


STRAIN 
HARDENING 
ONS! DERED 


TANGENTIAL STRESS 


ves wo Common 


| yes 


FORMULA | 


osp 


STRESS 
AVERAGE OF OUT HOL STRESS 
ano wee statss 


p Fle) 
€ a 
€,(8/0)° 


(p/K) 


* 


* 0.510, + 


= Mi 


FORMULA B vs, (0/4) 


FORMULA D 


FORMULA A FORMULA C 
K 


a) -1-2x00,( 


ano (6 Kei 


[17, 21, and ie Table 1. Formula C is the same as Formula 
[16], Table 1, when K = 1.15. When AK = 1.00, C is usually 
called the van Iterson Formula, although it was probably known 
earlier to Turner (28, p. 110). Formula B, which is believed to 
be new, introduces the effect of strain hardening into Formula C. 
Formula D, with K = 1.0 consistent with the maximum shear 
criterion of failure, is the same as Formula [4], Table 1; and is 
the same as Formula [26], Table 1, when A = 1.15 consistent with 
the modified energy criterion of failure. 

Formula A is also the basis of three formulas given by Bailey 
(27, Equations [4, 5, 6]) for the design of pipes at elevated tem- 
peratures. One of these is the same as Formula [18], Table 1, 
for the inner pipe surface; in this K is related to equivalent 
failure and equals 1.15 in accordance with the modified energy 
criterion of failure. The other two are related to equivalent 
strain, and both employ the value of K shown in Table 9 

K = (4/3)%75 [A31} 


These two formulas are given below as E and F; E is for the inner 


pipe surface, and F is for the outer pipe surface 


/4\0-25(2 +8) 


3 
_[A32} 


pp 


0.25(2 +8) 
(i) 


BoaRDMAN APPROXIMATION 


With A = 1.00, Formula D reduces to the following = 
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am 


PIPING 


which is the Average-Diameter Formula {4}, Table 1. The factor 
0.5 was reduced to 0.4 by Boardman (8) thereby giving 


D 
p|os(”) 


whic h is is F ormula [2], Table 1, and this is in use in many national 
codes for pipe design. It is an approximation to the Lamé 
Tangential Formula [1], Table 1, and has been shown by Buxton 
and Burrows (6) to be a good approximation of the plastic-stress 


criterion. 


TABLE 11 


Comparion of numerical values of plastic stress criterion 


K=1.00 shown 


OF (Ort) 
FORMULA 
50 


| 100 
+ 


T T 
| 
1958 2466| 2972 | 448) | 949) | 24497 | 49499 


(sooenaene) 


2000 | 2800 | 3000 | 4800 | 9500 | 24800 
= 


IWSIDE 2056| 255) | 3080 |4548 | 9549 | 24547 
(soaroman) 2100 | 2600| 3100 | 4600| 9600 | 24600 


"7 
A, N=6 | 2129| 2637 


3142 | 4650 | 9659 | 24664 | 
— 

sre | 4684 9693 24697 | 49696 

+ + 

A, INSIDE = 3 | 2310| 2015 | 5318 4025 2403: | 49833 
—+—_—+}+ + + + + + 


217 | 262) | 23 46286 9656 24640 


A, | 2219) 2725) 3229 | 4736 | 9743 | 24748 


"| 


99655 


AVERAGE OF ALL 
FORMULAS IN TABLE 


“EXCERPTED FROM TABLE I! 


NUMERICAL COMPARISONS 


Stress values given by the derived formulas are shown in Table 
11, with K = 1.00 in all cases so that only the plastic-stress 
criterion is compared. Formulas A and B are computed for the 
inside surface at which point these formulas exhibit maximum 
stresses. Formulas B and C apply only to the elastic design 
range, according to the concept of failure adopted in this Appen- 
dix; Formula A also applies to the elastic-design range, but, in 
addition, it alone applies in the elevated-temperature, plastic-de- 
sign range. 

For small values of D/t, the stresses of Formula C, which neg- 
lects strain hardening, are lower than those of Formula A. 
Formula B, which is Formula C with strain hardening intro- 
duced, gives stresses in close agreement with those of Formula A 
= 0.05 is used in Formula B and n = 5 or 6 
calculated stresses indicate that, 


when (€)/ao) tan 
is used in Formula A. 
with n = 5, Formula A is a suitable approximation for both 
Formulas B and C for the entire design range. 

Although Formulas A, B, and C all take the form 


These 


for equivalent failure in both the elastic and elevated-temperature 
only Formula A takes this simplified form for the case of 
equivalent strain (creep) which is important in the elewated- 
temperature range. It is the replacement of Formulas A, B, and 
C by Formula A alone which makes possible the use of the 
simplified form with values of AK consistent with both equivalent 
failure and equivalent strain. 

The maximum stresses of Formula A, for a given value of K, 
Since the development of a single 
then Formula A should 


range, 


are at the inner surface. 


standard design formula is desirable, 


| 
_ = 
OE NER AL 1 
=! 
— 
o 
K 
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be used at this point at which maximum stresses are obtained. 

Table 11 then shows that Formula A, evaluated at the inner 

surface with a = 5, is itself well approximated by the Boardman 

Expression {2}, Table 1, with K added 


pp 
d \8 


D 
[A37| 


This approximation appears to be superior numerically to the 
other formulas cited and has the considerable advantage of 
retaining present code practice. 

The establishment of a single design formula has now pro- 
gressed to the point at which only values of A need further con- 
In the elastic range, K rests on equivalent failure, 
but in the elevated-temperature, plastic range, K is based on 
But values 
of K for equivalent failure lie between 1.00 and 1.15, while a 
suitable value of A’ for equivalent strain exceeds 1.15, and 
probably is of the order of 1,19. 
formula, considerations of equivalent strain could be excluded in 


sideration. 


either equivalent failure or equivalent strain (creep). 


Hence, to obtain a single design 


favor of exclusive consideration of equivalent failure. : 
= 


EXPERIMENTAL VERIFICATION 

As shown in Fig. 1, experimental data on failure in the elastic 
design range indicate that K should be 1.00. In the 
elevated-temperature, plastic range, the steady-state rupture 
and 3, favor the use of A = 
If the experimental evidence just cited is accepted, then 


about 


data of Table 12, based on Figs. 2 
1.15. 
Formula [28], Table 1, is reasonably representative of a proper 
standard design formula, 


TABLE 12 
Comparison of [ (0, o,)/K) stresses with stress-rupture data from Pigs. 2 
and 3, limited to steady-state creep condition 


STRESS, PS!, 


FORMULA A 
n=5 
STRESS , PSi, 
(% Or) INSIDE 
INTERPOL ATED 
(4/3) 


FAILURE TIME 
HOURS 
TUBE OR TENSILE 
TEMPERATURE FABRICATED TEST SPECIMEN 


11.796 17030 17690 


12.046 


" | 


12.422 


5662 
15800 15560 


13600 | 
10460 
6780 


Section or A WorKING FoRMULA 


12.422 


Although Formula [28], Table 1, can be deduced logically as a 
single standard design formula for the determination of pipe-wall 
thickness, it is by no means the only possible answer. A number 
of other formulas were considered, but final approval was given 
to a combination of Formulas [2] and [29], Table 1. This 
arrangement yields the desired simplicity; represents the least 
change from the forms in current use; and has the added ad- 
vantage of thinning the present walls of heavy pipe, the same as 
Formula [28], Table 1, without affecting the present wall thick- 
According to Hill (28, p. 124), this 
latter procedure coincides with British practice. 

In conclusion, it appears that the theoretical discussions of this 


nesses of lighter schedules, 


Appendix suggest a specific method for examining and comparing 


| 


If such data 
rest on strain (creep), they should be increased by the approxi- 
mate ratio of 1.19/1.15. This should be done before comparing 
them with stress-rupture data, or, if critical, using them as Code 


experimental data to determine Code S-values. 


S-values 


Discussion 


H.C. Meyer.” 
have been associated with the authors of this excellent paper on 


It has been a pleasure and an education to 


the Task Force which was appointed to develop an acceptable 
formula for pipe thicknesses, 

The authors deserve the plaudits and thanks not only of this 
Society but of the entire engineering community for the excel- 
lent work they have performed for the Task Force, and also for 
their excellent presentation of the thorough study and prepara- 
tion that preceded the selection of the final formula recom- 
mended by the Task Force. 

In 1948 the writer was asked to prepare a paper on high-pres- 
sure, high-temperature steam piping. 
both the American Bureau of Shipping and the U. 8S. 
Guard were considering revision of their rules for pipe thicknesses 


At about the same time, 
Coast 


and were contemplating reducing the permissible S-values, as 
published by the Boiler Code, by one third which would result in 
piping materially heavier than needed. 

Owing to the trend toward higher pressures and temperatures, 
the wall thicknesses of piping for power stations had incressed 
tremendously and the writer became seriously concerned with the 
danger of internal cracking for such heavy-walled piping as the 
result of sudden temperature changes such as when carryover 
occurs, Some throttle valves were then being manufactured 
which had nozzles with an outside diameter of 15 in. and a bore 
of only 8 in.; i.e., the wall thickness was 3'/2 in. which appeared 
so startling that the subject of the paper became confined to a 
This proved to be 
a subject of sufficient importance to justify the paper. 

To the everlasting credit of both the American Bureau of Ship- 
S. Coast Guard, when during discussions with ref- 


discussion of the question of pipe thicknesses. 


ping and the U, 
erence to the proposed paper they were alerted to this phase of the 
situation, they produced an “Interim Guide” which for the higher 
temperatures has provided a satisfactory bridge to span the gap 
for the time being, thus avoiding the requirement of excessive 
thicknesses, This action was taken even before the paper was 
presented and in itself constituted an amazing example of the 
ability of our regulatory bodies to meet an emergency. 

This Society also was concerned about this subject at the time, 
as evident from the fact that for the higher temperatures, par- 
ticularly for the alloys, permissible stresses were being increased. 
This action was followed by the formation of the Task Force for 
the selection of the most satisfactory formula. 

While it was of the utmost importance that any formula finally 
selected should be justifiable from theoretical considerations 
(backed up, wherever possible by tests) certain important prac- 


tical aspects had to be considered. Some of these were: 


(a) For carbon-steel piping at temperatures below 650 F the 
present thicknesses as determined by the then prescribed formula 
had generslly proved satisfactory in service. 

(b) The formula to be adopted, therefore, should be such that, 
especially for the better materials at higher temperatures, the in- 
crease in permissible S-values would be reflected in reduction in 
thicknesses and yet should not upset the practice in the low- 
temperature range for ordinary steels except as the result of any 
minor modification in the permissible stress. 


10 Chief Engineer, Gibbs & Cox, Inc., New York, N. Y. 
ASME, 


Mem. 
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(ce) For higher temperatures and pressures, considerations of 
creep should be given due weight for the special alloys and this 
was one justification for the factor Y which was introduced into 
the proposed formula. 


The formula finally agreed upon meets these requirements; it is 
simple in form, and the authors’ excellent paper clearly shows 
that it has had an excellent background of scientifie considera- 
tion. 

Prior to the advent of high temperatures, the simplest way to 
meet a strength problem was to say “we'll thicken up the pipe 
or tube.” In watertube boilers this actually was done with 
disastrous results, and it was soon found that thinning the tubes 
resulted in almost complete elimination of failure. 

For steam piping at high temperatures, we are now also headed 
in the right direction by reducing rather than increasing pipe 
thicknesses in order to obtain greater reliability. The proposed 
formula should result in less trouble, considerable saving in 
weight, and last, but by no means least, a simpler problem in 
dealing with expansion stresses, 

In the final formula in the Code it is expected there will be in- 
cluded a factor C which is additive to the computed thickness and 
is for corrosion, thread cutting, and so on. 

It would seem that this factor should be considered most care- 
fully. 

For instance, for superheated steam piping properly insulated, 
there does not seem to be any need for a corrosion factor and the 
writer, therefore, feels that the values of C should be defined care- 
fully so that we do not add anything to the thickness of a pipe in 
cases where this addition fills no justifiable need and where its 
introduction ean be detrimental rather than helpful. 

The work of the Task Force is one step toward accomphshing 
a result that has been needed for many many years, namely, the 
setting up of a set of requirements that can be used alike by the 
U.S. Navy, the U.S. Coast Guard, the American Bureau of 
Shipping, and by industry in general. 

A steam pipe does not know whether it has been figured by 
the U.S. Navy, U. 
ping, or The American Societ Vv of Mechanical Engineers’ rules, nor 


S. Coast Guard, American Bureau of Ship- 
does it care. If it is adequate it gives good service, if inadequate 
it fails, and the writer personally is delighted at the progress 
made. 

The authors are to be congratulated on their presentation and 
the writer expresses his pleasure for being associated with them 
on the Task Force. 


Hour," 
lot of work in compiling the information presented in this paper 
It is 
indeed unfortunate that such an important recommendation is 
Many 
of the formulas considered were developed in studies of theories 
of elastic failure and have no strong supporting evidence. The 
fact that the values of y were selected “with careful consideration 
of the Code allowable S-values” should not 


The authors have undoubtedly done a 
which presents a recommendation for a working formula. 


based on such a small amount of substantiating test data 


be confused with 
empirical verification. 

In the sense that Formulas [2], [3], [4], and [5] are different 
formulas, the various values of y recommended by the Task 
Force lead to different formulas for various temperatures. This 
follows from the fact that Formula [2], the thin-cylinder formula, 
is obtained when y is set equal to unity. The mean-diameter 
Formula [4] corresponds to a value of 0.5 for y and Barlow's 


" Assistant Chief, Engineering Design Division, Aluminum Re- 
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adaptation is obtained when y is set equal to zero. Since the 
proposed values of y range from 0.4 to 0.7, the proposed design 
rule is equivalent to saying “use one formula if the temperature 
is Y and another formula if the temperature is Y.”’ 

The problem of predicting the bursting pressure of a seamless 
tube is complicated by several unknowns: (a) the diameter at 
burst, hence total foree on the tube wall, (4) the thickness of the 
tube wall, and (c) the strength of the material under the multi- 
axial state of stress. As a working tool, the formula should ex- 
press the working pressure in terms of the initial diameter and 
wall thickness of the tube and the tensile strength of the material 
as determined by test on a longitudinal specimen loaded in uni- 
axial tension. 

Data from bursting tests on tubes of various aluminum alloys 
covering a rather wide range of ductility as measured by elonga- 
tion in the tension test indicate that a formula of the type of 
[28] is satisfactory. The value of AK seems to depend on the due- 
tility and can be expressed in terms of the ratio of yield strength 
(0.2 per cent offset) to the tensile strength 

The adoption of a formula as important as this proposal should 
be made only after a reasonable substantiation by test results, 


Auruors’ CLosuRE 


The authors are most grateful for the kind remarks of Mr. H.C, 
I. Meyer, whose counsel was ever helpful in the resolution of this 
problem by the Task Foree; and for his amplification of the his- 
torical background of this work. In addition, the authors wish 
to take this opportunity to express publicly their appreciation of 
the technical counsel furnished not only by the members of this 
Task Force but also by other engineers who participated in this 
work 

The technical comments of Mr. Marshall Holt are also most 
welcome, The authors agree with Mr. Holt that it is indeed 
unfortunate that more specific experimental data are not availa- 
As pointed out by Mr. 
Mever, however, the rapid advances in pressures and tempera- 


ble in the high-temperature range. 


tures are resulting in wall thicknesses so heavy that there was 
concern about the possibility of internal cracking as a result of 
temperature transients, and this Task Force was formed because 
of the possibility that simply making the wall heavier would not 
necessarily result in a safer installation. 

It is both diffieult and expensive to conduct pipe-bursting tests 
at the higher temperatures and with adequately long test dura- 
tions, and only Messrs. Kooistra, Blaser, and Tucker seem to have 
Their published 
data seem to verify the proposals of this paper, although, as pre- 


obtained any recent results along these lines. 


viously mentioned, their D/t ratios were too large to furnish the 
needed unequivocal justification. At ordinary temperatures there 
exists a considerable amount of experimental evidence, and at 
high temperatures a considerable amount of secondary experi- 
mental evidence, The important experimental of Gi, 


Cook and A. Robertson, W. Lode, R. W. Bailey, Norton and 


Soderberg, and many others, surely cannot be discounted. These 


work 


probably show, if anything, that the value of y = 0.4 is on the eon- 
servative side, and that 0.7 could have been used throughout the 
entire temperature range. Nevertheless, no change wes made in 
the 0.4 value by the Task Force for the present time. Thus no ad- 
vantage was momentarily taken of the work of Professor Van den 
Brock at the University of Michigan. Perhaps in the paper a 
broader application has been made of the theories of failure than 
originally contemplated for them, but it seems more and more 
that a failure theory, such as, for example, that of von Mises, is 
interpreted in the manner proposed by Dr. Nadai: All structures 
with the same octahedral shear behave similarly under load even 
to the point of ultimate failure. The paper attempts to clarify 
existing important formulas, and to accentuate clearly the true 


_> . 


‘oe - ,€ 
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relationship among existing theoretical approaches. On the as- 
sumption that the best advances in science are the result of hand- 
in-hand efforts of theory and experiment, it is hoped that the pa- 
per will promote the accelerated attainment of an answer more 


satisfactory than that presented. 


In particular, however, the authors hope that publication of the 
work of this Task Force will more strongly emphasize the need 


om 


te 


for extensive testing of long-time high-temperature bursting 
pressures in pipes, and that our industrial and collegiate labora- 
tories will initiate testing to answer this need. It is believed that 
the paper itself has been written so that when more test data be- 
come available any new wall-thickness formula, or modifications 
in the one proposed in this paper, can be developed both quickly 
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and logically. 
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Effect of Exhaust Pressure on the 


Economy of Condensing 


By A. KELLER! anp J. F. DOWNS? 


- 

The purpose of this paper is to provide quick and ac- 
curate methods of determining the change in heat rate, 
nonextraction steam rate, or turbine capability, resulting 
from changes in the exhaust pressure of condensing tur- 
bines. The methods are applicable for turbines from 
25,000 kw to the maximum size built by the authors’ com- 
pany. It is believed tha these data will be useful to the 
power-station designer in selecting between alternative 
turbine designs with different last-stage-bucket annulus 
areas available in the larger ratings, and also helpful in the 
selection of condenser size. It also will be useful to the 
operating engineer in determining when condenser main- 
tenance is advisable, for correcting test data to base ex- 
haust pressure for comparison with guarantee or expected 
information, and showing the desirability of operation 
maximum condenser circulating-water 


with less than 


pump capacity in cold weather. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


last-stage-bucket annulus area, sq ft 

last-stage-bucket exit area, sq ft 

stage isentropic-expansion energy, Btu/Ib 

tangential component of steam velocity 
bucket, at bucket entrance, fps 

tangential component of steam velocity relative to 
bucket, at bucket exit, fps 


relative to 


steam theoretical spouting velocity based on nozzle 
energy, fps 

steam theoretical spouting velocity based on stage 
energy fps 

wheel speed, i.e., linear speed of moving bucket at 
pitch line, fps 

stage efficiency based on stage energy F, 

stage output, Btu/Ib 


INTRODUCTION 


Data are readily available on vacuum corrections for a theoreti- 
cal regenerative steam cycle,’ and theoretical nonextraction 
vacuum corrections can be derived from the theoretical steam- 
rate tables. In most practical situations, however, correction fac- 
tors for the specific turbine under consideration are required since 
these are considerably different from the theoretical corrections 
due primarily to changes in exhaust loss as exhaust pressure is 
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Turbines 


changed. These changes in exhaust loss must be accounted for 
properly if accurate exhaust-pressure corrections are obtained and 
specific last-stage-bucket design used in the turbine under con- 
sideration must form a part of any accurate exhaust-pressure- 
correction method. In the past, expansion lines and exhaust-loss 
curves for the specific turbine were used to calculate successive 
heat balances or nonextraction steam rates at different exhaust 
pressures to obtain exhaust-pressure corrections. Elston and 
The 
purpose of this paper is to provide data so that the corrections 
may be derived quickly and easily. 
haust loss is treated by consideration of the major parameters 


Knowlton‘ give data which may be used in this manner. 
The effect of changes in ex- 


affecting slope of the exhaust-loss curves for different last stages. 

In this study, the authors have related extraction heat rates, 
nonextraction steam rates, and turbine capability at constant flow 
to throttle and initial steam conditions (constant valve position) 
This ap- 
proach facilitates the derivation of a general exhaust-pressure- 
and “Test 
For a turbine operating straight-condensing, i.e., no ex- 


’ 


to the values obtained at “optimum exhaust pressure.’ 


correction method as shown later under ‘‘Theory”’ 
Data.” 
traction for feedwater heating or other purposes, “optimum ex- 


haust pressure”’ is defined as the maximum pressure at the tur- 
bine-exhaust flange that will give the minimum steam rate ob- 
tainable at constant flow to throttle and initial steam conditions. 
The existence of sonie velocity in the exhaust hood will prevent 
any further increase in used energy as the exhaust pressure is 
” In this region, the increase in exhaust 
Thus the kilo- 


watts generated and the steam rate will remain constant for 


lowered below “optimum. 
loss is equal to the increase in available energy. 
lower exhaust pressures. A higher than optimum exhaust pres- 
sure will result in a loss in used energy, a reduction in kilowatt 
generation, and therefore an increase in steam rate. 

For a turbine operating with extraction to its feedwater-heat- 
ing cycle, “optimum exhaust pressure’’ is defined as that pressure 
at the exhaust flange which will give minimum heat rate when 
operating at constant throttle flow and initial (and reheat) 
At higher or lower exhaust pressures the kilo- 
watt generation is less and the heat rate is higher because of the 


steam conditions, 


relation between the two effects described aa follows: 


1 As exhaust pressure is lowered toward the point described 


in the foregoing as “optimum’’ for nonextraction operation, the 
increase in available energy per pound of steam flow to the 
condenser results in a varying increase in used energy per pound 
as determined by change in exhaust loss with a resulting increase 
in kilowatt generation, 

2 Meanwhile, the lower exhaust pressure and corresponding 
lower saturation temperature in the condenser result in lower 
condensate temperature entering the lowest-pressure feedwater 
heater. Accordingly, additional steam is extracted from the tur 
bine to this heater causing a reduction in the steam flow through 
the later stages of the turbine with a resulting loss in kilowatt 


generation. 
Optimum exhaust pressure occurs at the point where these two 
effects are equal. At exhaust pressures lower than optimum, the 


‘Comparative Efficiencies of Central Station Reheat and Nonre- 
heat Steam Turbine-Generator Units,"” by C. W. Elston and P. H. 
Knowlton. Trans. ASME, vol. 74, 1952, p. 1389 
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TRANSACTIONS OF THE 


increase in kilowatt generation due to item (1) is less than the de- 
crease due to (2) 80 a net reduction in kilowatt generation and 
increase in heat rate result as exhaust pressure is lowered further. 
At exhaust pressures higher than optimum, a reduction in ex- 
haust pressure will cause a greater increase in (1) than decrease in 
(2) with a net increase in kilowatt generation and decrease in heat 
rate 

It should be realized that the word “optimum” signifies the ex- 
haust pressure which gives the lowest heat rate for a turbine of 
It should not 
‘optimum’ from an over-all economic stand- 


given design operating at a given flow to throttle. 
be interpreted as the ‘ 
point when selecting between alternative condensers or between 
alternative last-stage-bucket lengths offered on the larger steam 
The method outlined herein is limited to the prediction 
of comparative heat rates, steam rates, and kilowatt capabilities 


turbines, 
for different exhaust pressures. The economics in a given situa- 
tion must be dealt with separately. 


Working Meruop 


Reheat Turbines. For « reheat unit operating with feedwater- 
heating extraction, the optimum exhaust pressure in inches Hg 


abs has been determined by calculations and tests to be equal to 


Flow to condenser, lb per hr 


7000 & ‘Total last-stage-bucket annulus area, sq ft 


where flow to condenser equals total flow through last-stage 
buckets at optimum exhaust pressure; total last-stage-bucket 
annulus ares equals [(bueket pitch diameter, in.) (bucket length, 
in) (number of exhaust ends)! w/144. 

The flow to condenser, if not known, may be estimated by de- 
creasing the flow to throttle by 1 per cent per 10 deg rise in feed- 
water temperature in the feedwater-heating cycle. If the con- 
denser flow is known at some other exhaust pressure than opti- 
mum, changes in condenser flow (at constant flow to throttle) as 
exhaust pressure is changed can be estimated using a 2 per cent 
decrease in condenser flow for halving the absolute exhaust pres- 
sure. Lf neither the condenser flow nor throttle flow is known, an 
estimate of the throttle flow can be obtained using Fig. 1. The 
increase in heat rate from that existing at optimum exhaust pres- 
sure for higher or lower pressures (in per cent of the heat rate at 
optimum) is shown in Fig. 2 for a reheat turbine with steam 


THROTTLE STEAM RATE WITH REHEAT TO INITIAL 
TEMPERATURE |S APPROXIMATELY 17% LESS THAN 
NONREHEAT FOR SAME THROTTLE CONDITIONS 

] | 
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NONREHEAT THROTTLE STEAM 


7 
900 950 1000 
INITIAL TEMPERATURE - F 


1050 


EXTRACTION 
PEEDWATER 


RATES FOR 
Finat 


Estimating THrorr.e Stream 
Nonreseat Tursines Wirn 
TEMPERATURES AS SHOWN 


(Throttle steam rate with reheat initial temperature is approximately 17 
per cent less than nonreheat for same throttle conditions.) 
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| 
FLOW TO CONDENSER, LBS PER HR 
7900 «TOTAL LAST STAGE ANNULUS AREA SO FT 


EXHAUST PRESSURE -IN HG aBS 
OPTIMUM EXHAUST PRESSURE-IN HG ABS 


PRESSURE. 


Reseat Tursines Operating Feepwater-Heatine 
EXTRACTION 


conditions of 1800 psig, 1000 F, reheat to 1000 F, and with 52.4 
For dif- 
ferent last-stage buckets, this per cent increase in heat rate has 
been found to vary directly with the change in the function 


W (0.188 } 


This function equals 612 for the turbine represented in Fig. 2. 
The value of this function for any specific turbine can be obtained 
For turbines built by the authors’ com- 


sq ft total (double flow) last-stage-bucket annulus area, 


from the manufacturer. 
pany in recent years, if the last-stage-bucket annulus area is 
known, the “bucket factor’ from Table 1 can be used directly. 
For other steam conditions, the per cent increase in heat rate has 
been found to vary inversely with the total available energy of the 
steam in Btu per lb from throttle conditions to the cold reheat line 
plus that from the reheat-section inlet to 1'/, in, Hg abs exhaust 
This total available energy for the turbine represented 
The total available energy for the 


pressure. 
in Fig. 2 is 730 Btu per Ib. 
specific turbine can be read from the steam chart and the curve 
in Fig. 3, used to obtain a direct multiplying factor to apply to 
Fig. 2. For convenience, the tabulation in Fig. 3 gives this fae- 
tor for several steam conditions, assuming typical reheat pres- 
sures, Thus, the per cent increase in heat rate for any turbine 
equals the value read from Fig. 2 (faetor for last-stage buckets 
from Table 1) (steam-conditions factor from Fig. 3). The de- 
crease in turbine kilowatt output from that existing at optimum 
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STEAM CONDITIONS 

1480 PSIG, 1000 €/1000 

1800 PSIG, 000 F/1000 F 

600 1050 F/1000 F 

2000 10S0 F/1050 F 

* TABULATED FACTOR |S FOR TYPICAL REMEAT PRESSURES 


% INCREASE HEAT RATE FROM OPTIMUM WiLL 
VARY DIRECTLY THE STEAM CONDITIONS FACTOR 


680 ’ 760 770 
TOTAL AVAILABLE ENERGY ON HP TURBINE AND LP TURBINE BT. PER (6 


CONDITIONS FACTOR 


STEaw 


Reneat Factor To CORRECT FOR 
DirrerRent anp STEAM CONDITIONS 


Fic. 3 


(Per cent inerease in heat rate from optimum will vary direetly with steam- 
conditions, factor 


exhaust pressure for higher or lower pressures (in per cent of the 
kilowatt output at optimum) equals - 
Per cent increase in heat rate - 
> oa 
Per cent increase in heat rate ; 
1 + 


100 


Thus « 10 per cent increase in heat rate means a 9.1 per cent de- 

crease in kilowatt output at the same flow to throttle. 
Nonreheat Turbines Operating With Feedwater-Heating Extrac- 

tion. Optimum exhaust pressure in inches of Hg abs for these 


units equals 


Flow to condenser, Ib per hr 


8200 & Total last-stage-bucket annulus area, sq ft 


The flow to condenser, if not known, may be estimated as already 
described for reheat turbines except fora l per cent decrease per 
11-deg rise in feedwater temperature. 

The per cent increase in heat rate is shown in Fig. 4, for a 75,000- 
kw-capability 3600-rpm turbine with initial steam conditions 
of 850 psig, 900 Fy and with 52.4 sq ft total last-stage-bucket 
annulus area. For different last-stage buckets, the per cent in- 
erease in heat rate varies directly with last-stage function de- 
seribed previously and the multiplying factors from Table 1 may 
be used. The per cent increase in heat rate for nonreheat tur- 
bines has been found to vary directly with the nonextraction 
steam rate at capability and 1!) in. Hg abs exhaust pressure. 
The nonextraction steam rate for the turbine for which Fig. 4 is 
plotted is 7.55 lb per kwhr. If the nonextraction steam rate is 
not readily available for the specific turbine, the theoretical non- 
extraction steam rate may be used to enter Fig. 5, to obtain 
directly the “steam conditions and rating factor.’ Fig. 5 is a 
plot of the ratio of nenextraction steam rates for various steam 
conditions and ratings to that for the base turbine. The formula 
for per cent change in turbine kilowatt output is the same as just 
given for reheat units. 

Nonrcheat Turbines Operating Without Extraction, Optinum ex- 


haust pressure in inches of Hg abs for these units equals 


Flow to condenser, Ib per hr 


$600 * Total last-stage-bucket annulus area, sq ft 


The per cent increase in steam rate resulting from having higher 
than this 
same turbine for which Fig, 4 is plotted. 


‘optimum exhaust pressure’’ is shown in Fig. 6, for the 
Fig. 5 and Table 1 may 
be used to correct for different last stages, ratings, and steam 
conditions as described for nonreheat turbines operating with feed- 


water-heating extraction. The decrease in turbine kilowatt out- 
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put for higher exhaust pressures (in per cent of the kilowatt output 
at optimum) equals 


Per cent increase in steam rate ; 


Per cent increase in heat rate 
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MULTIPLYING FACTOR TO CORRECT FOR 

DIFFERENT LAST-STAGE BUCKETS 

(Per cent increase in heat rate or nonextraction steam rate from optimum 

will vary directly with bucket factor) 

3600 rpm-— 1800 rpm-—-——-- 
Bucket 
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-~Area, sq ft 
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Tueory UNDERLYING THE Meruop 


The theory herein presented is qualitative only. Quantitative 
answers are then obtained by analyzing back-pressure test data 
in the light of the qualitative theory. A logical deduction of the 
qualitative theory is as follows: 

Consider an axial-flow turbine stage. 
section through the steam path of such a stage and a typical 
velocity diagram for the stage. 

Next consider a filament of flow passing through the stage. It 
can be shown that the used-energy output per pound of flow is 
given by the formula 


Fig. 7 shows a cross 


+ T2) 
: 778.26 X 32.1740 
This formula is 100 per cent accurate; however, a problem still 
exists to evaluate 7, and 7’. 
Assume that the turbine stage has 0-deg nozzle and bucket exit 
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angles and that the nozzle and bucket velocity coefficients are 
unity; i.e., the stage hydraulic efficiency is 100 per cent. This is 
equivalent to saying that the only loss in the stage is leaving loss. 
Under these conditions 


=T7%=-V,—W ..... 


For a pure-impulse stage, all of the pressure drop takes place in 
the nozzle, hence 


Combining Equations [1], [2], and [3] 


9 


E,) = wivV,—W 
(mls) = x 32.1740 ) 


2 2 
778.26 X 32.1740 778.26 X 32.1740 
If the stage now be operated at constant speed but variable 
energy, the second term of Equation [5] is constant and the 
change of output with change of steam velocity is given by the 
formula 


A(n.E 
= 77896 32.1740 


The energy of isentropic expansion of steam may be expressed 
quite closely as a function of the enthalpy of the steam and the 
pressure ratio of the expansion. All conventional condensing tur- 
bines within a given group (reheat turbines, for instance) have 
approximately the same enthalpy at the condenser. Therefore, 
for such stages, the isentropic energy can be calculated quite 
closely as a constant times a function of the stage-pressure ratio. 
Then, since velocity varies as the square root of kinetic energy, the 
theoretical steam-spouting velocity can be evaluated as another 
constant times another function of the stage-pressure ratio. 
The latter relationship can be transformed to the following equa- 
tion useful for the present. purpose 


V, at any other 
exhaust 
pressure 


V, at optimum 
exhaust 
pressure 

- 
= Constant f; 


Exhaust pressure 

Optimum exhaust 
pressure 
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Substituting Equation [7] in [6] and changing the function of ex- 


haust pressure over optimum exhaust pressure to include the co- 
efficients of Equation [6] and the constant of [7] gives 


(9,E,) at any other 
exhaust pressure 


(7,F,) at optimum - 
exhaust 
pressure 

Iixhaust pressure 

fe 
Optimum exhaust 

pressure 


All of the reasoning thus far has been for a stage having 0-deg 
exit angles and 100 per cent hydraulic efficiency. A closer ap- 
proximation to the back-pressure characteristics of an actual 
stage can be obtained by introducing a function of A,/A, to allow 
for the bucket-exit angle and changing f2 to f; to allow for the 


actual hydraulic efficiency. 


Making these changes gives 


at optimum — (7,F,) at any other 
exhaust exhaust pressure 
Ao 
=f 
A. 


pressure 
An analysis of vacuum tests on many turbines with different 
last-stage nozzle and bucket angles indicates that good agreement 


between test and theory is obtained when 


Exhaust pressure 19) 
Optimum exhaust 


pressure 


Substituting Equation [10] in [9] and letting the f-function take 
any form required to get good agreement between test and theory 


gives 


(»,F,) at optimum (7,£,) at any other 
exhaust exhaust pressure 
pressure 

A I}xhaust pressure 
= (0.185 + f ; 11] 
A Optimum exhaust 
pressure 


The foregoing method of reasoning on a successive-approxi- 
mation basis and the various concepts introduced are not new. 
The concepts introduced and further interpretations of them 
have been used in turbine-design work in the authors’ company 
for about 20 years. The authors do not consider it happenstance 
that the last section of this paper shows good agreement bet ween 
quation [11] and test data on many turbines. 


CONVERSION OF THEORETICAL EQUATION TO WORKING ForM 
Equation [11] has been reduced to the working form of the first 
six figures of this paper by the following substitutions: 
1 Figs. 2, 4, and 6 give the values of 
Exhaust pressure 


Optimum exhaust 
pressure 
for 
(a) Reheat turbines operating with feedwater-heating extrac- 
tion. 
(b) Nonreheat turbines operating with feedwater-heating ex- 


traction. 
(c) Nonreheat turbines operating without extraction 
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2 Table 1 gives values of 


(0.185 
t 


* 


12 


d 


for the various standard last stages used by the authors’ com- 
pany. 


3 (a) Fig. 3 gives a 
730 
Total isentropic energy 


for reheat turbines. ; 


7 


(b) Fig. 5 gives 

Approx nonextr steam rate at 1'/) in. Hg abs 


for nonreheat turbines. These have been introduced into the 
working method so that percentage change in turbine over-all 
output is calculated rather than changed output in Btu/Ib of 
steam flowing to the condenser. 

The constants used in the formulas for establishing the opti- 
They are the 
values which the test data available indicate to be proper. 


mum exhaust pressures were obtained empirically. 


SUBSTANTIATING Test Data 


The curves in Figs. 8, 9, and 10 are the same as those in Figs. 2, 
4, and 6. 
pressure runs on 28 turbines during the past several years, 

The turbines tested had a wide range of kilowatts capability, 
A typical 
exhaust-pressure run for many of these turbines consisted of 
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(Test data have been corrected to 1800-psig, 1000-F/1000-F, 3600-rpm 
turbine with 52.4 sq ft last-stage annulus area using Fig. 3 apd Table 1.) 


measuring the generator output with 1, 1'/,, 2, and 2'/, in. Hg abs 
exhaust pressure with the throttle flow and initial steam condi- 
For many of the turbines, vacuum runs were 
The load range covered by 
the plotted points is from maximum capability down to as low as 


25 per cent of maximum capability in some cases. 


tions held constant. 
made at more than one throttle flow. 
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(Test data have been corrected to 75,000-kw capability, 850-psig, 
3600-rpm turbine with 52.4 sq ft last-stage annulus area using Pig. 
Table 1.) 
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bia. 10) Test 


(Test data have been corrected to 75,000-kw capability, 850-psig, 900-F, 3600- 
rpm turbine with 52.4 sq ft last-stage annulus area using Fig. 5 and Table 1.) 


CONCLUSIONS 


The authors believe that the method for obtaining exhaust- 
pressure corrections outlined in this paper will prove useful to 
users of steam turbines. The method, which is confirmed by test 
data, can be applied easily when only a few parameters for the 
specific turbine for which corrections are desired are known. 
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Problem. A 100,000-kw-capability reheat turbine with initial 
steam conditions of 1450 psig, 1000 F, reheat to 1000 F has a 
heat rate of 8182 Btu/kwh when operating at 80,000 kw output, 
1.5 in. Hg abs exhaust pressure. The throttle flow and condenser 
flow are 520,000 and 382,000 Ib per hr, respectively. The turbine 
has a double-flow exhaust with 23-in-long, last-stage buckets on 
65'/, in. piteh diameter. What are the heat rates and kilowatt 
outputs at other exhaust pressures, keeping constant initial and 


Prust, in the preparation of the material for this paper 


Appendix 


reheat steam conditions and constant throttle flow? 


(1) Determine optimum exhaust pressure for this 


Solution. 
throttle flow 
Total last-stage annulus area = 65.7 sq ft 
382,000 


= —- = 0.74 in. 
7900 65.7 


Optimum exhaust pressure Hg abs 
which is a 50 per cent reduction in exhaust pressure from 1.5 in. 
Hg. Therefore, the flow to condenserat optimumexhaust pressure 
will be 2 per cent less than 382,000 or 374,000 Ib per hr 


374,000 


= - ~~ = 0.72 in. Hg abs 
7000 657 


Optimum exhaust pressure 


(2) Determine heat rate and kilowatt output at optimum ex- 


haust pressure: 


From Table 1, at 65.7 sq ft, bueket factor = 1.15. : 


From Fig. 3, at 1450 psig, 1000 F/1000 F, steam conditions ; 
factor = 1.03. 
With 1.5 in. Hg abs exhaust pressure 
Iixh press 1.5 
2.1 
Opt exh press 0.72 


From Fig. 2, uncorrected increase in heat rate = 0.9 per cent. 
Corrected increase = 0.9 * 1.13 & 1.03 = 1.0 per cent of the 
heat rate at optimum. 
Heat rate at optimum = 8182/1.010 = 8101 Btu per kwhr. 
(Nore: denominator = 1 + per cent increase /100.) 
Decrease in kilowatt output equals 


1.0 


1.0 
100 


= 1.0 per cent of the kilowatt at optimum 


80,000 /0.990 = 80,810. 


oe 
per cent decrease /100. a 


(3) Determine heat rate and kilowatt output at other exhaust 7 


Kw at optimum 
(Nove: denominator = 1 


pressures: 


press 2.0 


Opt exh press 0.72 


From Fig. 2, uncorrected increase in heat rate = 2.2 per cent. 
Corrected increase = 2.2 & 1.13 1.03 = 2.6 per cent of heat 
rate at optimum. 
Increase in heat rate = 2.6 K 8101 = 211 Btu per kwhr. 
Heat rate at 2.0 in. Hg abs = 8101 + 211 = 8312 Btu per 


kwhr. 
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TABLE 2 


Uncor 

rected Corrected 
inerease in increase in 
heat rate, heat rate, 
per cent per cent 


Exh press 
divided 
by opt 

exh press 


Exh press, 
in. Hg abs 


Base Base 
02 02 
0 0 


3 


Decrease in kilowatt output equals 


2.6 
. = 2.5 per cent 
2.6 


t 
100 


of the kilowatt output at optimum. 
Decrease in kilowatt output = 


Kilowatt output at 2.0 in. Hg abs = 80,810 — 2020 = 78,790 kw 


(4) A tabulation, Table 2, may be easily calculated following 
the procedure outlined in item (3) from which an exhaust-pres- 
sure correction curve may be drawn. 


Discussion 
H.R. Reese.e The authors are to be commended for a paper 
that should be very useful in power-plant economic studies for 
variable exhaust pressures and turbine-casing arrangements. 

The paper is excellent for determining the correction to “heat 
rate and change in load” for a given number of exhaust ends and 
turbine-casing arrangements. However, unless other factors are 
included, errors may be introduced when correcting a given 
design to a design with a different number of exhaust ends and 
casing arrangement. 

The number of exhaust ends and casing arrangements affects 
the blade leakage, blade aspect ratio, and packing leakage of the 
elements, which may have a total effect on the heat rate and kilo- 
watt output, ranging to approximately 1 per cent. The speed 
of the elements also affects the element efficiency when consider- 
ing 3600 or 1800-rpm intermediate or low-pressure elements, 

It is suggested that a construction factor for turbine-casing 
arrangement be included with the other correction factors in 
determining the final heat rate and kilowatt output. 
tion factors can be determined for the single, tandem, and cross- 


Construc- 


compound units with varying number of exhaust ends, and the 
difference in these factors can be used to correct the heat rate and 
kilowatt output. 

In defining the optimum exhaust pressure for the feedwater- 
heating cycle, it is well to emphasize ‘‘part 2”’ where it points out 
the additional steam extracted for lower exhaust pressure and 
corresponding lower saturation temperature, results in a loss in 
This 


factor often is overlooked when evaluating extra kilowatts for 


kilowatt generation which results in a poorer heat rate. 
improved vacua when using leaving-loss curves for the correction, 


H. J. 
purchasers and users of large steam turbines. 
behooved the steam-plant designer to rely heavily upon the 
turbine manufacturer for this kind of information for studies made 


This paper will be of much value to the 
Heretofore, it 


{UBINSTEIN.® 


previous to the actual purchase of a new machine, 
This paper will prove useful in the evaluation of the whole 


Manager, Central Station Section, Steam Division, 
Westinghouse Electric Corporation, Lester, Pa. Mem. ASME, 

6 Mechanical Engineering Steam Design 
Department of Water and Power of the City of Los Angeles, Los 
Angeles, Calif. 


Assistant 


Associate, Section, 


PRESSURE EFFECT ON ECONOMY OF 


Corrected 
increase in 
heat rate 
Btu/kwhr 


CONDENSING TURBINES 


EXHAUST-PRESSURE DATA 


Decrease 
in kw Decrease 
output, in output, 
per cent kw 
Base Base 
0.2 160 
1.0 810 
2020 


Heat rate 
Btu Kw output 
SOSLO 
80650 
SO000 
78700 


3230 77580 
76360 
75320 


4450 
5490 


TABLE 38 COMPARISON OF RESULTS 
> 


Per cent increase in heat rate in going from 2 in. Hg to 3.5 in 
pressure 


lig exhaust 


Per cent maximum capability 4 60% 
Valley Steam Plant No. 3 machine 3.02 7.2 
Authors’ values §.5 
Per cent decrease in heat rate in going from 2 in. Hg to 1.5 in. Hg exhaust 
pressure 
Valley Steam Plant No. 3 machine 25 3.38 
Authors’ values 4 2 03 2 76 


interdependent problem of condenser size, cooling-tower size, 
plant location (with reference to the temperature of cooling 
water These 
matters can now be investigated in the light of value received in 


available) and turbine exhaust-annulus area 
the form of changes in turbine economy 

A check has been made to compare the information presented 
with the information available to us after the purchase of a large 
turbine. To perform this cheek we used the heat-rate correction 
curves given to us by the manufacturer of our Valley Steam 
Plant unit No.3, which is a General Electric 156,250-kw maximum 
capability, 1800 psig, 1000 F throttle, 1000 F reheat machine 
We calculated the change in heat rate in going from 2 in, Hg ex- 
haust pressure to 3.5 in. Hyg, and also in going from 2 in. Hg 
We did this for 40 per cent, 60 


Table 3 


exhaust pressure to 1.5 in, Hg. 
per cent, and LOO per cent of maximum capability. 
gives the results of our calculations. 

Assuming that our calculations are correct we would appreciate 
knowing which method is considered more accurate. 

We as purchasers and users of large steam turbines are grateful 
to the authors for making this kind of information available. 


Autuors’ CLosuRE 


Mr. Reese properly points out that additional data is required 
if the user of this paper wishes to determine differences in heat 
rate between turbines with different exhaust-end arrangements. 
Such data may be obtained from the paper by C. W. Elston and 
Pou 


formance of turbines with different casings and exhaust-end ar- 


Knowlton, published in 1952.7 Data on comparative per- 
rangements may be obtained from this reference at one exhaust 
This paper will then readily furnish comparative heat 
The authors agree with Mr 


pressure 
rates at other exhaust pressures 
Reese's caution that additional steam extracted at the lower ex- 
haust pressures must be properly accounted for 

Mr. Rubinstein points out differences between exhaust-pressure 
corrections furnished by the authors’ company some time ago for 
a turbine being built for the Valley Steam Plant and exhaust- 
pressure corrections calculated from this paper. Only recently has 
test data been obtained on modern reheat turbines and the organi- 
zation of these data for this paper revealed that changes in heat 
rate were less as exhaust pressure was changed than had been pre- 
viously expected. The exhaust-pressure corrections furnished 
for the Valley Steam Plant were based on tests on nonreheat tur- 
bines before these reheat test data were available. As can be seen 
in Fig. 8, the method contained in this paper agrees quite well with 


the test data 
Comparative Efficiencies of Central-Station Reheat and Nonre- 


heat Steam-Turbine-Generator Units,”’ by C. W. Elston and P. H 
Knowlton, Trans. ASME, vol. 74, 1952, pp. 1389-1399. 
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The Development of I 


ligh-Output Free- 


Piston Gas Generators | 


By R. A. LASLEY! anv F. M. LEWIS? 


The development of free-piston gas generators suitable 
for naval-propulsion purposes was started in 1943 at the 
Baldwin-Lima-Hamilton Corporation, then the General 
Machinery Corporation, under a contract with the U. S. 
Navy Department. At that time little was known in this 
country regarding the free-piston developments of Pescara 
in France or Sulzer in Switzerland, which had already been 
under way for some years. This paper traces the progress 
made in this project and describes the construction and 
operating characteristics of various models which have 
been made during the course of the program. bos 

=e 
INTRODUCTION 
OR certain naval-propulsion purposes the free-piston gas- 
generator gas-turbine or ‘‘gasifier-turbine’’ power plant, as 
it will be called hereafter, has potential advantages. 

As compared with steam there is a reduced fuel consumption 
and a reduced hazard. As compared with diesels there are a re- 
duced size and weight and the advantages entailed in coupling a 
single turbine to the propulsion shaft, rather than a multiplicity 
of reciprocating units. As with any gas-turbine arrangement, it 
is necessary, for reversal, to utilize either a reversing gear with 
clutches or a reversible propeller. Developments in other types 
of gas turbines, as well as in atomic power, may influence the use 
of the gasifier-turbine plant to an extent as yet unknown. 

The developments at Baldwin-Lima-Hamilton have been con- 
cerned exclusively with gasifiers of high specific output, suitable 
for naval propulsion or other applications which require light- 
weight machines, 

The weight and volume of a gasifier-turbine plant of a given 
total output power are largely fixed by the weight and volume of 
the gasifier part of the plant. This is influenced by the following 
factors: 


(a) The size and number of the gasifier units used for a given 


total power. 
(b) Arrangement of the parts of the gasifier. 
(c) Pressure and temperature of the cycle. 
(d) Piston speed of the gasifier. 
(e) Design as regards material used, thickness of stressed parts, 


and other similar factors. 


Size NumsBer or UNITs 


Considering item (a) it is noted that the gasifier is subject to 


the same law of comparison as other prime movers. This states 


that for geometrically similar machines of the same piston speed, 


1 Baldwin-Lima-Hamilton Corporation, Hamilton, Ohio. Mem. 
ASME. 

2 Professor, Marine Engineering, Massachusetts Institute of Tech- 
nology, Cambridge, Mass. Mem. ASME, 

Contributed by the Gas Turbine Power Division and presented at 
the Spring Meeting, Columbus, Ohio, April 28-30, 1953, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Febru- 
ary 9, 1953. Paper No. 53--S-34. 


pressures, and pressure drops, the weight and volume per horse- 
power are proportional to the linear dimension of the units. 

In theory the total weight of the plant can therefore be reduced 
to any desired limit by using a sufficient number of units of small 
dimension and high cyclic speed. In practice this theoretical 
possibility is limited by difficulties of fuel injection and other prac- 
tical considerations and by the natural desire to keep the number 
of parts in an installation to a minimum. 
units is increased, the total volume required for service passages 


Also, as the number of 
becomes progressively larger. These factors are so many and 
complex that the optimum size of the units, in the last analysis, 
becomes largely a matter of opinion. 

Of the gasifiers constructed by Baldwin-Lima-Hamilton, the 
Model A is of 7-in. bore power cylinder, 21-in. bore compressor 
cylinder by 10-in. full power stroke, and the Model B of 8'/,-in. 
bore power cylinder by 23-in. bore compressor cylinder by 11-in. 
full power stroke. 


ARRANGEMENT OF Parts 


A considerable number of arrangements of gasifiers, some quite 
impracticable in design, have been proposed by patentees. Of 
these a few have been constructed and operated, 

All arrangements utilize a pair of opposed pistons connected by 
some type of synchronizing mechanism to insure their operation 
in exactly opposite phase. This opposed-piston arrangement 
gives a balance of inertia forces, 80 that any vibratory reactions 
between the gasifier and its foundations are limited to forces pro- 
duced by the pulsating flow of the discharge and scavenge gases, 

In describing these various opposed-piston gasifiers, the follow- 
ing terms will be used: 

Combend—the piston position when the pistons are closest to- 
gether at the center of the machine; that is, “distance combend” 
is the distance a piston can be moved from this inner position 
toward the center of the machine until it touches its mate. 

Scavend-—-the piston position when the pistons are farthest 
apart at the outer end of the stroke, and as a distance the inward 
travel of a piston until it touches its mate, 

The stroke equals seavend minus combend. 

Combend, seavend, and stroke are all functions of the operating 
conditions and vary with the load. 

The gasifiers which have been constructed are all of two types 
outward compression and inward compression, “‘Compression’’ 
here refers to the inital compression of the scavenge air. 
Considering outward-compression gasifiers, the 
arrangement, although it is not a practicable machine, is shown in 
Fig. 1. 
combustion pressure, compressing air in the compressor spaces 
AA‘ and discharging it to the scavenge trunk B. 
of the residual compressed air in the compressor spaces AA‘ must 


simplest 
Starting from combend, the pistons move out under the 
The expansion 


provide sufticient energy to compress the trapped air in the com- 
bustion chamber C and return the pistons to combend., 

The use of the compressor spaces to supply the return energy 
results in a low volumetric efficiency for the compressor, and 
therefore a large size of machine. It is also difficult to start this 
arrangement, There is a further difficulty in that proper com- 


bend can be obtained only at a single load condition. Suppose 


— 
| 
— 


= 

that fuel is reduced from this first condition, then scavend will 
shorten and the increased compressor energy will shorten com- 
bend and give too high a compression pressure in the combustion 
eylinder 


Wirh Outrwarp Compression, No Separate 


Bounce 


1 GASIFIER 


Ourwarp Compression, Outer Bounce 


CYLINDER 


ASIFIER 


iy 
ite 


Gasteier Wire Ourwarp Compression, INvERTED BOUNCE 
CYLINDER 


hia. 3 


These various difficulties can be overcome by the use of an 
additional piston and eylinder which will be called the direct- 
bounee cylinder, Two arrangements for this are shown in Figs. 
2 and 3.) The direct-bounce cylinders are DD’. 


of these two arrangements is the same, but in Fig. 3 the bounce 


The principle 


cylinder is placed inside the compression and power cylinder, 
resulting ina shorter machine, With the use of the direet-bounce 
cylinder to supply the return energy, the compressor clearances 
can be redueed to the minimum required for safety, and com- 
bend at any load can be adjusted to any value which is desired. 

Models A and B, which have been constructed by Baldwin- 
Lima-Hamilton, follow Fig. 2, and Model D follows Fig. 3. The 
machines which were constructed by Sulzer Brothers are as shown 
in Fig. 2. The spaces EER’ are called reverse-bounce spaces. 
They are used for starting, in a manner to be descr. bed later, and 
may or may not be used for a measure of speed control, 


OPERATING CHARACTERISTICS 


The following operating characteristics of gasifiers of this type 
A start is made at atmospheric pressure, and 
the direet-bounce pressure is adjusted so that the compression 


should be noted. 


pressure in the combustion cylinder will be of the order of 500 psi, 
With increased fuel and load the 
If combend position was held, the compression 


sufficient for combustion. 


pressure rises, 
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pressure would rise in proportion to the scavenge pressure, and at 
6 atm would reach 3000 psi with a still higher combustion 
pressure. These pressures are not permissible from the viewpoint 
either of liner or ring strength. 
it is therefore necessary to increase combend so as to hold the 


As the scavenge pressure rises 


pressure in the combustion cylinder to a safe limit. 

Another important operating characteristic is the relation of 
load to stroke. 
orifice turbine, a reduction of fuel results in a reduction of the 
The pistons then shorten their 


Assuming the gasifier discharges to a fixed- 
energy available for compression, 
stroke, with a consequent decrease in volumetric efficiency, until 
the energy absorbed by the compressor, with an addition for 
These 

The 


friction, equals the energy output of the power eylinder. 
changes are entirely automatic with a change in fuel setting. 
direct-bounce pressure must be adjusted for correet combend. 

In Fig. 4 is shown the simplest type of inward-compression 
gasifier. This is the arrangement of Pescara as constructed by 
SIGMA (Société Industrielle Générale de Mécanique Appliquée ). 

Here the outer side of the pistons serve as the direct-bounce 
space, while the inner side is the compressor space, Starting is 
effected by moving the piston to scavend and then suddenly in- 
jecting a fixed quantity of compressed air into the bounce space. 
This type of gasifier is subject to the following limitations: 

It is necessary to place the compressor cylinder heads so that 
starting with minimum combend there is still a slight clearance. 
As the scavenge pressure rises it is necessary to increase combend 
just as with the outward-compression machine. But this in- 
creases the compressor clearance and thus reduces its volumetric 
efficiency. This effect increases the size of the gasifier necessary 
for a given output. 
difficulties can be compromised to a certain extent, but above this 


Up to « pressure ratio of 3 to 4 atm these 
limit the loss is too great. These limitations can be overcome 
but with some additional complications. 

Among the several possibilities the most attractive is to move 
the compressor head through « short distance so that at starting 
there is a large compressor clearance and at full load, a small one. 
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DEVELOPMENT OF HIGH-OUTPUT FREE-PISTON GAS GENERATORS 


The movement can be effected either by mechanical or hydraulic 
means, Fig. 5. 

Many other gasifier arrangements can be imagined, but the 
foregoing appear to have the most desirable features of any so far 
proposed. In this connection we note two proposals often made. 


teferring to Fig. 2, these are as follows: 


Use the direct-bounce spaces as combustion spaces, 


9 
2 


Use the reverse-bounce spaces as compressor spaces, giving 


a double-acting compressor. 


With both of these changes, the output of a given gasifier should 
be doubled. As regards (1), it is noted that any misfiring, and this 
isnot unknown in starting, will throw a very heavy load on the 
synchronizing mechanism and would require this to be of very 
heavy construction. This slows the gasifier and leads to such an 
increase of weight that the change becomes useless. There is the 
further disadvantage of loop scavenging. 

A double-acting arrangement for the compressor would be 
highly desirable. By reducing the piston size it would reduce the 
internal ring losses and an increase of valve area would be 
The machine would be 


rhe 


attainment of these desirable objectives, however, is hampered 


possible, further increasing the efficiency. 
lighter on account of the smaller compressor piston bore. 


by the annoying circumstance that if the power-eylinder bore is 
larger than 37 per cent of the compressor-cylinder bore, approxi- 
mately, the synchronizing mechanism cannot be attached to the 
No attractive method of eir- 
ecumventing this difficulty which will produce a double-acting 


inner side of the compressor piston 


machine as light and compact as the single-acting has as yet been 
proposed. 


Maximum AND EPrICIENCY 


Highest output and efficiency will be attained by operating the 
gasifier at the highest possible pressure and temperature levels. 

Considering only single-stage compression, the seavenging 
pressure level and therefore the pressure at the turbine are limited 
by the temperature rise in the compressor to about 100 psig, 
with a temperature of approximately 450 FP. Higher pressures will 
lead to carbon deposits on the valves. With water-injection cool- 
ing in the compressor, this pressure could be raised somewhat, but 
Also with 
pressures above 100 psi there is a steady decrease in the com- 
The 
pressure in the power cylinder is limited by the strength of the 


this is not an attractive proposal for marine use. 


pressor volumetric efficiency so that the gain is not large. 


evlinder walls and also the possible effeet on piston rings. In 
Model B, this pressure is of the order of 2200 psi at 90-psig turbine 
pressure. 

The temperature to the turbine is limited first by the piston 
The turbine limits depend 
on its design and the materials used, but 1300 F is entirely prac- 


rings, and next by the turbine itself 


ticable. 

The piston speed of the gasifier is limited by the permissible 
pressure drop in the valves and ports, and the eyclic speed is 
These 


limits can be higher than is usual in conventional diesel-engine 


limited by difficulties of fuel injection and combustion. 


practice. 

The speed of a gasifier is fixed by the pressure relations in the 
various cylinder spaces and the weight of the pistons and syn- 
chronizing mechanism. 

By fortuitous circumstance these pressure relations are such 
that with a piston of a minimum practicable weight the piston 
speeds are suitable. 


BaLpwin-Lima-HAMILTON GASIFIERS 


The first of the four gasifier models constructed by Baldwin- 


Lima-Hamilton was of the outward-compression type with 


direct and reverse-bounce cylinders. The objective in construct- 
ing this machine was to obtain the maximum experimental 
versatility. It was desired to obtain experimental operating 
characteristics, and in particular to investigate the question of the 
maximum speed and pressure at whieh such a machine could be 
operated successfully, 

Model A was operated for 1900 intermittent hours over the 20 
to 1O0O0-psig pressure range, including one continuous run of LOO 
hr duration at 70 psi and higher. The principal defects were of 
a structural nature involving welding of water jackets where they 
were attached to heavy members, possibly ata different tempera- 
ture level. 

We will not discuss this model in detail, since it was followed by 
In this 
model, the welding defects of Model A were corrected, and it also 


the slightly larger Model B oof closely similar design 


differed from Model A in that the synchronization consisted of a 
single pair of racks on one side of the machine rather than the 
double pairs of Model A. 

Three eyvlinders of the Model B design have been constructed 
and they have been tested both singly and in tandem operation 
Two of these units are now at the Naval 
While both 
Models A and B were intended to serve as prototypes for light- 


feeding a gas turbine 
Engineering [experimental Station at Annapolis, Md 


weight gasifiers, they were this only in so fur as sizes, pressures, 
and speeds were concerned, No attempt was made to reduce the 
weight toa minimum by the reduction of the thickness of parts or 
the use of lightweight metals, except in the pistons, for it’ was 
believed that in the early development it was unwise to add the 
possibility of structural failures to the many other unknowns 

A longitudinal and cross section of Model Bis shown in Figs, 6 
Both Models 


could be operated at any pressure up to 103 psig and, if reverse- 


and 7 A and B were designed so that they 


bounce stimulation could be used, for speeds up to 1400 epm 


STARTING OF OUTWARD-COMPRESSION CASIFIERS 


In the heads of the reverse-bounce spaces are located four in- 
side-opening dump valves which connect these spaces to the 
They are opened by air pressure and are closed by 
Air pressure at 


atmosphere 
a spring. The starting sequence is as follows: 
approximately 20 psi is supplied to the reverse-bounce space 
This moves the pistons to seavend. A 
mately 150 psi is then supplied to the direct-bounce space. A 
valve is then rapidly opened which feeds to the dump valves and 


pressure of approxi 


gives them a rapid opening, and at the same time the air supplied 
to the reverse bounce and direct bounce is cut off. The pistons 
are now moved inward to combend where fuel is injected, driving 
them outward. 
valve air is released and they close. 


At the proper position in the stroke the dump- 
The gasifier is now operating 
under atmospheric conditions. 

For Model 


elements was constructed 


A a purely automatic starter with pneumatic 
With this the operator had merely to 
push a single buttom and the starting evcle was carried out 
automatically. 

For Model B a simpler type of mechanical starter was used in 
which the operator carried out the operation by rotating a hand 
wheel which opened the appropriate valves in successive positions 
An important factor in proper starting is that the dump valves are 
closed in such a position that the proper amount of air is trapped 
Four methods have been used to 
In the automatic Model A starter 
the closure was effected when the pressure in the direct-bounce 
Model B the closure 
The air suddenly supplied to open the dump 


in the reverse-bounce space. 
time this dump-valve closure. 


space had dropped to a fixed level. In 
was based on time. 
valves acted on a small weighted piston and set it in motion 
After traveling a fixed distance, ports were uncovered which 
released the air thus closing the dump valves, Fig. 9 
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In Model D the closure is based on piston position. A cam on 
the synchronizing pinion shaft opens a valve which releases the 
air in the dump-valve control lines, Fig. 10. 

In all of these arrangements the rapidity of dump-valve closure 
is increased by the use of quick-release valves adopted from rail- 
way-brake practice, placed adjacent to the dump valves. More 
recently with Model D it has been found that starting can be 
effected by a slow closure of the dump valves, the air being re- 
leased with a slow bleed, Fig. 11. 

Another method of starting, but which was not used with these 
models, effects a start by releasing suddenly a fixed qu: untity of 
compressed air into the direet-bounce spaces. 


COMPRESSOR VALVES 


It is necessary that the compressor valves be of such strength 
that failures are unknown and shall be of the highest possible 
efficiency, since the valve efficiency is an important factor in fixing 
An extensive test program 
and outlet valves was 


the over-all efficiency of the gasifier. 
to fix the design of the compressor inlet 
started early in the gasifier-development program and has con- 
tinued up to the present. Tests have been carried out on a single- 
evlinder, crank-driven test compressor which permitted measure- 
ments of all pertinent quantities, at pressures up to 130 psi and 
speeds up to 2000 cpm. 

The reed-valve design adopted is shown in Fig. 12. In Model 
B the 213 intake reeds per cylinder end are located around the 
circumference of the cylinder and the 262 discharge reeds per end 
are located in the head. The discharge-reed plates are mounted 
on members with cooled passages in order to reduce carbon 
deposits. 

The test compressor, fitted with reeds in such numbers so as 
to have closely the characteristics of Models and B, has 
the characteristics shown in Fig. 13. At 100 psig pressure and 
1100 epm, adiabatic efficiency is of the order of 80 per cent. This 
figure has a very important influence on the over-all performance 
of the gasifier, and it would be very desirable to improve it. 

Considerable research has been carried out in this direction, 
but as vet the diagram, Fig. 13, represents the best which it has 
been possible to attain. While valve systems with streamlined 
passages in which the individual vaives have better character- 
isties can be devised, it is not possible to place as many units of 
such type valves in a given area, or the valves require large clear- 
ance volume, with a consequent reduction of volumetric efficiency, 
and so no gain can be made. 

It is possible that with mechanically operated valves some im- 
provement could be made, but these would add such undesirable 
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Fuet-InsecrioN Sysvem ror Free-Piston Gas Generators 


In deciding upon the type of injection equipment best suited 
for use on a free-piston gas generator, several factors were con- 
sidered. The first of these factors was concerned with the fact 
that the piston velocity decreases rather rapidly at the time fuel 
injection occurs, This results in a decreasing angular velocity of 
any cam attached to the unit, making it very difficult to design a 
cam with either a constant or an increasing rate of plunger rise 
during the injection period. 

The second factor considered was the desirability of being able 
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to change injection timing in relation to piston stroke while the 
unit was in operation. 

Another point considered was the accurate metering of the 
quantity of oil to be injected each stroke, co-ordinated with cyclic 
speed of the proposed unit. 

An examination of the foregoing points leads to the serious con 
sideration of the common rail-injection system. The advantages 
of this system consisted of injection characteristics that were not 
in any way tied to the velocity characteristics of the power 
pistons. It also was felt that, as only the timing function need 
be actuated mechanically, the loads imposed on synchronizing 
racks and pinions would be so small that no mechanical diffi- 
culty would be encountered. 

The one drawback to using a conventional common rail-in- 
jection system seemed to be the lack of a positive control of the 
quantity injected each stroke. The common rail system there- 
fore was modified to give a definite mechanical control of the 
quantity of fuel injected for each stroke. 

Fig. 14 represents a schematic arrangement of the basic sys- 
tem finally used. This system incorporated a motor-driven high- 
pressure rail pump that supplied fuel at the desired pressures of 


6000 to 10,000 psi. ‘The assembly mounted on the free-piston gas 


Compressor Reep-VaLve Design 


generator was known as a metering unit and had as its function 
only the timing and the metering of the fuel oil. 

In the metering unit, timing plunger | was reciprocated by 
means of a cam attached to the synchronizing pinion shaft. Its 
angular position in the bore was controlled by rack 2 in the same 
manner as a conventional pump plunger. As the power pistons 
moved to seavend, 
annulus 3 of the plunger connected port 4 and port 5, thus per- 
mitting the high-pressure oil supplied by the rail pump to passage 
6 to flow from port 4 through annulus 3 and out through port 5. 
This flow of high-pressure oil immediately applies hydraulic 
pressure to the larger end of differential valve 7, forcing it against 
its seat and blocking off passage 8. Thus, the oil is permitted to 
flow through check valve 9 to metering piston 10, equalizing the 
As the pressure on the 


plunger | was moved to the left until the 


pressure on the two sides of the piston. 
two sides of piston 10 is equal, spring 11 is free to move piston 10 
until restrsined by adjustable stop 12. 
actuated charging stroke of piston 10, check valve 9 returns to its 


At the end of the spring- 
seat, trapping a fixed quantity of oil. As the power pistons re- 
turn on their compression stroke, timing plunger 1 is moved to the 
right until port 5 is closed and no flow of oil can take place until 
timing-control edge 13 connects port 5 with drain port 14. This 
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results in unloading the hydraulic pressure on differential valve 
7, permitting it to open and connect cavity 15 with injection 
passage 8. The high-pressure oil acting on piston 10 displaces 
The 


movement of piston 10 is limited by the projecting stop contact- 


oil through passage 8 and injection tube 16 to injector 17. 
ing the end of the bore, ending the injection stroke. Upon the 
return stroke of timing plunger 1, the process of recharging pump 
cavity 15 takes place as described previously. 

The quantity of oil injected each stroke is varied by means of 
adjustable stop 12 controlled by rack 18. 
fuel position, stop 12 is moved toward piston 10 until the pro- 


For example, in the no- 


jecting stop on piston 10 is against the end of the bore, reducing 
piston travel to zero and thus preventing piston 10 from displacing 
For maximum fuel, stop 12 would be adjusted in the 
opposite direction, permitting piston 10 the maximum stroke and 


any oil. 


therefore the maximum quantity of fuel to be displaced. 


anon, 

| 2 


System, Rar Type 


COMPRESSOR CHARACTERISTICS 
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unit is in operation and is entirely independent of quantity of 
fuel being injected. 
relatively free from variations in individual injection quantities 


This svstem also has the advantage of being 


due to air or gas entrapped in the oil as the actual metering takes 
place under the full rail pressure, thus greatly compressing any 
entrapped gas or air and lessening the effect of any given quantity 
of gas on volumetric displacement. 

This type of injection equipment functioned very satisfactorily 
on the first four units built. Its chief disadvantages were found 
in the complicated construction which made it very expensive to 
manufacture, and the necessity of using a large motor-driven rail 
pump to supply the high-pressure fuel oil, ‘Therefore it) was 
decided to develop another system that would eliminate many of 
the parts and also the high-pressure rail pump, This second 
system, as shown in Fig. 15, consists of a pump plunger I actuated 
by means of 


an eecentric geared to the piston-synchronizing 


CONTRO. 


Fig. 15 System, ACCUMULATOR Tyre 
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pinion. During the early part of the power-piston compression 
stroke, plunger 1 displaces oil through passage 2, thus applying 
oil pressure to the large diameter of differential valve 3, forcing it 
tightly against its seat, and closing off passage 4. Continued 
movement of plunger 1 displaces oil through passage 2 and 
through check valve 5 into cavity 6 under plunger 7. The 
opposite end of plunger 7 is exposed to the hydraulic pressure in 
accumulator 8. The hydraulic pressure in this accumulator is 
maintained at a constant level by use of a small rail pump. This 
rail pump is very small and inexpensive as it has no other func- 
tion than to maintain pressure in the accumulator at the desired 
level. The accumulator pressure determines the actual injection 
pressure during the injection period. 

Continued displacement of oil by plunger 1 causes displace- 
ment plunger 7 to move against the accumulator pressure, thus 
enlarging cavity 6 to saecommodate the fuel displaced by 
plunger 

As plunger | reaches the end of its displacement stroke, helix 
edge 9 uncovers spill port 10. The uncovering of spill port 10 
ends the pumping stroke of the plunger and determines the begin- 

Injection begins at this point as the un- 
10 immediately drops the pressure in 


ning of actual injection, 
covering of spill port 
passage 2, permitting check valve 5 to seat, and also removes the 
hydraulic pressure holding differential valve 3 against its seat. 
Upon the removal of the hydraulic pressure on the large diameter 
of differential valve 3, it immediately connects passage 4 with 
The hydraulic pressure in accumulator 8 forces dis- 
placement plunger 7 downward, displacing oil through injection 
Injection continues until the 


cavity 6. 


passage 4, thence to injector 11. 
valve seat on displacement plunger 7 resumes its seat thus end- 
ing its stroke and, consequently, the delivery of fuel oil. 

It will be readily apparent that this system is much simpler to 
manufacture and maintain than the earlier type. It has, how- 
ever, certain limitations as the timing is not adjustable regardless 
of fuel quantity, as is the case on the previous model. The timing 
is controlled by helix 9 which is an integral part of the pump 
plunger as is the metering helix 12. This arrangement permits 
a fixed timing for each quantity of fuel, but once this time is 
established by the helix angle it cannot be changed except by 
designing a new plunger. The entire timing range can be shifted 
somewhat by changing the tappet adjustment that 
plunger 1. 

This injection unit can be designed to deliver fuel to two or 
more injectors and maintain equal delivery between each injector. 
This is accomplished by using a multiplicity of displacement 
plungers mechanically co-ordinated to maintain equal stroke. 
This again results in a considerable saving as only one pump 
plunger and actuating means need be used even when several in- 


actuates 


jectors are required per cylinder. 

This injection system as described has given results comparable 
to that obtained with the system originally used and gives every 
evidence of developing into a reliable mechanism. It 
however, impose added loading on the power piston-synchronizing 


does, 


mechanism, necessitating the use of larger, more durable parts. 
A conventional differential-type fuel injector was used with 
both types of injection equipment. 


Piston Rinas aANnp LINERS 


Above all other factors the success of the gasifier-turbine system 
is dependent upon the life of the piston rings and liners of the 
The rings must operate without breakage, 
and the wear of the rings and liners must be sufficiently small so as 
to give a reasonable life to these parts before replacement. It is 
evident that as the pressure and temperature in the combustion 
cylinder of a gasifier are increased, these problems become of 


combustion cylinder, 
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greater and greater difficulty and there must exist a limit above 
which it is not worth while to operate. In constructing Model 
A, it was intended to determine this limit and, if possible, establish 
relations between the cycle pressure and temperature and the 
ring and liner life. In the test program of Models A and B many 
types of rings of varying dimensions and materials have been 
tested, but it has not been possible as yet to fix such an upper 
limit or to establish curves of ring and liner wear versus pressure. 

Considering first the causes of ring breakage, many hypotheses 


can be advanced. We list some of the possibilities: 


Maximum pressure excessive. 

Maximum rate of pressure rise excessive. 

Insufficient gas pressure behind rings. 

Port-bridging stresses, 

Irregularities of cylinder walls, 

Carbon formations on combustion cylinder walls at com- 
bend and carbon deposits on ring grooves. 7 
7 Weakening from excessive temperature. 

8 Deficiencies of lubrication. 


It cannot be stated with certainty to what degree any one of 
the foregoing factors is responsible for ring breakage, and break- 
ages may be caused by several of these factors operating together 
or by other causes unlisted and unknown. 

We attach particular importance to hypotheses (3) and (8). 
Considering (3), which is related to (2), it is observed that as the 
pressure in the combustion space rises, gas flows into the space 
behind the rings. If the rings fit their grooves too closely, the 
pressure behind the rings will be appreciably lower than that in 
the combustion space. The rings may then be driven back from 
the cylinder wall with an escape of gas around them, and the erratic 
To avoid this there should 
be an adequate side clearance of the fire rings in their grooves, and 
the space behind them should be reduced to a minimum. 

Considering (8) it is observed that on the inward stroke of the 
pistons, gas pressure, friction, and inertia all combine to hold 
On the reverse 


bending thus caused will break them. 


the rings against the bottoms of their grooves, 
outward stroke, gas pressure tries to hold them against the 
bottom of the groove while friction gives an opposing force. 
With well-lubricated walls, the gas-pressure effect is the larger 
and the rings remain seated on the bottoms of the grooves. But 
if there is a failure of lubrication, a ring may freeze momentarily 
to the wall so that it now bears against the top of the groove, If 
there is good lubrication around part of the circumference and a 
failure in the other parts, part of the ring will try to bear on one 
face and part on the other. Heavy bending stresses will then be 
thrown into the ring. 

In order to retain lubrication on the cylinder walls, it is desirable 
to keep both the cylinder walls and the piston rings at the lowest 
possible temperature, 

The liner and piston construction have been designed with this 
The liner is of steel porous chrome-plated and of 
double-wall construction, so arranged that the water passages lie 
The steel piston crown, Fig. 8, like- 
wise consists of two parts, a heavy inner member for strength, and 


in mind. 
close to the inner surface. 


a thin outer member, copper-brazed to this, in which cooling 
passages are machined close to the outer surface. The cooling 
oil to the pistons is led in and out through the hollow rack rods. 
These arrangements for holding the cylinder walls and rings at a 
minimum temperature minimize ring and liner wear. The piston 
body is of aluminum and is one piece with the direct-bounce and 
compressor pistons. 

The lubrication of the combustion cylinder is by independently 
driven lubricators with outlet below; i.e., remote from the com- 
bustion space and in line with the port bridges. 
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CONTROL OF THE BOUNCE SPACES 


Controls are needed to maintain the proper pressure level of 
both the direct With a fixed 
reverse-bounce pressure, combend is controlled by the direct- 
bounce pressure. As the pressure level of both spaces increases, 
the cyclic speed and therefore the output of the gasifier are in- 
creased. It was originally intended to utilize this feature to ob- 
tain maximum output, although it was anticipated that this in- 
creased power would be obtained at the expense of a slightly de- 


and reverse-bounce spaces. 


creased efficiency. 

Test results from Model A showing the effect of stimulation 
are given in Fig. 16. It will be noted that there is very little 
change in thermal efficiency with stimulation, but this is because 
This in- 
creased temperature can be ascribed to the following causes: 

With the increased speed the combustion efficiency is reduced. 

The higher bounce pressures result in higher thermal losses, 


stimulation is accompanied by a rise of temperature. 


principally from piston-ring friction. 

With the higher speeds the compressor efficiency is reduced. 

In spite of these losses a moderate degree of stimulation appears 
to offer an advantage at a temperature of 1200 F or higher. The 
maximum horsepower output is reached, not with the maximum 
pressure, but with a somewhat lower pressure and a stimulated 
speed. This lower pressure-stimulated operation entails only a 
negligible loss of efficiency compared to the nonstimulated, 
higher pressure operation. 

From these curves it may be inferred that for every specified 
exhaust temperature to the turbine, there exists a pressure and 
speed which will give a maximum output, and it is evident that 
this optimum relationship occurs at higher speeds and lower 
pressures than those at which the gasifier has been operated. To 
obtain this advantage further lightening of the piston would be 


desirable but is very difficult. 
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As presently operated, the Model B reverse-bounce spaces are 
connected to atmosphere through a set of discharge-reed valves. 
This space then operates at a pressure below atmospheric, as the 
leakage into the reverse-bounce space which is discharged to 
atmosphere is very small. With the reverse-bounce pressure 
fixed, a feed valve holds the direct-bounce pressure to the proper 
level. This valve can be hand-controlled or operated on a 
balance so that the direct bounce bears a definite relationship to 
the scavenge pressure. In Models A and B, the bounce air 
is supplied by an independent source. The consumption at 90 
Ib full load is of the order of 18 efm of free air, approximately | per 
cent of the output of the gasifier, 

The gasifier can be made self-feeding by linking a small com- 
pressor piston to the synchronizer rack, or by so fixing the ratio of 
the bounce-cylinder diameter to the compressor-cylinder 
diameter and the pressure ratio in the bounce cylinder itself, 
that the minimum bounce-cylinder pressure is lower than the 
scavenge pressure under all conditions. It will still be necessary, 
however, to have an independent air supply for starting. 


Operation Units 


Two of the Model B gasifiers have been operated feeding a 
These tests were made largely to gain experience with 
The small size 


turbine. 
the operation of gasifiers connected to a turbine 
of the turbine used made it an inefficient unit 

Gasifiers can be connected to a turbine either by a single main 
gas line or by independent gas lines, each of which supplies its 
own nozzle bank in the turbine. The latter method was used. 
Each turbine was connected to a nozzle bank in the turbine by a 
pipe 8 in, diam and approximately 7 ft long. Bellows-expansion 
joints were placed in these pipes as well as a shutoff valve and a 
by-pass to atmosphere 

With this arrangement it was found that the output and 
efficiency of the gasifiers are unchanged whether they are con- 
nected to a turbine or an orifice, 

No difficulty of any kind was experienced from the presence of 
pressure waves in the piping. With one unit operating, the other 
could be started if the delivery pressure of the first unit did not 
exceed 30 psi. Above this pressure it was necessary to open the 
by-pass of the second unit in order to start it, but it was not neces- 
sary to close the main line valve. Also, it was possible to make 
simultaneous starts. 

With a synchronizing mechanism it is possible to make two or 
more gasifiers operate in step. There are several methods of 
accomplishing this. The mechanism used consisted of a piston 
of 2-in. bore by 2-in. stroke driving a crank and connecting rod, 
a small flywheel, and a rotary valve. This was open for one-half 
revolution and was closed for the other half. The space above the 
piston to the 


of one unit, and the rotary valve was placed in the feed line to the 


was connected by pipe reverse-bounce space 


direct-bounce space of the other unit. If this reciprocating pulse 
motor, which contains no valves of any kind, is set in rotation 
with a frequency equal to or higher than that of the gasifier 
operating it, it will continue to run at the speed of this gasifier. 
If the loads on the two gasifiers are not too far from equality, the 
second gasifier will then operate in synchronism with the first, 
While the synchronized gasifiers give a better sounding plant, 
the synchronization has no effeet on either its output or 
efficiency. 

In addition to Models A and B, two other gasifiers, one of out- 
ward-compression type with inverted direct bounce and another 
Both of 
these units are of the approximate dimensions of Medel B but 


of inward-compression type have been constructed. 


They have received only pre- 


are much lighter in construction, 
liminary tests and no details are available. 
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Discussion 


A. K. ANTONSEN® AND T. L. Superman.‘ This paper is an 
excellent contribution to the understanding of this little used type 
of prime mover. 

The authors state a machine built in accordance with Fig. 1 is 
not attractive because of its large size. This is controversial 
because in comparing Fig. 1 with Fig. 6, a late model, it would 
seem that if one type tends to give machines of large diameter 
then the other is handicapped by greater over-all length. 

It has been stated frequently that multiple gasifiers have an 
advantage over conventional reciprocating engines in that each 
can operate at full-load efficiency throughout the combined load 
For example, a group of four units would have all operat- 
Three units would 


range. 
ing at from 75 per cent to full load. be in 
operation at 50 to 75 per cent, two units at 25 to 50 per cent, with 
only one operating at lighter loads. At load changes of any 
magnitude, gasifiers should stop and start as required, thereby 
demanding considerable excellence and reliability in what is 
admitted to be a quite involved problem. 

For such an arrangement, it would seem that starting from com- 
bend offers best possibilities because cylinder-charge conditions are 
more favorable for the first combustion. How are starting con- 
ditions in a Baldwin-Lima-Hamilton gasifier taken care of when 
units in multiple arrangement are started and stopped during load 
changes? 

The problems involved in the exhaust system of a multiple- 
A unit cannot be left 
open for long intervals because of the liability of being seriously 
fouled, particularly when the outlet is vertically upward. Has 
any work been done in this direction? 


unit installation are also considerable, 


One of the real weaknesses in the free-piston gasifier is the 
liability of damage to rings and pistons because of high rates of 
The modern 
diesel finds this a distinet problem, but it is much accentuated in 


pressure rise and magnitude of peak pressures, 
the gasifier. 

Patt Suimcey The writer is honored in being invited to 
discuss this well-organized and presented paper upon a subject 
that is very complex and comparatively new. Having had a 
part in this program at its start in 1943, and for several vears 
thereafter, he would like to make the following comments 

As the authors state, the highest output and efficiencies will be 
obtained by operating the gasifiers at the highest possible pressure 
and temperature levels, The optimum for these conditions will 
be realized by designing for streamlining for mass flow and holding 
shock losses in the system toa minimum. For any one operating 
pressure the lowest operating temperature will produce the lowest 
fuel consumption and highest efficiency for the power plant. 


Supervisor, Research and Development Department, Fairbanks, 
Morse & Company, Beloit, Wis. Mem. ASME. 

‘Consulting Engineer, Research and Development 
Fairbanks, Morse & Company. 

* Nordberg Manufacturing Company, Milwaukee, Wis. 


Department, 


The size and number of gasifiers for a certain power output 
can be reduced by the use of supercharging or boosting the air 
pressure and mass flow of air to the gasifier-suction inlet and, with 
the use of moderate intercooling, a slight increase of efficiency 
may be attained with the svstem operating at a higher pressure 
level and with no increase in operating temperatures. Com- 
paratively low boosting pressures will permit a considerable gain 
in power output. 

Synchronization of a multiplicity of gasifiers to one or more 
turbines simplifies the suction ducting to the gasifiers and the 
piping between the gasifiers and the turbine and reduces inter- 
ferences between gasifiers to a minimum in regard to scavenging, 
The arrangement 
amounts to much the same as is encountered in high-pressure 


air mass flow and gas flow to the turbine. 


charging of turbocharged engines of the two-cycle type. 

The future of this type of power plant depends upon its ultimate 
dependability, availability, and how it will fit into our economic 
picture, 

C. F. In supercharged diesel-engine practice to 
date, it apparently has not been found possible to secure satisfac- 
tory reliability and durability with inlet pressures greater than 
about 2 atm abs, with the fuel-air ratios required to yield exhaust 
Apparently, 
these limitations are set by eylinder, piston, and piston-ring 


temperatures in the range indicated in the paper. 


characteristics rather than by the crankshaft-connecting-rod 


system. In view of this experience, it seems optimistic to hope 
that the free-piston diesel cylinder can be made durable and relia- 
ble at inlet pressures up to 6 or 7 atm, as indicated in Fig. 16. 
Would the authors care to comment on this question? 


Avuruors’ CLosurE 


The use of a direct-bounce cylinder does not necessarily involve 
This is indicated by Fig. 3 which depicts 
an even later model than Fig. 6. 


greater over-all length. 


Messrs. Antonsen and Sherman, and Professor Taylor, note 
that the load limits of a gasifier depend largely upon the per- 
formance of piston rings and eylinder liners. We have ourselves 
emphasized this fact in the text and note that a load of, say, 70 
psi or more is required for performance which is competitive with 
We disagree with the two at- 
The most 
recent model has already had a ring life in excess of 500 hours at 


that of present diesel engines. 
mosphere absolute limit noted by Professor Taylor. 


six atmospheres absolute, and is expected to demonstrate further 


improvement. Supercharging pressures for diesels are con- 
tinually rising and may ultimately reach values now being used 
in gasifiers. Itis hardly safe to say what the limits are for either 
free piston machinery or diesels. 

In the case of the gasifier, as in the case of any worthwhile de- 
velopment, certain problems must be met and overcome. Many 
have already been brought to satisfactory conclusions, and ex- 


perience indicates that others also can be solved. 


6 Professor of Automotive Engineering, Massachusetts Institute of 


Technology, Cambridge, Mass. 
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Experimental Investigations of Propagat- 2 


‘ing Stall in Axial-Flow Compressors 


By T. IURA' ano W. D. 

Measurements of velocity fluctuations in stalled opera- 
tion of an axial-flow compressor have demonstrated that 
stalling occurs for the most part in well-defined regions 
over the compressor annulus. These stalled regions ro- 
tate without changing shape in the direction of the blade 
rotation with a speed proportional to, but of smaller mag- 
nitude than, the rotor speed. Two principal typesof propa- 
gating stall were observed, one with the stalled region or 
regions extending over part of the blade height, the other 


with a single stalled region over the full blade height. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= compressor annulus area 
= axial velocity component 
C, = axial velocity component averaged over the annulus 
2 = eyele length of velocity fluetuation 
number of propagating stall regions 
instantaneous velocity normal to radius of compressor 


mean velocity normal to radius of compressor 
airfoil chord length 

static 
radius of a particular stream tube 


pressure 


tip radius 

cascade pitch 

velocity of rotor-blade tip 
change of a quantity 

fluid density 

average flow coefficient, C,/to 
rotor angular velocity 


average power coefficient, shaft power/1/2pA Cauo? 


INTRODUCTION 
Observations of stalling in axial-flow compressors have demon- 
strated that the regions of separated or reversed flow are not 
axially symmetric but occur in more or less well-defined patches 
The re- 


gions of retarded flow remain approximately the same shape and 


around the circumference of the compressor annulus. 


are propagated circumferentially with a velocity proportional to 
the rotor speed. where the total flow rate 
through the annulus does not vary with time, will be called propa- 
gating stall. Surging will be defined 
the net flow through the entire annulus fluctuates with time. 
It is possible that surging involves an oscillation from one propa- 
the violence of the surge being 


This phenomenon, 


as a phenomenon where 


gating-stall pattern to another, 
determined by the natural frequency of the ducting or reservoirs 
circuit. The propagating-stall phenomena 


in the compressor 
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2 Associate Professor, Mechanical Engineering Department, Cali- 
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have been mentioned by other although, 


authors’ knowledge, the only 
by Huppert and Benser.* 


The investigations described here are concerned primarily 


one given recently 


with stall propagation; no distinet surge was observed. Proba- 
bly more or less well-defined stall-propagation phenomena occur 
in all axial-flow compressors as they are throttled beyond the 
peak pressure. Similar phenomena have been observed in cen- 
trifugal impellers and even in straight easeades by H. Emmons, 
Pressure or velocity measurements with instruments of low re- 


wire anemometers or high-frequency pressure pickups are re- 


sponse time give no indication of the propagating stall 


quired for detection of the phenomena. 

The propagating stall has been explained qualitatively as a 
successive unstalling and stalling of blades in a cascade. The 
stalled-blade channels offer a high resistance to flow through the 
cascade and the 
side of the 


approaching flow tends to be diverted to each 


stalled region as shown in Fig. 1. The incidence 


APPROACHING AIR STREAM 


STALLED BLADE CHANNEL 


DIRECTION OF STALL PROPAGATION 


Pic. PropaGation In a Cascape 


VELOCITY OF PROPAGATING STALL 
ra WITH RESPECT TO STATOR 
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VELOCITY OF PROPAGATING STALL 
WITH RESPECT TO STATOR 


VELOCITY OF PROPAGATING STALL 
WITH RESPECT TO ROTOR 


Propacation in Compressor-Biape 

angle is reduced to the left of the stalled blades and increased 
This tends to stall the next blade on the right and 
The stalled region hence 


to the right 
unstall the last stalled blade on the left. 
moves to the right. Apparently, as the average flow angle of a 
cuseade approaches stalling incidence, the preferred flow pattern 


is one with groups of blades severely stalled alternating with 
Some Stall and Surge Phenomena in Axial-Flow Compressors,” 


by M.C. Huppert and W. A Bense “4, preprint of paper presented at 
Institute of Aeronautical Sciences’ 21st Annual Meeting, New York, 


N.Y January, 1953 
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groups of unstalled blades rather than a uniform stalling of all 
blades. The velocity of propagation of the stalled regions is de- 
termined by some characteristic time, the origin of which is not 
understood definitely at present. For a moving cascade, the 
stall-propagation speed relative to a fixed system is the differ- 
ence between the cascade speed and the propagation speed in the 
moving cascade. All propagating-stall patterns observed moved 
relative to the compressor casing in the direction of the rotor 


with a speed less than the rotor speed, Fig. 2. 
Test 

The compressor used in the stall-propagation measurements 
was one designed to simulate the internal-flow patterns commonly 
employed in modern high-performance turbomachines. The 
blade-tip diameter was 36 in. and the hub ratio 0.6. Two types 
of blades were available, three stages of “free-vortex’’ blading 
and one stage of “solid-body” blading. Both sets were designed 
for a power coefficient y = 0.40 at a flow coefficient 6 = 0.45 
The design power coefficient actually was attained at @ = 0.43 
because of the influence of wall boundary layers. The blade 
solidity ranged from a maximum of 1.15 at the rotor roots to 
The blading is 
were 30 rotor 


a minimum of 0.69 for the free-vortex rotor tip. 
There 
blades and 32 stator blades in respective rows, The axial spacing 
between center lines of adjacent blade rows was 2.875 in. Most 
118 fps); hence 
compressibility effects were negligible, and the blades could be 


described in detail in another paper.‘ 


of the measurements were made at 750 rpm (u = 


considered rigid in so far as aerodynamic forces were concerned. 

The entrance duct had a volume of 51 cu ft and the exit duct 
(between the compressor and the throttle) a volume of about 
cu ft. 
considered as a Helmholtz resonator are above 22 cycles per 


The caleulated natural frequencies of the system 


see (eps), except possibly one mode involving torsion of the drive 
shaft, estimated as IS eps. All propagating-stall patterns, with 
one exception, had frequencies lower than the foregoing. 

For velocity-fluctuation measurements, radial hot-wire ane- 
mometers utilizing platinum wires of 0.00024 in, diam and */;¢ in. 
length were employed. In the majority of the tests, a constant 
current of 50 milliamp from a 90-volt B battery was used. The 
hot wires were calibrated in an air stream of known velocity be- 
fore and after each run in which the velocity-fluctuation magni- 
tudes were measured. A schematic diagram of the apparatus 
is shown in Fig. 3. The hot-wire amplifier had a flat frequency 
response up to about 1000 eps. For phase measurements, two 
identical circuits were used so that simultaneous readings with 
two separate hot-wire probes could be made. The two circuits 
were checked for identity in response time so that phase meas- 
urements for the determination of the number of stalled regions 
could be made with two probes in different circumferential posi- 
tions. 

For the preliminary study of the stall propagation, it was found 
convenient to use a direct-inking-type oscillograph so chart 
records were immediately available. Although the frequency 
response of the oscillograph unit was flat only in the range from 
0.5 to 100 eps, this was felt adequate for the investigations of the 
observed pulsation frequencies ranging from 1.5 to 15 eps. The 
over-all calibration of the amplifier system was found by intro- 
ducing known resistance changes (by means of a vibrating con- 
tactor) in the hot-wire line and correlating this with the square- 
This, together with 
the hot-wire velocity response, provided the necessary informa- 


wave signals produced on the oscillograph. 


‘Investigations of Axial-Flow Compressors,” by J. T. Bowen, 
R. H. Sabersky, and W. D. Rannie, Trans. ASME, vol. 73, 1951, pp. 
1-15. 

of Hot-Wire Anemometry,”’ by J. Willis, Australian 
Council for Aeronauties Report ACA-19, October, 1945. 
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Fic. 3) Senematic Diagram or Hot-Wire Apparatus 

tion to interpret the oscillograph signals in terms of velocity 
fluctuations. Because of the low-frequency response of the os- 
cillograph system, it was not possible to record individual rotor 
wakes. 


Compressor THree-Stace Free-Vortex BLaping 


The experimental results obtained from the compressor with 
three stages of free-vortex blading will be discussed first, because 
this configuration produced the most clear-cut examples of the 
various types of stall propagation observed. The regions of stall] 
for this configuration are shown in Fig. 4 which is a plot of 
torque and exit-duct wall pressure as functions of flow coefficient 
at a compressor rotative speed of 750 rpm. It will be noted that 
the first signs of stall on closing the throttle occur in the form 
“partial stall” at a flow coefficient slightly lower 
The 
region of partial stall extended to a flow coefficient slightly above 
@ = 0.30, where the exit-duet wall pressure dropped off suddenly, 
and the compressor went into a regime designated as “full stall.”’ 
The exit-duct wall pressure did not change appreciably in the 
full stall region. On closing the throttle, the compressor went into 
both partial and full stall at lower flow coefficients than when the 
flow rate was being increased at constant rotor speed. There 
was a definite hysteresis loop in the transitions between partial 
and full stalls. In terms of audible noise, partial stall was de- 
tectable by a rumbling noise that was slightly louder than the 
normal operating noise, and full stall was perceptible by a 
rumbling sound of very distinct periodicity. 


designated as 
than the maximum torque and exit-duct pressure points. 


PARTIAL STALL 

When the term partial stall is used, it is in the sense that only 
a part of the radial extent of the blade is experiencing stall. Hot- 
wire-anemometer measurements showed periodic velocity fluctua- 
tions only in the region of the blades extending from the hub 
to about mid-radius. (Partial stall in the tip region was ob- 
served with other compressor-blade configurations, as will be dis- 
cussed later.) Initially, as the flow was throttled (at 750 rpm or 
12.5 revolutions per sec), the hub-region disturbance had an aver- 
age frequency of about 4.7 eps. This disturbance extended 
to about mid-radius, and further throttling did not cause any 
appreciable change in the magnitudes of the velocity fluctuations. 
However, with throttling, the observed frequency increased to 
about 9.4 eps and, on further throttling, became 14.1 eps. 

Figs. 5 (a and b) show examples of the chart data obtained 
with the oscillograph. The magnitudes of the instantaneous ve- 
locities, as measured, show strongly retarded flow regions that 
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1-REGION PARTIAL STALL, @=* 0.397, INITIAL STALL POINT UPON CLOSING 
THROTTLE, PROPAGATING STALL SPEED = 38 PERCENT OF ROTOR SPEED. 


R/R_ = 0.70 R/R_ 0.80 
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VELOCITY FLUCTUATIONS AT VARIOUS RADII, 6 « 0.241, BEHIND 3rd ROTOR 
PROPAGATING STALL SPEED «= 28 PERCENT OF ROTOR SPEED 


2-REGION PARTIAL 3-REGION PARTIAL FULL STALL 
STALL, 6= 0.38 STALL, © = 0.36 $= 0.29, R/R, = 0.65 
K/R = 0. 0.36 = 0.65, 0.38) 0.26W 


ONE-REGION PARTIAL STALL THREE-REGION PARTIAL STALL 

0.39, R/R = 0.65, 0. 38W 6-044, R/R = 0.65, 0. 38W 
FAST CHART SPEED FAST CHART SPEED 


BEHIND SECOND ROTOR ROW AT MID-BLADE HEIGHT 
B= 0.29, 0.26W, CHART SPEED 125 MM/SEC, 
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(Three-stage free-vortex blading; 750 rpm; data behind third rotor row.) (Fullstall; three-stage free-vortex blading; 750 rpm.) 
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aa 
can result only from flow separation (stalling) on the blades. The 
mean velocity V is the average of the instantaneous velocities 
with respect to time over a complete cycle as determined by the 
mean resistance of the hot wire. For velocity fluctuations large 
compared with the mean velocity, this procedure introduces some 
error 
line, in general, correspond to unretarded flow while those below 
correspond to retarded flow. The amplitude of the velocity 
fluctuation AV was taken as the difference of the minimum ve- 
locities in the unretarded and retarded flow regions. The radial 
distribution of the peak velocity fluctuation amplitude ratios, 
AV/D, is shown in Fig. 6. 

Two hot-wire anemometers were inserted to the same radii in 


The portions of the velocity traces above the chart center 


a plane normal to the compressor axis as shown in Fig. 7 and 
their angular separation varied. The phase difference of the 
velocity patterns as measured with the two probes was equal to 
their angular separation for the fluetuations with frequency 4.7 
cps, equal to twice the angular separation for the fluctuations 
with frequency 9.4 eps and three times the angular separation 
at 14.1 eps, Fig. 8. The probe displaced in the direction of rota- 
tion lagged behind the other probe in all cases. It is clear from 
these observations that the three frequencies represent, respec- 
tively, one, two, and three propagating-stall regions uniformly 
spaced around the circumference, Fig. 9. 

Since the rotor speed was 12.5 rps in these tests, the partial 
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stall regions rotated with 38 per cent of thé rotor speed in the di- 
rection of the rotor motion. Each of the three stalled patterns 
mentioned was stable in a narrow throttle range. The single 
pattern occurred in a very narrow flow-coefficient range of about 
0.40 > @ > 0.39 for closing throttle. The maximum width of 
the single region of retarded flow was about 17 per cent of the 
circumference, which corresponds to approximately 5 rotor- | 
blade-channel widths. At a flow coefficient @ & 0.39 the single 
stalled region became unstable and split into two regions which 
oscillated in their relative positions, but with further slight 
throttling, the two regions separated and finally took up stable 
positions 180 deg apart. In this condition, the two regions were 
of nearly equal size and had the same maximum width, about 
5 rotor-blade-channel widths. They did not differ significant}, 
from the single region at the higher flow rate. 

The two-region partial stall was the stable pattern for a range 
of approximately 0.39 > @ > 0.37. At @ & 0.37 the two-region 
pattern became unstable, a further splitting and rearrangement 
occurred, and on very slight throttling, a three-region pattern of 
retarded flow became the stable pattern. The maximum width 
of each of the three regions, which were 120 deg apart, corre- 
sponded to about 4 rotor-blade-channel widths, Fig. & The 
radial extent of each of the regions increased slightly with closing 
throttle; however, the maximum velocity-fluctuation ratio at 
the hub remained the same (AV/V = 0.7) 
On closing the throttle to a flow coefficient @ & 0.30 the three- 
region pattern became unstable and full stall (deseribed later) 


for all three types. 


appeared. 

When the throttle was opened from the full-stall point, the fore- 
going patterns appeared in reverse order, although the limits of 
ranges of succeeding patterns occurred at larger flow rates than 
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Phree-stage free-vortex blading.) 


The three-region pattern appeared at @ = 
In one 


on closing throttle. 
0.34 and the one-region pattern disappeared at @ & O41. 
instance, four symmetrical propagating-stall regions appeared 
on opening the throttle from the full stall. Although well- 
defined, the pattern was soon replaced by the three-region pat- 
tern without touching the throttle 

The blades tended to stall near the hub first as the throttle 
Apparently an alternating pattern of stall is more 
The strong retardation 


was closed, 
stable than an axially symmetric stall 
of the flow in the stalled region causes an increased flow rate and 
hence an unstalling tendency over the remainder ef the annulus 
It might be thought that further throttling would simply in- 
crease the size of the stalled region. However, the cireumfer- 
ential pressure distribution behind the stalled blade row must 
be controlled largely by the unstalled axially symmetric flow be- 
yond the mid-radius, and this one would expect to be nearly uni 
form around the circumference 
Unrestricted growth of the single partial-stalled region would 
lead to a strong asymmetry incompatible with the symmetry 
of the flow beyond mid-radius. Hence the increased area of the 
region of stall appeared as two equal regions symmetrically placed 
as if in an effort to keep the pressure as uniform as possible. Fur- 
ther throttling caused three symmetrically placed patterns to 
appear for similar reasons. Evidently a completely axially sym- 
metric stall is unstable compared with alternating stalled regions, 
and the minimum width for a single stalled region corresponds to 
4 or 5 rotor-blade channels. As long as the outer portion of the 
annulus is unstalled, the area of the single stalled region cannot 
grow indefinitely, but multiple patterns of the minimum-area 
stalled region can arise, tending to keep the over-all flow and, in 
particular, the pressure as symmetrical as possible 
The stalled regions were sharply defined and demonstrated 
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Three-stage free-vortex blading; @ 0.363; behind third rotor row; 750 
rpm.) 

characteristics of certain types of nonlinear oscillations. A given 

throttle setting allowed two alternative patterns and very slight 

disturbances caused one or the other to appear. Closing or open- 

ing the throttle a small amount eliminated one or the other com 


pletely. 


Foun Sraur 


As the compressor was throttled, a sharp transition occurred 
at a flow coefficient of @ & 0.30 from partial stall te full stall. 
Full stall is characterized by « propagating-stall region that ex- 
The average exit-duct 
pressure showed no significant change from this point to complete 


tends over the entire blade height. 
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(Three-stage free-vortex blading; 750 rpm.) 


shutoff while the torque continued to decrease slightly and then 
increased uniformly to shutoff. The propagating speed of the 
full stall did not change significantly, ranging from 26 per cent 
of the rotor speed at the initiation of full stall to 30 per cent of 
the rotor speed at shutoff. At any given flow coefficient in the 
full-stall region, the propagating speed was the same whether 
the flow rate was reached by opening the throttle or by closing 
the throttle, Fig, 10, 

The extent of the region of retarded flow in full stall at a flow 
coefficient @ = 0.323 (throttle opening) is shown in Fig. 11, The 
region is widest at the hub where it occupies about 12 rotor-blade- 
channel widths and its width decreases toward the tip where it 
oceupies 2 rotor-blade-channel widths. The growth of the re- 
tarded-flow region at mid-blade height as the flow coefficient is 
decreased is traced in Fig. 12. The width of the stall region 
increases from about 7 rotor-blade-channel widths at the begin- 
ning of full stall to almost 26 channel widths at shutoff. 

The magnitudes of the velocity fluetuations in full stall were 
nearly constant over the entire blade length as contrasted with 
the situation in partial stall, where the velocity fluctuations de- 
creased in magnitude radially from the hub, Fig. 6. The velocity 
fluctuations in full stall at mid-blade behind the first and the third 
rotors are compared in Fig. 13. The magnitude of the peak 
velocity fluctuation-amplitude ratio, AV/V, was larger behind the 
third rotor than behind the first rotor, indicating a more severe 
disturbance in the rear stages. Undoubtedly, reverse flow oc- 
curred in the full-stall regime, particularly at low flow rates. The 
hot-wire records do not show this clearly since velocity magni- 
tudes alone were measured, Visual observations of cotton tufts 
inserted in the compressor air stream showed the presence of re- 
versed flow at low over-all flow rates, mostly toward the hub, 

An investigation of the influence of the volume of ducting was 
made in early tests. Blocking off the rear of the compressor an- 
nulus inereased the full-stall propagating velocity from 30 per 


VARIATION OF FULL-STALL PropaGaTION Speep With Corrricient 
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(Three-stage free-vortex blading; behind third rotor row; 750 rpm.) 
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Blocking off both 
front and rear of the compressor annulus so as to eliminate all 
effects of ducting resulted in a propagation velocity of about 45 
Although these drastic restrictions 


cent of the rotor speed to about 40 per cent 


per cent of the rotor speed. 
have some influence, it is evident that the propagating stall is 
primarily a characteristic of the blading and its occurrence is inde- 
pendent of the presence of ducts. 

If surging occurred, the frequency would be expected to be 
high, that is, 20 or 30 eps, corresponding to the resonator fre- 
quencies of the ducting and much higher than the frequencies 
No 
surging was recognized in any of the flow regimes mentioned, 
although there is a possibility that surging occurred in some of the 


of passage of the propagating stall at the rotor speeds used. 


configurations discussed later in the paper 
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Errecr or Removine THE Tuirp Sraror Row 

Upon removing the blades of the third stator row, that is, the 
last row of the three-stage free-vortex blading, the most signifi- 
cant effect was that no multiple partial-stall patterns occurred. 
A single rather unstable partial-stall region appeared at the hub 
at a flow coefficient ¢ & 0.38 on closing the throttle. This flow 
coefficient was smaller than that marking the beginning of par- 
tial stall with the third stator in place. 
@ = 0.36, a higher flow coefficient than with the third stator. 
The propagation velocity of both partial and full-stall regimes 
were nearly equal and both slightly greater than the full-stall ve- 
locity with the stator, Fig. 10. 


Full stall commenced at 


or Souipiry 
By removing alternate blades from each blade row in the three- 
stage free-vortex compressor, it was possible to observe the effect 
Partial stall of 
the multiple type was not found although a region of small ir- 


of a change in solidity on the stall propagation. 


regular velocity fluctuations was observed on throttling. Full stall 


ComMPARISON OF VeLocrry Ratios Beuinp anp Tairp Roror 
Turee-Stace Free-Vortex Brapina; 


750 Rem 


commenced at @ & 0.33 with one stalled region propagating in 
the direction of compressor rotation at 27 per cent of the rotor 
speed. The propagation speed decreased with throttling until 
é= 0.29, from which point the propagation speed remained con- 
stant at slightly under 20 per cent of At 6=> 0.07, 
the one region propagating full stall deteriorated into a rather 
irregular type of disturbance. Comparison of the propagating- 
stall speed at @ = 0.200 (midway in the stall regime) with that 
for a full complement of blades showed that decreasing the solidity 
by one half decreased the propagation speed from 28 per cent to 
20 per cent of the rotor speed. 

Fig. 14 shows how the stall-region width at mid-radius increased 
from 3 rotor-blade-channel widths at the start of stall to about 8 
blade channels at the lower limit of propagating stall. At @ = 
0.253, the width of the stalled region is a maximum at the hub 
and is equivalent to the width of about 7 rotor-blade channels, 
and a minimum at the outer radius where it is equivalent to about 
3 rotor-blade-channel widths. Under these the 
mid-blade height is approximately equal to 4 blade 
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channels. Removal of the third stator row resulted in an in- 
crease in speed of propagating stall at @ = 0.20 from 20 per cent 
to 22 per cent of the rotor speed. This increase was similar to 
that observed with the full solidity. With full solidity for stator 
blades, one-half solidity for rotor blades, and the third stator row 
in place, the propagating-stall speed was 23 per cent of the rotor 
speed (at 0.20). 


In tests of the compressor with one stage of free-vortex blading 
alone, the initial stall with closing throttle appeared in the form 
of a single propagating-stall region at the outside of the annulus 
rather than at the hub. This pattern commenced at ¢—& 0.31, 
with the maximum width of the region of retarded flow corre- 
sponding to two rotor-blade-channel widths, and extended from 
the outer radius to about the mid-blade height, propagating at 
48 per cent of the rotor speed. Further throttling to @ = 0.303 
resulted in the formation of two stalled regions placed 180 deg 
apart, propagating with the same speed as the single region. At 
@ = 0.298, « single-region stall pattern again appeared with a 
lower propagation speed equal to about 36 per cent of the rotor 
speed. The velocity fluetuations for this flow pattern were 
largest near the tip and gradually decreased with radius to zero 
at a point near the hub. 

In all of the foregoing patterns, the maximum value of the 
velocity-fluctuation ratio, AV/V, was about 0.6. On further 
throttling to the flow coefficient range 0.26 > @ > 0.11, ir- 
regular velocity fluctuations were observed in the outer part of 
the annulus. 

Full stall did not oceur until 6 = 0.11 where a single region of 
retarded but fluctuating flow disturbance extending over the en- 
tire blade height appeared with the very low propagation speed 
of about 10 per cent of the rotor speed. At this flow rate the 
region of retarded flow had a width of about 6 rotor-blade chan- 
nels at the hub and increased in width with radius to cover the 
entire annulus at the tip. Closing the throttle further increased 
the width of the region of retarded flow at the hub from 6 rotor- 
blade-channel widths to about 22 channel widths at 6 = 0.075, 
below which irregular flow seemed to occur over the entire annu- 
lus. A small hysteresis loop was observed in the transition be- 
tween full stall and the irregular partial stall. 


ONE-STAGE BLApING 

With one stage of solid-body blading, the stall occurred first in 
the outer part of the annulus as the compressor was throttled. 
The hot-wire records indicated unstable patterns of stalled flow 
so that consistent determinations of frequency were impossible 

Apparently, the propagating speed of initial stall first appear- 
ing at @—=> 0.31 tended to be about 45 per cent of the rotor speed. 
Upon closing the throttle to the flow coefficient = 0.30, no very 
stable pattern appeared although there was some evidence of a 
pattern with two regions of retarded flow. Further throttling 
beyond the flow coefficient 6 0.27 gave only irregular fluetua- 
tions of the flow velocities, concentrated for the most part in 
the outer portion of the annulus. This behavior was quite similar 
to that observed with one stage of free-vortex blading. With 
closing throttle, full stall oceurred at @ & 0.13 with one region 
of retarded fluctuating flow propagating in the direction of com- 
pressor rotation with a speed of about 12 per cent of the rotor 
A hysteresis loop was observed at the transition as for 
the vortex blading. The width of the region of retarded flow near 
the hub in the full stall increased on closing the throttle from nine 
rotor-blade-channel widths to extend over the entire circumference 
at @ = 0.050. At smaller coefficients, the flow was very irregular 
everywhere in the annulus and determination of definite flow 


speed. 


patterns was impossible 
Discussion OF THE EXPERIMENTS 


The extreme complexity of the various propagating-stall pat- 
terns makes detailed explanation impossible at the present time. 
Sears® and Marble? have recently made theoretical studies of 
Sears 
assumed an infinite number of blades and, although Marble 
treated the case of a finite number of blades, the effect of the finite 
number amounted to only a small correction. Both of these in- 
vestigations were based on perfect fluid flow, but they had dif- 
ferent assumptions concerning the lift-coefficient behavior with 


propagating disturbances in two-dimensional cascades. 


Asymmetric Flow in an Axial!-Flow Compressor Stage,"’ by 
W. kh. Sears, Journal of Applied Mechanica, Trans. ASMF, vol. 75, 
1953, pp. 57-02 

7*Propagation of Stall in Compressor Blade Rows,"’ by F. EF. 
Marble, California Institute of Technology, paper presented at In- 
stitute of Aeronautical Sciences’ 21st Annual Meeting, New York, 
N. Y., January, 1953. 


» 
he 
STALL INCEPTION POINT 
40 
< 20 T 
‘ 
= = 
i 


a IURA, RANNIE INVESTIGATIONS OF STALL PROPAGATION 


angle of attack. Sears introduced a phase lag between the fluctu- 
ating lift and mean angle of attack, whereas Marble postulated 
a nonlinear dependence of lift on angle of attack in such a way as 
to give a hysteresis loop. 

The forms for the lift dependence on angle of attack used by 
Sears and Marble were simplified analytical relations approxi- 
mating in different ways the known behavior of single airfoils in 
the stall. 
picture of the unsteady flow through the cascade of moderate or 


In the opinion of the senior author, a more realistic 


high solidity is gained by concentrating attention on the leaving 
flow angle and the total pressure loss through the cascade. To a 
first approximation, the mean leaving angle can be considered 
constant and the loss in total pressure is small and nearly con- 
stant over an incidence-angle range of 8 to 10 deg but rises 
sharply to a high value outside of this range. The total pressure 
variation then introduces the nonlinearity which will fix the 
amplitude of stall oscillation. In Marble’s analysis the ampli- 
tude was determined by the lift relation whereas in Sears’ linear- 
ized theory the amplitude was undetermined. 

The velocity of propagation of disturbances must depend on 
some characteristic time. It has been suggested that this is the 
time required for establishment of a complete separated-flow re- 
gion on a blade or in a channel after a sudden increase of inci- 
dent-flow angle. experimental determinations of this character- 
istic time for oscillating single airfoils have shown that the phase 
lag between lift and angle of attack is rather insensitive to fre- 
quency and is of the right order of magnitude to explain propa- 
gating stall. However, some of the results of the compressor ex- 
periments do not seem quite consistent with such a characteristic 
time. In particular, removal of every second blade should re- 
sult in doubling the propagation speed if this characteristic time 
were controlling, whereas no such large change was observed. 
The comparative constancy of the full-stall propagating speed 
with flow rate over such a wide range requires a characteristic time 
that is quite insensitive to large changes of mean angle of inci- 
dence and even to reversed flow, and this seems rather inconsist- 
ent with the time required for establishment of a boundary layer. 


All the propagating disturbances observed, of course, involved 


beth rotor and stator-blade rows, but the propagation speeds 
were such that it was not certain whether the rotor or the stator 
was primarily responsible. There was some tendency for the 
width of the regions of retarded flow to be integral multiples of 
the rotor-blade-channel widths at the hub and blade tip in full 
stall, and hence it is believed that the disturbances were propa- 
gating on the rotor. The stator blades had a marked influence 
in determining whether or not a given stall pattern occurred, as 
demonstrated by the striking results of removal of the third 
stator-blade row. This prevented the multiple partial-stall pat- 
terns at the hub from occurring, even five blade rows ahead. 
Although the full-stall flow regime was the most stable in so 
far as range of flow was concerned, at least with more than one 


stage installed, the partial stalls are in many ways more inter- 
esting. The partial stall occurs at the larger flow rates and 
would occur more frequently in normal compressor operation 
than the full stall. Further, it is generally agreed that blade 
failures are more likely to oecur at flow rates corresponding to 
the beginning of stall and hence probably in the partial-stall 
regimes, 

In the past, many believed that blade failure was caused pri- 
marily by a stalled flutter with only one mode of vibration excited 
by the self-induced aerodynamic forces. From the observations 
of the partial stall it is clear that large aerodynamic excitation 
can arise without self-induced flutter of individual blades. — It 
seems quite possible that the partial stall may be responsible for 
blade failure rather than the stalled flutter. What effeet blade 
flexibility would have on partial stall is not known, The various 
partial-stall patterns observed were of a metastable type and a 
blade natural frequency in the range of partial-stall frequencies 
might influence the relative stability of the partial-stall regimes 
greatly. It is clear that to reduce aerodynamic excitation of rotor 
blades, it is preferable to have the partial stall occur at the hub 
rather than the blade tip. The free-vortex rotor blades have 
constant chord from root to tip although this is not the general 
practice. In the multistage tests, the partial stall occurred at 
the hub whereas with the more conventional tapering blades, it 
The relatively high solidity of the 
free-vortex blading and even higher solidity of the solid-body 


might well occur at the tip. 


blading toward the tip were not sufficient to prevent tip stall in 
the single-stage configurations. 

The effective wave lengths of the partial-stall and even more of 
the full-stall patterns are so large that the influence of the propa- 
gating stall cannot be confined to a single blade row, because the 
distance between center lines of the blade rows is a small fraction 
Hence stall on a single blade row 
ean influence rows far ahead as well as far behind. It is difficult 
at this moment to predict how the knowledge of the propagating 
stall will influence future compressor design. [t may be possible 
to suppress some of the stall patterns, but it is not even known 
More ex- 


periments on a variety of compressors are required to determine 


of the pattern wave length. 


if this would improve or worsen over-all performance. 


which of the various stall phenomena are characteristics of all 
compressors and which phenomena are characteristics of particu- 
lar machines, 
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The attainable pressure ratio per stage and efficiency of 
axial-flow compressors, working at subsonic gas velocities, 
may be expected to depend at least upon Mach and Reyn- 
olds numbers additionally of all features of blading 
geometry. The results of a high-speed test program on a 
two-stage axial-flow compressor, with one easily defined 
and accurately reproducible choice of blading geometry, 
are reported in this paper. The tests covered a range of 
Mach numbers 0.3 to 0.9 and a range of Reynolds numbers 
50,000 to 500,000. The relationships among the variables 
covered by this program are believed generally to be rep- 
resentative of the behavior of axial-flow-compressor stages 
at subsonic velocities even though absolute values of load- 
ing and efficiency are not indicative of the best current 
design standards. Three-dimensional diagrams showing 
the dependence of pressure ratio per stage and efficiency 
upon Mach and Reynolds numbers are included to aid in 
visualizing these relationships. The results are then 
condensed into pairs of two-dimensional plots exemplary 


of types more convenient for extensive use.* 
> > 


NOMENCLATURE 
The following nomenclature is used in the paper: 
w, = weight flow rate of air, lb/sec 
po = static pressure in large pipe ahead of model, in. Hg or H,O 
static pressure at prevailing velocity in blade-entrance 
annulus, in. Hg or H,O 
static-pressure average of inner and outer wall taps in 
blade-exit annulus, in. Hg or H,O 
static pressure in test circuit after blade-exit diffuser, in. 
Hg or H,O 
static pressure in large pipe ahead of flowmeter, in. Hg 
or H,O 
static-pressure average of wall taps in throat of flowmeter, 
in. Hg or H,O 
= absolute temperatures, deg F ) 
specific volumes, ft*/Ib 
acoustic velocities, fps 


= 
vom 
Numeral subscripts 
same significance as 
for pressures 


absolute viscosities, lb sec /ft? 
mean chord length; rotating 
blade, ft 
peripheral velocity of blades; 
subscript m designates 
mean, ¢ tip, fps 
axial components of air ve- 
locity, fps 
= Mach number relative to blade tips 
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= Reynolds number based on mean chord length, relative 

velocity, and kinematic viscosity 

velocity ratio, quotient of mean axial velocity, and mean 
peripheral speed 

pressure ratio per stage taken as Vp Po 

internal or group blading efficiency, defined in Fig. 5 

a basic internal efficiency selected for summary curves 

a basic stage pressure ratio selected for summary curves 


N Re 


INTRODUCTION 


About 12 years ago the authors’ Company entered the field of 
development of turbojet engines under the sponsorship of the 
Bureau of Aeronautics, United States Navy Department. 

Within certain ranges of the possible broad spectra of opera- 
tion of these machines, one or more of the recognized key varia- 
bles may exert a major influence on the desired function, In 
other ranges, these same variables may have small or negligible 
effect. Attempts to design a “limit machine” for specified serv- 
ice clearly indicated the fragmentary nature of the most com- 
prehensive experimental results available to the authors at that 
time. 

Among the more important matters, it was felt that a much 
better basic understanding of the effects of Mach and Reynolds 
numbers on the performance of axial-flow-compressor stages 
Support of this viewpoint by the Bureau of Aero- 
nautics resulted in funds being made available for the conduct 
of tests upon which this paper is based. 


was needed. 


PROBLEM OUTLINED AND EqQuipMENT AVAILABLE 


The general problem was resolved most simply into a question 
of how to obtain accurate determination of the effecta of Mach 
and Reynolds numbers on the performance of any representative 
axial-flow-compressor stage. This was considered a more at- 
tractive way to start than investigation of the many aspects of 
geometry of the stage selected. To this end a simple type of 
stage with a nominal efficiency level was chosen, comprising axial 
entry without any inlet guide vanes, and with most of the work 
of compression done in the rotating blades. In order to generate 
sufficient pressure to overcome the resistance of the test system, 
and still have a reasonably wide operating range, it was neces- 
sury to use a two-stage assembly in the tests, 

Fig. 1 shows the compressor-testing equipment, available in 
1942, looking down from above the driving end. Fig. 2 is a sche- 
matic arrangement of this equipment keyed to the table of no- 
menclature. single-stage, compressed-air-driven turbine is 
in the small cylinder at the lower left of Fig, 1. 
furnished the power to drive the experimental compressor, 


This turbine 
The 
closed compressor circuit, with large rectangular cooler in the 
right rear, occupies most of the picture. An Amsler torsiometer 


Contributed by the Gas Turbine Power Division and presented 
at a joiat session of the Gas Turbine Power and Hydraulic Divisions 
at the Annual Meeting, New York, N. Y., November 20-December 4 
1953, of Tue American Socrery or Mecuanticat EnGineers. 

Note: Statements and opinions advanced in papers are to be 
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tember 8,1953. Paper No. 53-—A-205 
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Fy AND 2, WALL TAPS 
To AVERAGE OF 3 SHIELDED THERMOCOUPLES 
RPM COUNTER AND STOP WATCH 
R, AVERAGE OF 4 WALL TAPS EACH ON 
INNER AND OUTER DIAMETERS 
AND AVERAGE OF 4 WALL TAPS 


Ts, AVERAGE OF 3 THERMOCOUPLES 
THROTTLE VALVES IN UPPER AND 


LOWER CROSS OVER PIPES 


TO EJECTORS 
oR 


CONNECTS TO 
DRIVING TUR 


COOLER 


2) Test Crreurr DiaGram 

equipped with calibrated bars for full-seale deflection at 20, 35, 70, 
and 140 ft-lb connected the turbine and compressor couplings. 
A manometer board for pressure measurements is at the left, and 
the potentiometer for temperature measurements is on the stand 
just behind the turbine throttle valve body at the lower right 
of Fig. 1. A revolution counter, geared to the shaft, is in the 
small cireular housing at the end of the row of lubrication pres- 
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Fie. 1 Test 
ASSEMBLY 


sure gauges 


driving turbine, frames the top of the picture, 


Th bottom of the air-inlet pipe, supplying the 


The flow established by the test compressor in the cylinder with 
horizontal joint forming the right-hand branch of the circuit, 
is toward the turbine, then through gate valves, in upper and 
lower crossover connections to the left-hand branch of the cir- 
cult containing the flowmeter, 
the building maintained any desirable partial vacuum in the 
closed cireuit, which could also be pressurized from the shop air 


Steam ejectors on the roof of 


supply. 
Test ComMPRESSOR 

This is a two-stage axial-flow machine of vortex design, with 
no tangential component entering the rotating blades. Each 
row of stationary blades is designed to remove the swirl com- 
ponent of velocity introduced by the preceding rotating row, 
Fig. 3 is a longitudinal section of the important part of the test 
compressor showing essential diameters and other dimensions. 

The rotating blades, milled from alloy steel, have a cross sec- 
tion defined by an are of a circle and a straight line, with the 
leading edge rounded. The integral bulb-type root is side-in- 
serted into slots milled at the required angles into the two steel 
disks shrunk on the shaft. Fig. 4 shows the blade section at the 
hub, and at a blade height of 2°/,in. There are 20 blades on 
each disk, cut to length to operate at the radial clearance shown 
in Fig. 3. The blades are oriented in the disk so that the straight 
side, defining the pressure face, at the hub makes an angle of 
40'/, deg to the axis of rotation in the first row, and 52 deg in the 
second row, 

The stationary blades, which are neither warped nor tapered, 
are made of steel rolled to NACA Section No, 6512 with chord 
dimension of 0.875 in. The 45 blades in each row are oriented 
such that a straightedge tangent to the concave surface makes 
an angle of 5 deg with the axis of rotation, opposite in sign to the 
angle of the rotating blades. 

Fig. 3 clearly indicates the location of static pressure taps at 
both the inner and outer diameters of the short straight section 

of the blade-exit diffuser. 
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The test program consisted of obtaining efficiency and com- 
pression ratio as functions of velocity ratio from wide-open dis- 
charge to incipient stalling for each combination of five rotative 
speeds (Mach number) and four flow rates (Reynolds number) 
as shown in Table 1, wherein numbers have been rounded for 
convenience. The scope of the tests was limited only by the 
permissible vibration of the long, slender rotor assembly and the 
driving power available at the chosen speeds. 

The quantity of oil flow to each of the two compressor bearings 
and the temperature rise therein were obtained for every test. 
At the end of the stated program the compressor rotor was 
replaced by a simple shaft through the bearings and a correlation 
established between speed and torque measurements and the 
quantity of oil flow and temperature rise. Mechanical losses 
corrected back to actual loss torque and speed by means of this 
correlation were used in evaluating net power input to the blad- 
ing. Other tests in addition to calculations revealed no appre- 
ciable disk friction, coupling-nut windage, or other source of me- 
chanical loss to contaminate the net power input. 


Test PRoGRaM 


CALCULATION PROCEDURE 


The data taken during each run consisted of a rotative speed, 
weight flow rate of air, power input less calibrated bearing losses, 
initial state point (po, 79) in the large pipe ahead of the model, 
and the average static pressure at inner and outer-wall taps in the 

annulus immediately after the model. 
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TABLE 1 RANGE OF TEST VARIABLES 


olds numbera————. Speeds, 
900 


12 
4 
20 
7 


if 


Item 200000 


Inlet pressure, in. Hg abs 
Flow, Ib/sec 

Torque-bar limit, ft-lb. 
Inlet pressure, in. Hg abs 
Torque-bar limit, ft-lb 
Inlet pressure, in. Hg abs 
Flow, |b/sec. . 

Torque-bar limit, ft-lb. . 
Inlet in. Hg abs. 
Flow, lb/sec 

Torque-bar limit, ft-lb. 
Inlet popeuee, in. Hg abs. 
Flow, lb/s 

Torque- bar limit, ft-lb. 


400000 rpm 


on 
na a 


we 


Using the area of the large pipe ahead of the model with meas- 
ured-state condition (po, T), the annular area immediately ahead 
of the first rotating row, and assuming isentropic conversion, a 
uniform average axial velocity Ve and state condition (p2, 72) 
were calculated. 

From the annular area immediately following the second stage, 
weight flow rate of air, net power input to the blading, static 
pressure (p;), and assuming uniform flow, the average axial 
velocity (V.s) and temperature (7'3) were calculated. 

In addition to the foregoing, Venu, T2:, and p21, representing 
conditions at the interstage location, were calculated as the 
arithmetic averages of similar quantities at stations 2 and 3. 

From the foregoing quantities, the following numbers and 
ratios were calculated: 

1 Mach number relative to blade tips 


Uy? + Va? + + 
ookRT: 

f Mer = 
Mean velocity ratio 


Pressure ratio per stage 


e= Vp ‘Pr 


4 Reynolds number based on mean chord length, relative 
velocity, and kinematic viscosity 


Fas 2 (em) 4 
2 RgT, RT, 


Internal or group-blading efficiency 


550 (hp) V V,;? 
Jwe 29J 2gJ 

The calculations just outlined are detailed in Table 2 for one 
of the 20 basic test runs. In Fig. 6 the results of the sample 
calculation comprising Mach number relative to the tip of each 
rotating row, stage efficiency, pressure ratio, and Reynolds num- 
ber are plotted as functions of mean velocity ratio. The contour 
maps, isometric diagrams, and summary curves, were prepared 
from the 20 detailed curves of which Fig. 6 is a sample. 


RESULTS AND CONCLUSIONS 


The test results of the entire program are summarized on 
four contour maps of the Reynolds-Mach number plane with 
velocity ratio as a parameter, Four isometric diagrams each, of 


Los 

30 
.0 18 8700 

».0 18 10000 

‘0 18 11000 

= .0 18 12000 

ae 

| 

4 
[* 

be 

‘ 

oF 


4 
NEW, REDDING, SALDIN, FENTRESS 


TABLE 2) ThkstT CALCULATION SHEET FOR TWO-STAGE 


AXIAI 
FLOW COMPRESSOR 
32.17 
725 J © 776.26 ft-1b/Bw 


3 * 37.25n10°° Cy = 0.707 


10:32 10:83 10:52 


21:3] 13:81 
Speed 13100 22 110650 | 10680 | 10630 | 10620 
2, Plow 1b/sec|s.150 | 3.965 13,685 | 3.779 |3.650 | 3.550 | 3.392 | 3.217] 
power np 153.36 | 54.90 155,82 | 56.77 | 57.93 | 58.53 | 58.92 
+14.567 | 13.617)79,160 | 73.627,73,.753) 13.153] 74.098 | 73.544 
487 93.907) 86.628 | 87.732, $9,196 | 90,508) 92.212) 92.7 
522.61 | 520.63) 520.55 | 520.20, 519.52) 519.46, 519.30) 518.0 
+ 22527 {2.430 | 2,365 (2.273 | 2.205 | 2,086 | .990 
1.0621 | 1,0766, 1.0710 | 1.0673, 1.9620 | 1.0563 1.0529) 
| 0198 | 1.0188! 2. 0274! 1.0263 1.0146 1.02 
68,91 | 68,36 469.2% | 68,97 169,45 | 69,69 | 70,84 70,25) 
611.0 8 | 520.6 | 4522.2 1522.6 | 522.3 
16-35 76.69 {75.90 | 76.28 12:2 4.78.90 
395:7 295.2 | 267.7 |276.8 | 268.0 | 253.8 260.8) 
2.963 12.756 [2.570 | 2,480 (2.256 | 2.220/23.900 | 2.721 
25, P3/b2 | 3.2271) i. 2510 | 1.2720, 1,263 21,2987, 1.3092) 
1b} | ,o602 | ,0660 | | 07805 | | 07995) 08279 
11.0659 | 1.0753, 2.0825 | 1. 2690, 0927 | 1,0970, 1.1000, 1,1034 
584.7 588.2 1552.5 : 1 363.0 
61.27 165.60 | | 63.77 Tea. 85 | 
3 {255.0 | 226. 3 213. 3 
2.665 12.828 | 1.910 12-696 | 
49275 120,35 | 10.65 133,05 | 12.53, 12.20 | 
20,021, 10,516 | 12,083, 11.475, 12,990 12,668) 
7.36 48.095 | 8.725 19.09 | 9.505 | 9.625 | 10.26} 
1.7095 | .7900 | .7920 | 7935; .776 | 
2.0829] 1,0658 | 21,0900) 21,0935! 21,0977, 21,1030; 1,109 
551.6 | 558.2 556.6 1558.5 561.0 564.5 | 567.2) 
7° 11 } 65.3 168.87 | 63.78 $63.00 | 62,87! 
| 270.0 1255.8 | 296.3 1235.3 | 226.8 | 223.6 | 202.2, 
10.261 11.24 23 
[-rees | .805 | 
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the efficiencies and pressure ratios per stage, pictorially superior 
to the contour maps, are included to assist in forming a correct 
mental picture of the interaction of the variables considered 
(Figs. 7, 8, and 9). 

Finally, it was found possible to consolidate on a single page, 
Fig. 10, all of the information revealed by the tests. In Fig. 10 
a basic efficiency and basie stage-pressure ratio are exhibited as 
functions of velocity ratio with Reynolds number as parameter 
then a Mach-number correction factor is provided for each. In 
the case of efficiency the correction factor requires only a Reyn- 
olds-number parameter, but in the case of pressure ratio both 

teynolds number and velocity ratio are involved. Considerable 
cross plotting preceded construction of Fig. 10, with the inevitable 
sacrifices in faithful reproduction of the actual test data at some 
conditions. In spite of this, numerous spot checks of Fig. 10 
with the basic measurements show few disparities of 1 per cent 


or greater 
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It was expected that compressor efficiency would fall off with 
increasing Mach numbers and decreasing Reynolds numbers 
This, in fact, proved to be the case. In the model tested it ap 
peared that the critical Reynolds number was in the order ot 
200,000 to 300,000 while the critical Mach number was approxi- 
mately 0.64 relative to the tip of the rotating blades. At a con 
stant Mach number of 0.6, efficiency decreased from 86 to 78 per 
cent as Reynolds number decreased from 250,000 to 60,000, At 
constant Reynolds number of 250,000, efficiency decreased from 
86 to 76 per cent as Mach number increased from about 0.67 to 
0.86. 

An additional effect was noted particularly at low Reynolds 
numbers, This was a decrease in efficiency at a constant Reyn- 
olds number as Mach number was reduced below the critical 
value. In this case the dropoff may not exist in fact, but rather 
may represent experimental error in the range where all measured 
quantities are small. There is no question that even though all 
possible precautions were taken (such as using four torque bars in 
order to get a larger percentage of full-scale torque at low powers 
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Pressure Rario Isomerric Diagram; Meran-Verocrry 9(d) Pressure Ratio Isometric Mean-VELocitTy 
Ratio = 0.48 Ratio = 0.52 
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NEW, REDDING, SALDIN, FENTRESS—BASIC COMPRESSOR CHARACTERISTICS 


~ 


Py BASIC PRESSURE RATIO 


103 


102 
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vy MEAN VELOCITY RATIO 


042 050 


Fie. 10(¢) Summanizep PerrorMance; Basic-Pressure Ratio 


and shifting from mercury to water manometers) the level of 
accuracy is poorer in the low Mach-number, low Reynolds-num- 
ber range. It is still possible however that as Mach number is 
reduced at low Reynolds number the shock-induced turbulence 
may be reduced in such a manner that the effective Reynolds 
number is actually decreasing. 

It is also possible that as Mach number decreases, the pressure 
distribution on the blading is changed in an adverse manner caus- 
ing laminar separation. At the present time these thoughts rep- 
resent little more than conjecture, and the question of experi- 
mental inaccuracies must not be ignored. 

Another matter of interest is the shift in peak efficiency from 
high to low-velocity ratios as the Reynolds number is decreased. 
This is shown best in Fig. 10. The losses in compressor blading 
are made up of secondary losses which increase as velocity ratio 


10 


REYNOLDS NUMBER 
N 


Nae ABOVE 100000 400000) 


REFERRED PRESSURE RATIO 
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Me, RELATIVE MACH NUMBER 


Fig. 10(d) PERFORMANCE; 


Ratio 


SUMMARIZED 


is lowered, irrespective of Reynolds number, and blade-profile 
losses which decrease as velocity ratio is decreased (at least up to 
incipient separation). Profile losses increase with decreasing 
Reynolds numbers, If we assume that the maximum efficiency 
is obtained where secondary and profile losses are about equal, the 
shift in peak efficiencies with Reynolds number may be explained. 

While the entire program involved only a single choice of blad- 
ing geometry, it is believed that the effects of Reynolds numbers 
exhibited apply generally to subsonic axial-flow-compressor 
stages. The Mach number limiting maximum efficiency is asso- 
ciated most closely with the geometry of the particular blading 
selected. The choice, however, representative of a design ade- 
quate from the viewpoint of mechanical strength, but not con- 
servative, gives a qualitative picture probably not misleading as 
to order of magnitude. 
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An Analytical Approach 
of Four-Link Mechanisms | 


By FERDINAND FREUDENSTEIN,? NEW YORK, N.Y. 


The symmetry inherent in four-link mechanisms has 
been used in deriving a general analytical expression relat - 
ing the diagonals of a four-link mechanism by means of 
a characteristic parameter. The nature of this expression 
has been analyzed. The particular case obtained by using 
as a parameter the square root of the sum of the squares of 
the lengths of the links diminished by the sum of the 
squares of the diagonals, has been worked out in detail and 
the results reduced toa form believed to be useful in design 
work. Design applications have been considered. 

NOMENCLATURE 

The following nomenclature is used in this paper (units are in 
inches, radians, and seconds): 
horizontal fixed link, length a, O, the left pivot, and Op 

the right pivot 
driving crank, length b 
connecting rod, length 
driven crank, length d 

Dar = measured counterclockwise from O,Op 

Pr. = measured counterclockwise from OgO,4 

bea = measured counterclockwise from 

O-On 
= 
point rigidly attached to OgOc, 
units from OgO¢ 
= OQ 
ZQO,0g, measured counterclockwise from O4Q 
= dd/dt = angular velocity of driving crank 
time 
velocity ratio = 
acceleration ratio = d*p'''/dg? 
= 
O02 


0,0, = 


ZOOpO4, Measured counterclockwise from 


M-units from Og, N- 


measured counterclockwise from QO, 


INTRODUCTION 


Having the minimum number of links required for determinate 
motion, the four-bar mechanism, Fig. 1, may be regarded as a funda- 
as a basic building block in terms of which 
The four-bar mechanism is 


mental mechanism 
other mechanisms can be analyzed. 
used in all types of machinery, ranging from locomotive drives to 


delicate computing instruments. Its universality is the result of 


several factors: 
(a) Simplicity of the conception and of manufacture. 


1 Based on the thesis undertaken in partial fulfillment of require- 
ments for degree of Doctor of Philosophy in Mechanical Engineering 
at Columbia University, New York, N. Y. 

2? Department of Mechanical Engineering, Columbia University. 
Assoc. Mem, ASME. 

Contributed by the Machine Design Division and presented at the 
Fall Meeting, Rochester, N. Y., October 5-7, 1953, of Tue AMERICAN 
Society or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters 
January 21,1953. Paper No. 53-—F-10. 


to the Design 


a. 

(6) Flexibility in design as a means of power mda motion trans- 
mission. 

(c) Adaptability to efficient operation at high speeds. 

(d) High efficiency as a result of design for minimum backlash 
and friction. 


The versatility of the four-bar mechanism has led to the develop- 
ment of a variety of design techniques. Since the introduction of 


the basie concepts of Reuleaux (1),? much work has been done on 


hie. Four-Bar Linkage 


bour-Bar Linkace SHowine Point Arracnep 
TO CONNECTING Rop 


2 


coupler curves (2), on the development of general design methods 
involving techniques in projective geometry (3), and on the adap- 
tation of a theory of polynomials and other advanced methods to 
synthesis problems (4). 

Advances made in this country during the past decade indicate 
the increasing importance of kinematical problems in which sys- 
tematic methods are Talbourdet (5) has pub- 
lished a mathematical analysis of four-bar linkages; Svoboda 
(6) has developed graphical methods for the design of computing 
linkages; and Miller (7) has used the diagonal to facilitate linkage 
computations, In emphasis been 
placed on immediate applicability to design rather than on basic 
analyses, although the need for the latter is realized (8). In the 
presentation which follows, basic geometry has been used in an 
attempt to develop an analysis, the results of which are suf- 


a& prerequisite, 


these investigations, has 


ficiently simple and direct to be ot value in design. 
* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Metuops 
Basic Symmetry in a Four-Bar Linkage. The symmetry in- 
herent in a four-bar linkage derives from the fundamental vector 
equation: O,0Og + + O-Op + = 90. This equa- 
tion remains invariant upon cyclical interchange of the letters 
A, B, C, D, i., AB, A, Algebraically, 
this symmetry is contained in the following observations: 


(a) Any equation relating a, b, c, d and 4s, Do., Dea, Pua TC- 
mains valid upon cyclical interchange of the letters a, b, ¢, d 
Thus, for example, a? + b? — 2ab cosd@,, = c? + d? — 2cdeosd,, 
(= OgOp*); whence b? + c? — 2be cosd,, = d* + a? — 2dacosd,, 
(= O42). 

(b) There exist parameters which can be expressed as sym- 
metric functions of the sides a, b, c, d and the angles $4), Pye, Pov, 
dig. Thus, for example, the area K, enclosed by the linkage, can 
be expressed in the form K = '/,(ab sin @,, + be sin d,, + cd sin 
d.4 + da sin dy) 80 that cyclical interchange of a, b, c, d leaves 
the numerical value of the area K unaltered. Parameters such as 
K will be referred to as symmetric parameters. 


The nature of geometric configurations is often revealed by 
parametric rather than by direct equations, Consider the ex- 
pression cos dy = f(a, 6, c,d, P), where f is a continuous function 
of a,b, c,d, P, and P is asymmetric parameter which varies with 
dy. The foregoing observation (a) states that if such a relation 
exists, there are three additional similar relations obtained by 
cyclical interchange of a, b, c, d in the relation cos @,, = f(a, b, ¢, 
d, P). The foregoing observation (b) states that the parameter 
P will appear unchanged in each of these relations. Thus, sym- 
bolieally, if 


cos = f(a, b, ¢, d, P) ) 
then 
cos d,, = f(b, c, d, a, P) , 
COS bog = S(c, d, a, b, P) | 
C08 dig = S(d, a, b, c, P) 


The symmetry in a four-bar linkage thus is used in setting up the 
parametric relationship of Equations [1]. This paper is concerned 
with the investigation of the functional nature of this relationship 
Questions such as the following now may be asked: In what man- 
ner does the form of the function f(a, b, c, d, P?) depend on the 
choice of ?? Are there any symmetric parameters which can ob- 
tain useful expressions for the angles? Can such formulations be 
reduced to reasonable design procedures? To 
questions requires the development of some mathematical pre- 


answer these 
liminaries, 

Mathematical Development. 
ceding paragraph lead to the consideration of functional equations, 
i.e., equations in which we are interested in the form of a fune- 
tion, rather than in a particular numerical value. The type of 
functional equation arising in linkage considerations, it is be- 
lieved, has not been discussed in the mathematical literature. To 
solve these equations it has been found useful to introduce the 
A linear 


The questions raised in the pre- 


idea of regarding cyclical interchange as an operation. 
operator L ean be defined as follows: LL, operating on the func- 
tion f(a, b, c,d, P), yields the funetion f(b, d, a, P). Symboli- 
cally, Lf(a, b, c, d, P) = f(b, ¢,d,a, P). For example, if f = 
+ P, then Lf = b—ce+d—-a+ P. Amore 
familiar example of an operator is the differential operator 
D = (d/dz), 


The following notation is employed: 


H(a, b, d, P) 
H(b, c, d, a, P) 
H(c, d, a, 6, P) 
H(d, a, b, e, P) 


n b 


. 


& 
APRIL, 1954 


With the aid of this notation, the investigation of the parametric 


representation, Equation [1], can be reduced to the problem of a 


solving a functional equation in the following manner: 

Let 0,0)? = z = z(a, b, c,d, P); then 0,0,? = Lr = 2 
z(b, c, d, a, P).4 Furthermore, 2’ = L?z = Op0,? = x. As 
shown in Al® of the Appendix, the relationship between the 
diagonals is 

(1 + L){(Lz)[x(z — ¢,/2)] + + =0....[ 
wo 


where 
x = b, ¢, d, P) 

ie gi = a® + b? + c? + d? 

= (a? — d*)(b* — c?) 

= (a? — b* + c? — d?*)(a*c? 

Consider Equation [2] as a functional equation for z in terms of 

P, The problem then is: With a given choice of P (e.g., the area 

K, for instance), how is the form of the function z = z(a, 6, ¢, d, 

P) limited and determined by Equation [2]? Equation [2] is 

simpler than the direct relation between the angles @, yo 

Knowing z and z’, the angles can be determined from the rela- 

tions cos = (a? + 6? z)/2ab and cos = (a? + d? — x’) /2da. 

Equation [2] has been solved by a method adapted from an 
example by Babbage (9). The general solution can be ex- 
pressed in the form (A2) 

+ Cyt + Cyr? + Cz? + = 0 

where 

C, = —@N’ 

= @&M(N’ 2N) + (N — N’) + — bs) + 

Cs = + NN'(bidr — doy’) + 2NM 

NM’) + @(N’ 2V) + VN’) + 
M?: — MM’ 

Cy = + 
— N’) M’ + 2M 

dN)? — o'MM' + 4+ — 


M,N = arbitrary functions of a, b, ¢, d, P 


Equation [3] is considered a ‘‘solution”’ 
arbitrary functions for M and N, the functional form of x in 
terms of a, b, ¢, d, P is given by Equation [3]. 


VM' — 2NM) 
+ O2N + 


because by assigning 


ResuLtTs 

The form of the funetion f(a, 6, ¢, d, P) varies within certain 
limits, depending upon the particular choice of P (see A3) 
Equation [3] can be simplified to a quadratic form in z in two 
ways only and cannot be reduced further. These forms cor- 
respond to the choices P = rz’, and P = 
Va? + b* + ct + d? — (x +2’) (refer to Ad). 
limited to a discussion of the latter expression. 


This paper is 


Tne Case P = Va? + b? + c? + d? — (x + z’) 
Derivations and Interpretations. Table 1 lists displacements, 
velocity, and acceleration ratios in a four-bar mechanism, in terms of 
the parameter, P = Va + b? + c? + d?— (r+ z’). Equations 
See (a) under “Methods.” 


’ Numbers prefaced ‘‘A"’ refer to similarly numbered paragraphs in 
the Appendix. 
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FREUDENSTEIN 
[4] to [11] are basic. To use these TABLE 
equations, ? is given an arbitrary 
value and the angles are determined 
from it. 

In the alternate formulations of 
Equations [16) and [17!, 
root term is symmetric and the sign of 
the root alternates during cyclical in- 
terchange of a, b, c, d (see A5). The 
significance of these and succeeding 
equations hinges on the geometrical 
meaning of P, Fig. 3. P is constructed 
as follows: Take any two adjacent 
links and form a parallelogram with 
these as sides. Draw a straight line 
joining that vertex of the parallelo- 
gram not belonging to the linkage (the 
Ms), to that linkage pivot not already 
belonging to the parallelogram (the 
0's). This line segment has the length 
P. Thus there are four different ways 
of constructing P (see Fig. 3) as is to 
he expected from symmetry considera- 


the square- 


(P2 + bt 


C08 ded 
€08 dda 


tions 

Keach of the four auxiliary angles A, 
B, C, D appears four times in Fig. 3, 
although for the sake of clarity each is 


shown just once. The arrow indicates 
the positive sense of description. From 

Fig. 3, A ZOqMpOp, B = LA 
ZOOM p, C LtA ZM 
dD ZOpM The dis- 


placements and velocity ratios listed in 


v’ or Le 


or L*e 
or 


Table | possess immediate geometrical 
significance, and similar equations are 
derivable from each other by eyclical 
rotation of a, b, e, d. 

A number of properties of four-bar 
mechanisms follow from the geometri- 
eal interpretation. These will facili- 
tute use of the formulas in Table 1 in 
design applications. 

1 The range of P is within the 
intermediate two of the absolute values 

ca+e,b d, b + d (see A6) 
At extreme values of P, the two 


of a 
9 


eranks are parallel and the connecting 
rod hes zero angular velocity (P_ = b 
+ d), or the connecting rod is parallel de 


dx 


ANALYTICAL APPROACH TO DESIGN OF FOUR-LINK MECHANISMS 


DISPLACEMENT, VELOCITY, AND ACCELERATION REI TIONSHIPS IN 
FOUR-BAR LINKAGE 


Displacements 
pt + = ot 
2cP 


Leos A 


— + 6? — & V/[P? (a — 0) + 


~ (b — d)*|[P?—(b + 


the 


b 


d)*|(P? — (b + 


= cos dab... 

= a? + c? — 2ac cos (a, c) 
bt 4+ d? — 2hd cos (hb, d) 


Velocity Ratios 


b sin(A + D) 


d sin(A — B) 
ce sin(B— A) 


Acceleration Ratios 


(Or is assumed constant) 


cot (A — B) 


= = La.. 
= = Lia... 
= = Lia.. 


Motion of Point Rigidly Attached to Connecting Rod 


const, 


Angular Velocity of Connecting Rod 


(Fig. 2) w 

= dR/dt = whsina/v’ ....... 
= do/dt —da/dt = w + ox cot a’ /R 
= d*R/dt? = (wh/r’)((w — wg)cos a 
-~Leota 


= dw,/dt = cosa’) — 


sin 2a’ 


a sin (B+ 
ec sin(B — A) 


Fic. 3 


GEOMETRICAL INTERPRETATION OF I’ 


4 Consrauction or Linkages Having Same Vatur oF 


A 


859% 
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ANGLE - DEGREES 


$ 


VARIATION OF 
With 


TABLE 2 


Angle | 
A 


TABLE 3 


O*4OR 


b 
e 


d 


OpOr 


Pons 


DISPLACEMENTS IN 


Auxtuiary ANGLES 
Limits 


VARIATION OF 
USE WITH FIGS 


Angle 2 Angle 3) Angle 4 
Cc D 
B 

D 
B 
A 
A 


LINKAGES 


D) 
A) 


—(A 
—(B 
Cc+B 
D 


(B 
4 


AUXILIARY ANGLES WITH 
5 AND 6 


OBTAINED BY PERMUTATION OF LINKS OF 


4; 


THE ASME 
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VARIATION OF AUXILIARY ANGLES 


Wirn -Mixep Limits 


Fig. 6 


FOR 


linkage 
OcOp 


Corresponding 
a b 
d 
b 
d 


AR 


+ D) 


t+ (A + C) 


A GIVEN LINKAGE 


APRIL, 


1954 


MpOp 
— 

MpOp 


On Oc 
or 


or 
OpOg 


O400 
or 


or 


— a | 

ofl - 00 a4 oe ai to 00 0: 1o 

— 

— 

p-C (B — A) C+e / 

d 
a b (B — A) bD-C —(A + D) \ 
4 a b d B —(A 4 DD ‘B A 

b a ¢ A ) —(B C) A+B 

6 a d ‘ b (C+ D) (B — C) A+B D-A 

7 d b a (B C) A+B D-—A (C+ D) 

4 ‘ a d A+kB D A Cc + D) Cc) \ « 
b d @ a bD-C | B-A 
10 d a b B+ D) B (A+) 
if 12 a b d A + C) D — (B + D) B A ‘ 

b a d + (B + D) 4+ D) w+ (A + C) (B+) 

14 e d (A + D) ~(B + C) (B+ Dt 

16 d b ¢ ‘B+ C) w+(B + D) (A + D) +(A+C 

a d c-D A+C) A-B + (B + D) 
d (A + ©) A-—B + (B + D) 

20 d b a A B + (B + D) D 

b d a ‘ 4+D (B + D) B+C ) 
22 d a b B+D B+C (A + ©) A+D 
23 a d BYC (A + C) A+D (B + D)\ 

24 b d (A + ©) A+D — (B + D) 
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to the fixed link and the cranks have the same angular velocity 
(P 

3 In general, two linkage configurations exist for each value 
of P. These two positions have parallel connecting rods or the 
same angle between cranks. 

The locus of P, Fig. 4, can be regarded as that of a vector, one 
end of which is fixed at Op and the other end of which is moving 
on a circle, center O4, radius c. The two positions having the 
same value of P can be constructed from the given position in the 
following way: 


(a) and are reflected about The resulting 
linkage is O,B,C\Op and the connecting rods are parallel. 

(b) M,)Op is reflected about the fixed link. The resulting link- 
age is and = Complete re- 
flections ure not considered here. 


$ An auxiliary angle, as defined by Equations [4] to [7], may 
be positive or negative, anywhere between — 180 deg and +180 
deg, if the letter denoting the angle appears in the limits for P (as 
per property 1). If not, only the positive value is permitted. 
5 Classification of linkages: In a erank and rocker linkage, 
d bZP 2d + b, bis the smallest link, P(O,;M,) does not 
cross the line of centers, Fig. 4, and alternate positions having the 
sume value of P are obtained as per 3(a) in the foregoing prop- 
In a drag link mechanism, ¢ aZPZc+a,ais 
the shortest link, the moving end of P(M)) generates a complete 
circle, and alternate positions having the same value of P are 
obtained as per 3(b). The inversion here is evident. 
rocker linkage, the limits of P are either the same as the preceding 
(pure limits), or involve all four sides (mixed limits). Mixed 
limits are either c| P Z |b + dj or|b-- Z \a + el. 

6 Variation of the auxiliary angles with P?: Figs. 5 and 6 show 
the variation of the auxiliary angles with P of the two basic types 


of linkages (pure limits and mixed limits). Linkage types other 


erties. 


In a double- 


Tueer-Gear Drive 


hia. 7 


hic. 9 Stuper-Crank 


than those shown, can be obtained by interchange and inversion 
of angles and correspondingly named sides, Table 2. 

7 Inversions and permutations of the links: Table 3 lists 24 
linkages, displacements of which are obtainable by the knowledge 
of the values of the auxiliary angles of just one (the given) linkage 
Applications of the foregoing arise in the fields of 
machine design and computer design, both in cases where it has 


Applications. 


been customary to use an analytical approach as well as in cases 
in which the complexity of an analysis would have rendered such 
an analysis impractical, Examples will be given. 

In the usual type of application, the parameter P is chosen at 
random; the auxiliary angles then are determined from Equa- 
tions [4] through [7] and these values are used in the expressions 
derived for the mechanism under review 

Example: Calculate the displacements of driving and driven 
cranks in a four-bar linkage in whicha = 1,6 = 4,¢ = 3,d = 5 
From [Equations [4] through [7], cos A = (27? + 8)/6P; cos B = 
(P? + 9)/10P; cos C = (P? 8)/2P; cos D = (P* 9 
From property 1,2 2 P 2 4. From property 4, A, C may be 
positive or negative, and B, D only positive. From property 5 
this is seen to be a drag link mechanism, From Equations |12) 
and [15], @ = Candd@, =C +B 

An intermittent motion mechanism known as the three-geat 
It is used in tobacco machinery to 
Gear Ny ts 


drive is shown in Fig. 7 (10). 
obtain a momentary dwell of the output gear, Vy. 
fixed to the drive crank and gears \V» and Ny are free to rotate 
Ni, Ne, Na represent the numbers 
Table 4 
lists the pertinent formulas for this mechanism (previously con- 


about their centers Op and O,, 
of teeth of each gear as well as serving to identify them 


sidered too unsuited for analysis) and those which are deseribed 
in the following. 
Toggle mechanisms, such as the one shown in Fig. 8, are used 


Os 


| 


10) Wairwortsh Quick-Rerurn Mecnantsm 


nd 


TABLE4 FORMULAS FOR VARIOUS LINKAGE MECHANISMS 
4-1 Three-Gear Drive (Fig. 7) 
@¢=-=D-C 
Rotation of gear Ni 
Nit 
NM 


dé 
Velocity ratio = — 
do 


4-2 Toggle Mechanism (Fig. 8) 
Mechanical advantage = cot 0’/rf...... 
S = d(cos @ + n cos 6’) 
sin @ = 
+ @ = const 
4-3 Blider-Crank Mechanism (Fig. 9) 
a 
con B = on 
sin @ = — cos D & h/b 
sin @ = -—— cos A = h/c as is we known. 
4-4 Whitworth Quick-Return Mechanism (Fig. 10) 
cos A cos B 1 
cos C h/a 
cos D h/b 
sin @ = h/a 
@= C+ D — 180°. 
Velocity ratio dé/d@ = 1/1 
4-5 Problems Involving Inclination of Connecting Rod (Fig. 2 
Pt = + c? — 2ac cos [52] 
4-6 Equal Crank Linkages (b = d) 
B = D cos”! (P/2b) 


+ tan C cot D) 


given) 


. [53] 
4-7 Linkages in Which Fixed Link Has Same Length as Connecting Rod 
C = (P/2a) 

(b? — d*) 


(a = ec) A = 
4-8 Linkages in Which a? — ¢? = 
If a? — 2% = +4 (b? d*) 


SIDE RATIO 


025 050 O75 10 


PARAMETER xX 
+ 


Co-OrpinatTe Paper 


Graru or @ = on LoGaRiTuMic 


in crushing and coining operations, where a large mechanical ad- 
vantage is desired (4-2 in Table 4), 

The familiar slider-crank mechanism, Fig. 9 (4-3 in Table 4), 
and Whitworth quick-return mechanism, Fig. 10 (4-4), can be 
analyzed. The equations assume a determinate form with the 
introduction of a new parameter, h. 

Certain special problems are suited to this form of analysis. 
Among these are problems involving the inclination of the con- 
necting rod (4-5), equal crank linkages (4-6), linkages in which the 
fixed link has the same length as the connecting rod (4-7), and 
linkages in which a? — c? = +(b* —d?) as noted in (4-8), Table 4 

The symmetry of the formulas in Table 1 is believed to be use- 
ful in evaluation by machine methods of computation, such as, 
for example, those involving punched-card machines. 

The auxiliary angles A, B, C, D can be used to simplify the cal- 
culations in problems in vibrations, dynamics, and balancing, in 
which solutions already exist. 

Graphical techniques can be developed. 
shows a graph of 


Fig. 11, for example, 


X* + R*—1 
= cos"! - 
2RX 


A transparent overlay, consisting of four points representing one 
set of corresponding values of A, B, C, D, will generate all cor- 
responding values of these angles if moved across the graph, 
parallel to the X-axis (A7). An enlarged version of this graph 
may be used to determine displacements without calculations, or 
to ascertain the effects of changes in linkage proportions, =) 
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ANALYTICAL APPROACH TO DESIGN OF FOUR-LINK MECHANISMS 


Appendix 
Al From the cosine rule for triangles 
[59] 


z = a? + b? — 2ab cos 


xz’ = d? + a* — 2dacos $4, (60) 
quate for c? using Pythagoras’ Theorem to combine the projec- 
tions of ¢ parallel to and perpendicular to a 

c? = (dsin b sin + (a— b cos — d cos . [61] 
Substitute x and 2’ for @, and @,,, using Equations [59] and 
{60|, into Equation [61]. The result after simptification is 


dire’ + gor + + = 0.... (62 


Equation [2], when expanded, is identical to Equation [62]. 

A2 Some functional equations can be treated as simultancous 
equations by using the operator L, to obtain additional inde- 
pendent equations. Hquation [2], however, cannot be solved in 
this manner. The generalized equation (Lx)r(Azr + — C) 
+ Dr + ELx + F = 0 can be set up, where, following the pro- 
cedure of Babbage,* A = 1 + mA, B = 14+ mB,C = gd + me, 
D = + mD, E = + mE, F + mF; A,B,C, D, E, F, 
are arbitrary functions of a, b, c,d, P, and misanumber. If m = 
0, the generalized equation becomes identical to Equation [2]. A 
second independent equation is now obtainable by operating with 
Lon the generalized equation, so that we now have two simul- 
The solution can be obtained by 
The first nonvanishing 


taneous equations in x and 2’. 
consideration of the limiting case m = 0. 
set of terms will be found to be of order m?. 

If the two simultaneous equa- 
a relation 
there- 


A shorter method is available. 
tions in z and z’ are subtracted from each other, 
oceurs which is independent of m. This relation is, 
fore, valid in the limiting case m = 0, and can be solved simul- 
taneously with Equation [2]. When this is done, the number of 
arbitrary functions can be reduced to two, as shown in Equation 
[3], by means of the substitutions 


= 


M 


AS’ It can be shown that no representation exists which is 
rational in P, a, b, c,d. Furthermore, if the value of P at d = 0 
deg is to be the same as the value of P at @ = 360 deg, then f 
cannot be single-valued. 

A4 N = M = @N, P = b:/d: —1/@,N for the former, 
and N = 0, M = M’, P? = @ + 1/M for the latter. 

A5 This is to be expected, as the root term equals: z* 
gi (z’ rm) + 

A6 Properties | and 2 are understood easily by considering ? 
as the diagonal of the transposed four-bar linkage with 6, ¢ inter- 


xr’? + 


changed. 

AZT Based on the fact that the expressions for the auxiliary 
angles assume the form @ = cos™! (XY? + R? 1)/(2XR), by 
means of the following substitutions: 


Side ratio, R 


A (c/ajr,r = cla 


= Ge be 


Angle Parameter, Y 


Reference (9), pp. 10-13. 


Discussion 


A. Richarp pe Jonce.?” When the writer in one of his 
papers, some 12 years ago, drew attention to the very neglected 
study of kinematics and mechanisms in this country (8)* he did 
so for the purpose of stimulating interest in the study of these 
sciences. His continued efforts in this direction in the interven 
ing vears have caused a number of engineers, educators, and 
students to take these studies up again. He has had the satis- 
faction of having been approached and consulted by many on 
various phases of these sciences. In general, the questions asked 
and the subjects discussed concerned details, such as how to 
obtain velocities, accelerations, curvatures, and so on, in rela- 
tively simple as well as some very complex mechanisms, or the 
concerned references to the literature, 

While in other countries, as in Germany and Russia, basie 
work has been done, as the writer has pointed out, for the latter 
country in an article (4), scarcely any work published in this 
country has come to his notice, which deals with more funda- 
mental aspects of these sciences, or of parts thereof. References 
(5, 6, 7) of the author's paper dealing with certain phases of these 
sciences cannot possibly be called fundamental. 

It is, therefore, refreshing to find a paper like the present one 
He, too, 
is one of those who got in touch with the writer, and although 


written by one of the junior members of the Society, 


we had not met personally until the meeting at which the 
paper was presented, we had carried on lengthy telephonic 
conversations on various subjects for several years. The writer's 
interest in him was aroused, because he, as a student, showed a 
vivid interest in kinematics and mechanisms. 

The author's investigations have not always been plain sailing. 
At one time it looked as if they might fail. The writer, however, 
encouraged him not to drop them, and it is a great pleasure to see 
that they have now been carried to a successful conclusion, — His 
present paper is the first of two submitted to the Society, and the 
writer hopes that the author will continue his work and submit to 
this Society in the future the results of further investigations, 

The author has treated of four-bar linkages in an analytical and 
completely new way. While his work uses some of the concepts 
found in papers by G. J. Talbourdet (5), H. Miller (7), and FP. 
Bowman,’ the author has not followed their more or less con- 
ventional methods, but has invented a completely new method 
which may be called that of “eyelic interchange of symbols."’ In 
adopting this idea, he was foreed to develop a new type of 
“operational calculus’’ especially suited to the investigation of 
four-bar mechanisms, While this calculus may not seem to be 
very complicated, the ideas and their execution ure certainly 
novel, and what their introduction has meant in actual work can 
be appreciated only by those who will try to repeat it, or even 
try only to verify the equations presented by the author. 

This new method allows one to obtain basic values for four-bar 
mechanisms in a relatively simple way by caleulation, which is 
necessary when great accuracy is required as, for instance, in 
computer work or military work. 
equations arrived at by the author are known. 


This is now simple when the 
The method 
allows one also to obtain, from one such mechanism investigated, 
immediately, by cyclic interchange of symbols, the same or simi- 
lar values for all other mechanisms that may be formed with the 
same four bars even in different sequence. Thus it gives not 
only the results for the inversions of a specific four-bar linkage, 
but also those for all other mechanisms that may be composed 


7 Mechanical Engineer and Consultant, Reeves Instrument Cor- 
poration, New York, N. Y. Mem. ASME. 

* Numbers in parentheses refer to the author's bibliography. 

* “The Plane Four-Bar Linkage,”” by F. Bowman, Proceedings of 


the London Mathematical Society, series 2, March, 1952, pp. 135-146. 
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of the same four bars, but in some other sequence. This yields 
4.3.21 = 4! (factorial) = 24 different mechanisms, as shown in 
the author’s Table 3. 

The whole method is based on his fundamental Equation [2] 
which, unfortunately, has not been derived in the paper because 
of space restrictions. The derivation is only indicated in 
Appendix (Al) and leads to Equation [62] after very lengthy 
and cumbersome calculations and transformations, Although 
differing in form from Equation [2], it is essentially the same, 
as ean be shown readily. Both these equations have been de- 
rived independently by the writer and have been found to be 
accurate. 

As stated by the author, the general solution of this symmetri- 
cal functional equation has been accomplished by means of a trick 
used in an old paper by ©. Babbage (9) in 1820. It is to the great 
credit of the author that, by patient searching, he has unearthed 
this interesting paper on the solution of symmetric functional 
equations, 

The solution leads directly to the fifth degree Equation [3], 
although the proof has been omitted again because of space 
limitations, This is particularly regrettable, as it will make the 
paper difficult to understand by the average engineer. 

The author then states that Mquation [3] can be reduced to 
a quadratic form, but no further, that is, not to a linear form. 
The proof, again, had to be suppressed for the reason stated, 
The derivation of the quadratic form is based on two particular 
choices for the symmetric parameter P. How the second form of 
this parameter, that is, the square root, which is used in the 
remainder of the paper, can be easily constructed geometrically 
from Fig. 3, has not been properly explained. It would be very 
useful if, in his closure, the author could give all of the derivations 
and proofs and thus make the paper a really valuable contri- 
bution to the art, 

The interpretations | to 7 are all too brief and require further 
elucidation possibly by accompanying figures, and the same 
holds for the “classification of linkages’’ (which should rather read 
‘classification of mechanisms’’). Likewise, the necessity for using 
“auxiliary angles’’ should be explained more in detail, as should 
the geometrical interpretation of the symmetric parameter P as 
a geometrical length, obtainable easily by means of vectors. 

The use of parallelograms in Figs. 3 and 4 is not new. Bow- 
man® has made use of them, and long ago, in 1908, W. Hartmann, 
in Germany, used them to obtain the so-called “supplementary 
mechanisms” which facilitate the derivation of the 
acceleration components in four-bar linkages. 

The “applications,” which really form the most important 


greatly 


part, certainly require more detailed descriptions and explana- 


tions 

In obtaining the auxiliary angles B, C, D from A by means of 
the first, second, and third cyelic interchange of symbols, it 
should be pointed out that the cyclic interchange of symbols refers 
to the cosines of the angles and not to the angles given by 
three points, 

Table 4 requires a good deal of amplification and explanation 
to make it useful. 

In general, it should be stated that the author’s new method, 
although it is diffieult to derive, is very much shorter in actual 
calculations than are the conventional ones, for example, that by 
Talbourdet 

While the writer considers the new method, as such, praise- 
worthy, there are a few minor points which have to be criticized 
adversely, 

For example, there are the cumbersome symbols used for the 
joints and angles. The O's and ¢’s could have been omitted with- 
out loss in generality, and the paper would thereby have become 


easier to read. 


TRANSACTIONS OF THE ASME APRIL, 1954 


Table 3 starts under No. 1 with bcda. This could have been 
avoided without loss in generality by designating the crank by a, 
the coupler (or connecting rod) by 6, the lever by «, 
frame (or fixed link) by d, thus resulting in a perfectly natural 
starting mechanism ahed. This would agree with the European 
method of designation. The writer has said lever and not “driven 
crank,” for a crank is a link that performs a full revolution rela- 
tive to the adjoining fixed link, which a lever does not. 

Highly unfortunate is the author’s choice of the symbol L for 
the new operator, as this conflicts with the symbol L used for the 
Laplace transform operator used for many years and may lead to 
confusion. 

In Table 1 
ratios.’’ He 


and the 


the author lists “velocity’’ and “‘acceleration 
“linear velocity’? and 
acceleration’’ ratios, but rather “angular” velocity and accelera- 
tion ratios, This should be made perfectly clear. 

To sum up, in the writer’s opinion the paper is an outstanding 
contribution to the science of kinematics, and the young author 


should be highly commended on it. 


does not mean “linear 


Autuor's CLOSURE 
The author is grateful to Mr. de Jonge for his penetrating and 
There are as yet few people who are 
versed in the science of kinematics and the author is therefore 


constructive comments. 


particularly appreciative of the interest taken by Mr. de Jonge in 
this work and the encouragement and advice given by him to the 
author during the past four years. 

It is quite true that in order to conform to ASME: regulations, 
the paper was condensed to the extent that most of the deriva- 
tions were omitted. The more important of these will be given 
in this closure. It is noteworthy, however, that all of the results 
of this paper can be derived using only the geometrical interpre- 
tation of P without recourse to previous symmetry considera- 
Indeed, this is the 
And now 


tions or the mathematical development. 
manner in which the results are intended to be used, 
to the derivations: 
1 Proof of the geometrical interpretation of P. 
Referring to Fig. 3, let 
a vector 4, length equal to “ 
b vector O4Og, length equal to “ 


vector OgO0c¢, length equal to 


a vector length equal to 

a® + bh? -—— 2ab cos (a, b) 

ec? + — 2ed cos (c, d) 
'/,(a? + b? + c? 4+ d?) ab cos (a, b) 


ed cos (ce, d) 


Hence 2! = OcO4? = '/a? + b? + c? + d?) j 
-da cos(d, a) 


r= 0,0," 


be cos (b, ©) - 

By addition and transposition 
+ x’) = abcos (a, b) + be cos (b, ©) 
+ ed cos (c,d) + da cos (d,a)__ {i} 


(a? + b? + c? + d?)- 


From Fig. 3, however 

P? = OpMp? = (Mp +> OcOp) +> O4Op) where 
the (+>) sign denotes vector addition and the dot (-) signifies 
the scalar vector product. 


— — 
Hence P? = —(b +> d):(a +> ¢€ 
= ab cos (a, 6) + be cos (b,c) + ed cos (ce, d) 
+ da cos (d, a) 
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which is identical to the right-hand side of Equation [7]. Q.E.D. 

In the section entitled Derivations and Interpretations, prop- 
erties | to 7 are based on visualization and understanding of the 
geometrical interpretation of P and Figs. 1 to 6. These proper- 
ties will now be considered further: 

2. Property 1: Range of P. 

The parameter P can be regarded as the diagonal of the trans- 
posed linkage in which the connecting rod and the driving link are 
The range limits of diagonals of a four-bar linkage 
The 
limits given in this paper are based onSvoboda’s results. Extreme 
values of the diagonals occur when links a, ¢ or links 6, d are par- 
allel to each other and these are the only possible extreme-value 
Hence we obtain the quantities |a + ¢| and | b + d| 
within the intermediate two of the absolute values of which P 
Equations [20] and [21] of Table 1 yield the 
same result when cos (a, ¢) or cos (b, d) is equal to plus or minus 


interchanged, 
have been given by Svoboda, reference (6), pp. 108-112. 


conditions. 
must be confined. 


unity, 

3 Property 2: 
When P = |b 
The cranks must therefore be parallel. 
four-bar linkage is therefore a point at infinity and as a result the 
Similar reasoning 
leads to the stated results when P = la + |. These results can 
be derived also by means of Equations [20], [21], 22], and [34] of 

Table 1, 

4 Property 3: 
Value of P. 

The proof of this property can be derived by an examination of 
the construction given in the paper, with reference to Fig. 4, 
and is self-explanatory. Equations [16] and [17] of Table 1 
show that the displacements are doubled-valued functions of the 
parameter P so that at least one of the constructions listed must 


Extreme Values of P. 
td, M,O- (Fig. 3) must be parallel to O¢Op. 
The instant center of the 


connecting rod has zero angular velocity. 


Linkage Configurations Having the Same 


apply to a given linkage. 

5 Properties 4, 5, and 6 

These properties are connected with the fundamental classifi- 
property 5. This 
The 
equivalence of different mechanisms upon inversion, as first 
pointed out by Reuleaux (1) is brought out by the limits of ? in 
In all four-bar linkages, the range limits of P 


linkage mechanisms stated in 


classification exhibits the basie nature of the parameter P. 


cation of 


these mechanisms 
are either pure or mixed. Every four-bar linkage is kinematically 
equivalent to one of these types. Since inversion corresponds to 
the operation L, it is seen at once that a drag linkage can be in- 
verted into a crank-and-rocker linkage or a double-rocker linkage 
having pure limits, and that mixed limits can occur only in cer- 
tain double-rocker linkages. This fact forms the basis of prop- 
erties 4, 5 and 6, which will now be discussed with reference to 
the crank-and-rocker mechanism. Similar reasoning will enable 
the reader to derive the results for the other types of four-bar 
mechanisms. 

Inequalities satisfied by crank-and-rocker, drag and double- 
rocker linkages have been given by Hrones and Nelson (‘Analysis 
of the Four-Bar Linkage,” by J. A. Hrones and G. L. Nelson, The 
Technology Press of M.I-T. and J. Wiley and Sons, N. Y., first 
edition, p. ix) 

\ crank-and-recker mechanism satisfies the following inequali- 


ties 


“ths at+d>hb 


c+d>ath 


, 


From these, it can be deduced that 6 is the smallest link and that 


re 


b> \a {it 


Henee by property 1, the limits of P for a erank-and-rocker 
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mechanism are d bh < P< d +b as stated in property 4 

The geometrical construction for P (Fig. 3) shows that if P 
were to cross the line of centers, P(O)M>)) would have to be equal 
to |a +c]. In virtue of Inequalities [ii], however, this is seen to 
be impossible. The motion of P, moreover, is continuous, with 
continuous motion of the linkage. The locus of P is, therefore, 
wholly above or wholly below the line of centers. According to 
the comments on proposition 3 in this closure, at least one alter- 
nate configuration of the mechanism must be given by one of the 
constructions shown in Fig. 4. In construction (6), 2? would 
cross the line of centers during motion of the linkage. Since this is 
not possible, construction (a) yields the alternate configuration 
having the same value of ?, as stated in proposition 5. In con- 
struction (a), the values of angles B and D change in sign relative 
to the original configuration, while the values of angles A and C 
remain unchanged. The limits of ? involve b and d only, and 
B and DPD are the only angles which reverse sign, in accordance 
with proposition 4. We are at liberty to assume that the values 
of the angles which do not change sign are positive and less than 
180 degrees. This assumption merely determines whether we 
are considering a certain linkage or its complete reflection. 

Figs. 5 and 6 were drawn for the following particular linkages: 

Fig. 5: Pure limits. This was drawn for a crank-and-rocker 
mechanism in whicha = 6,6 = 2.5,¢ = 4.5,d = 5,anglel = A, 
angle2 = B,angle3 = C,andangled = 
Mixed limits. 
mechanism in whicha = 3.5,b = 2,¢ = 3,d = 


Fig. 6: This was drawn for a double-rocker 
5.5, angle 1 = A, 
angle2 = Bangle 3 = C,andangle4d = D 

Any inversions of these mechanisms would merely invert the 
auxiliary angles so that the identification of curves 1, 2, 3, and 4 
with the angles A, B,C, 2) would change. For linkages with dif- 
ferent proportions, the curves themselves would differ, but would 
be of similar character. The extreme points of some curves 
would remain unchanged 

6 Property 7: Permutations of the sides of a given linkage 

A convenient way of checking this property is to draw a link- 
age corresponding to a given permutation in such a manner that 
the vectorial direction of a link is the same as the vectorial direc- 
tion of the link having the same length in the original linkage 
The original angles A, B, C, D, the parameter ? can be iden- 
tified on this drawing and simple addition and subtraction will 
establish the formulas given 

The auxiliary angles were introduced in order to simplify the 
formulas of Table 1. Their geometrical significance is simple 
and corresponds to the significance of the angles in the triangle 
notation in which the sides are denoted by a, b, ¢ and the angles 
opposite to these sides by A, B,C, respectively. The unabridged 
equations [16] and [17] of Table L are long and cumbersome and 
the auxiliary angles reduce them to the far briefer Equations [8] 
and [9]. 
out by Mr. de Jonge, the operator L, when applied to the auxil- 
1B), = 


This fact results in formulas which are 


If we restrict ourselves to absolute values, as pointed 


iary angles vields the “natural” result L)A) = 
L4|A| = |p 
easy to derive, check, and remember, In the equations for veloe- 
ity ratios and acceleration ratios the inversion of a sum of two 
auxiliary angles reverses the sign of the second angle. Thus ZL sin 
(B—-C) = sin(C + D), and this follows from the sign alternation 
in Equations [16] and [17], 

The derivations for Table 4 are based on simple geometrical 
considerations, but are too lengthy to be given here. The exam- 
ples of this table were chosen to illustrate the simplicity of the 
formulas applied to particular mechanisms. The main appliea- 
tions are considered to be 

(a) for cases where very accurate answers are desired, e.g., in 
complex and precision mechanisms 

(bh) for checking of graphical constructions 
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(c) for use in special applications where the parameter facili- 
tates computation as compared to conventional methods of com- 
putation, e.g., when the inclination of the connecting rod is given 
(Equation [52], Table 4) and the displacements are required. 

(d) for punched-card methods and other automatic computa- 
tional methods where the calculations are sufficiently long and 
repetitive to warrant use of such methods 

(e) for synthesis investigations. The possibilities of Fig. 11 
have not yet been explored, but it is believed possible that tech- 
niques using this or other graphs of the auxiliary angles may be 
used in synthesis investigations. 

The general solution of the basic functional Equation [2] of 
the paper was derived using an old paper by Babbage, as stated 
by Mr. de Jonge. The author would prefer the term ‘“‘with the 
aid of” rather than “by means of”; for the operational technique, 
also used in the derivation of the solution, is believed to be 
new. 
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As far a8 notation and terminology is — the author 
readily admits the shortcomings of this paper and is grateful to 
Mr. de Jonge for his authoritative comments. The paper would 
have been far more readable if they could have been included. 
The letter “”’ was chosen to designate the operator to denote the 
word “‘linear’’; perhaps the symbol “O” would have been less 
confusing. The O's and @’s should indeed have been omitted 
and the crank length, rather than the length of the fixed link, 
should have been designated by the letter “a In future work 
the author will undoubtedly use these suggestions, with which he 
was unacquainted at the time of submission of this paper. The 
uropean method of link designation is more logical than the one 
“lever” instead of “driven crank,” ete.). 
It would be very desirable to establish some sort of standard kine- 
matical terminology, as proposed by Mr. de Jonge during the 
1953 Annual Meeting of The American Society of Mechanical En- 
gineers. 


used in the paper (i.e. 


065 Guam, 
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Minimization of Gear-Train Inertia 
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By E. G. BURGESS, JR.,; LONG ISLAND CITY, N.Y 


In the design of a system consisting of a motor driving 
an inertial load through gearing it is often necessary that 
the acceleration of the load be a maximum. The gear 
ratios giving a maximum acceleration are determined here 
either for a specified over-all train ratio, or for the con- 
Charts, 
which embody certain simplifying assumptions, are pro- 
vided for selecting the optimum number of gear ratios and 
the ratios of the individual meshes corresponding to 
maximum load acceleration. 


dition where the over-all ratio must be found. 


INTRODUCTION 


IS are concerned with the utilization of the available 
Wi mmoter torque to greatest advantage in accelerating a 

load; we wish to make the torque-inertia ratio at the 
load shaft a maximum. 

The formulas and charts developed have specific application 
to the design of high-quality servomechanisms where the re- 
sponse consists of a motor driving various inertial loads by means 
of gearing. (In order to clarify the principles involved, friction 
and external-load torques have not been considered.) The prin- 
ciples developed are also applicable to hydraulically driven 
linear-displacement mechanisms where the connections to the 
inertial load are made through linkages. Many analogous sys- 
tems may be treated in a similar manner. 


CONNECTION 


Consider the system shown schematically in Fig. 1, composed 
of a motor m driving a load L by means of a gear pair of ratio r 


il 


I,- 


Ty 


Le-Mesu Inertia CONNECTION 


consisting of a pinion p on the motor drive shaft and a gear g on 
the load shaft. The motor rotor, pinion, gear and load have the 
respective moments of inertia J,,, 1,, 1, and J, in in-oz sec?. 

This simple case is considered in detail since the principles in- 
volved apply to the general case of an n-mesh connection. Fur- 
thermore the results are useful in obtaining an estimate of the 
optimum over-all ratio between motor and load when this ratio 
ris unknown or unspecified, 


Project Supervisor, Ford Instrument Company Division of The 
Sperry Corporation. 

Contributed by the Machine Design Division and presented at the 
Fall Meeting, Rochester, N. Y., October 5-7, 1953, of Tae American 
Society oF MecuaNnicaL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, December 
12,1952. Paper No. 53—-F-13. 
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If the torque applied to the motor rotor is 7, in-oz, then the 
torque available at the motor shaft for accelerating the load shaft 
Is 


where 
= angular acceleration of motor shaft, rad/sec® 
angular acceleration of load shaft, rad /sec* 


due to the gear ratio r, After eliminating a,, from equation [1] 


by the Relation [2], we get 


In order to progress further we now derive an expression for 


J,intermsof/,. [tis clear that 


where 


pitch diameter of pinion, in. 
thickness of pinion, in. 

weight of pinion material, 0z,in.* 
pitch diameter of gear, in. 
thickness of gear, in. 
weight of gear material, oz/in." 
acceleration of gravity, in./sec* 


where k is a design constant associated with the meshing gear 
pair of ratior. 
In Equation [3] 7, may now be replaced by its equivalent ex- 
pression from Equation [6) with the result that 


a, = 


+ 1,)r + 


where D equals the expression in the denominator, In this rela- 
tion J,, and I, are known quantities, J, is also known since this 
quantity is normally made as small as possible. 
a given 7',, the load acceleration will be a maximum when J in 
Equation [7] isa minimum. Since the magnitude of )) depends 
on r, we can find a minimum value of D by solving the equation 


Accordingly for 


i if 
ad a 
a, 
i, +f, a 
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for r 


ares 


oD 
> 0 
or? 


g Performing this familiar process on D gives mp 
oD 
+1, + 1,) + =0 


r? 


+1,) + Wn + 12k, 


9 
6k, (9) 


by 


oD 21, 
Also = 


+ ,r > O 
or? 


and therefore the value of r given by Equation [9] will give a 
minimum value for D, and accordingly a maximum value for a,. 
Two-Mrsu CONNECTION 


In considering the system shown schematically in Fig. 2, the 
notation is similar to that used previously except that subscripts 


Via. 2) ‘Two-Mesu [nertia CONNECTION 

are used to denote the elements of a particular mesh counting from 
the motor mesh, 
would like to make the acceleration a, of the load, corresponding 
on the rotor, a maximum, There are two 


As in the simple single-mesh case, we again 


to a given torque T',, 
situations to consider in treating this two-mesh connection of 
/,, and /;. In the first instance we can maximize a, assuming 


m 


that we have no knowledge of the over-all gear ratio 


R = 


rire 


In the second instance we can maximize a, assuming that the 
over-all ratio Ro has been determined from consideration of the 
load-velocity requirements. To treat either one of these prob- 
lems, an expression for a; in terms of the system parameters must 
first be derived. 
Let us denote the torque on the shaft carrying g; and p. by 7, 
and the acceleration of this shaft by a,, then 
T, = (T, 


(In + = + + 


where = (Lys + ay 

a; = ra; 

a, 

Making these substitutions in Equation [11], and solving for a, 
we get 
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expression in denominator, and 


kil 


on kel 


where D = 


The values of r; and r, making D a minimum are obtained from 
the simultaneous solution of the equations 


If we assume that k; = = k and J,, = 1, = 1, 


for r; and re. 
then this pair of equations will reduce to the set 


5k 


+ 


and 


Mquation [14] can be solved for r;? since k, and 7, are known. 
This value of r;? used in Equation [15] gives rz. Accordingly, the 
optimum over-all ratio is given by Equation [10]. 

In the case where the over-all ratio R is known, reference to 
Equation [12] indicates that a, is a maximum when D is a mini- 
mum as before. However, in the expression for D we may re- 
place r, by its equivalent value 


To find the minimum value of D we then solve the equation 


for r; and substitute this value in D. 
ki =k, = kandI,, =I, = 


or = 0 


k 
Equation [18] assumes 


n-Mersu CoNNECTION 


For a system consisting of a motor having a rotor inertia /,, 
connected to a load inertia 7, through an n-mesh gear train, the 
total reflected inertia of the system referred to the motor shaft is 


Ta + + Ips 


+ Tn +- 


Tan » + 


{19} 


7,,, and r, are the inertias and the ratio of the gears in 
Since 


where , 
the 7th mesh counting from the motor. 


= kl 


pee 


[20] 


‘quation [19] may be written 


oD 
a, 
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D [12] 
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+ kyr?) I, 


+ I,,(1 + kyr,?) + 


Similarly the total reflected inertia of the system referred to the 
load shaft is 


= /,,,h? [22] 


where RF is the over-all gear-train ratio. 

We are interested in making the load acceleration a maximum. 
The general expression for this acceleration, for a given rotor 
torque T’,,, is 


TR 


4 maximum when the denominator D is a 
r,, this function will 


Accordingly a; will be 
minimum. Since D is a function of r, re, . . 
be a minimum when these variables satisfy simultaneously the 
set of n-equations 


[24] 
or 


provided also that the complicated criterion? insuring that D is 
actually a minimum is also satisfied, as it is in this case. 

After performing the partial differentiations indicated in Mqua- 
tions [24], 
reduced to a much simpler set by forming the combinations 


it becomes apparent that this set of equations may be 


Il rai? OD 


=0 
2 R Oren 


1 oD 

2R or; 
For example, if i = 1, we obtain the equation 

kil rit — — = 0...... 
- 1 in turn we get the set of n 


= kil Ip: 
kel pare! 153 


Lettingi = 1,2,..n 


pars? 


pars? 


By means of these n — 1 relations it is possible to eliminate 
r, from any one of the Equations [24] and so obtain an 
equation involving rm only. Having solved this for r; we may 
determine ro, rz, . . . T, in turn from the Set [27]. Accordingly 
we can solve the problem of determining the individual ratios in 
an n-mesh train so that fora given motor torque the load accelera- 
tion is a maximum, the over-all gear ratio being at first unspeci- 
fied. It must be admitted, however, that this is a very tedious 
process unless n is small, say, < 4. 

The companion problem of determining the individual ratios 
for maximum load acceleration when the over-all ratio FR is given 
is much more tractable. The caleulations can be made quite 
simple if it is agreed that all pinions are similar and that all 
gears differ only in pitch diameter, so that 


Tay. 


NM ith these assumptions Equations [27] take the form 
= kr,*-—1 | 


2kr;? = kre! | 
1 | 


2 Smithsonian Miscellaneous Collections, vol. 74, no. 1, publication 
2672, 1922, p. 153. 


2kr,,? = 


(t+!)-74 MeSH 
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RATIO Of TH MESH 


ReL_aTiION BETWEEN Successive Ratios in Minimom 
Inertia TRAIN 


hia. 3 


This interesting set of recurrence relations can be made the basis 
of most problems connected with minimization of gear train 
inertia. 

The general relation of Equations [29], namely 


‘ 
= 
>). 


is plotted in Fig. 3 fork = 
the same material and thickness and for k = */, corresponding 
to stainless-steel pinions and aluminum gears of #/; thickness of 


I corresponding to pinions and gears of 


pinion, 
Now having given the over-all ratio 2, we have 
R rile. 


By means of the Relations 
in turn from Mquation [31] squared, 


kr, 


Finally we reach a relation between BR and r,; from 


(20|, we may eliminate ee 
Thus 


[32] 


and so forth, 
which r) may be determined. 
r, are exhibited in Table 1 for small values of n. 
tween R and r; has been plotted fork = | and n 
Fig. 4, and fork = #/,andn = 1, 2,3, 4in Fig. 5. 
The expressions in Table | have not been expanded in terms of 
r, since the forms given are convenient for the numerical com- 
Having given n, k, and lt we may 


The formulas connecting R and 
The relation be- 
, 2, 3, 4 in 


= | 


putation of # in terms of r,. 
determine r, from the appropriate curve 


DeTeRMINATION OF NUMBER OF MESHES 


In order to compare the inertias of gear trains containing dif- 
ferent numbers of meshes it is convenient to make use of the 
concept of inertia ratio. The inertia ratio of a gear train is de- 
fined by 

Moment of inertia of train referred to motor shaft 


Moment of inertia of motor pinion 
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Formula 
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Referring to Mquation [21] we see that 
[33] 
Hf the assumptions embodied in Equations [28] are made, it is 
clear from Equation [21] that 
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FORMULAS GIVING RELATIONSHIP BETWEEN OVER- 
ALL RATI@ Rk AND THE RATIO OF THE FIRST MESH nr; OF GEAR 
TRAIN 
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TABLE INERTI: 
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= f(ri) 
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— 1) 
rit(kri* 1)[(krit — 1)? — 4k] 


m> 1.5 


The values of r, ro, . . rx Which are to be substituted in this gen- 
eral relation are those minimizing D in Equation [23]. In the 
case where the over-all ratio R is unspecified, these values of r, 
are given by the simultaneous solution of the set of Equa- 
tions [20] together with any one equation of the set of Equations 
{24}. In the case where R is known, the corresponding value of 
r, is found either from the curves of Fig. 4 or 5, or by calcula- 
tion from Equation [32]. Having r,, the remaining ratios are 
found from the set of Equations [29], or from the appropriate 
curve of Fig. 3. 

The expressions for R, in terms of r; for small values of n are 
given in Table 2. The values of R,; corresponding to a given r; 
are plotted in Fig. 6 for k 2,3, 4; and in Fig. 7 
fork =?/,andn = 1,2,3 
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